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ABSTRACT

Discrete time stochastic and deterministic Petri box calculus (dtsdPBC) is a parallel
process algebra with stochastic and deterministic delays. To evaluate performance
in dtsdPBC, semi-Markov chains (SMCs) and (reduced) discrete time Markov
chains (DTMCs/RDTMCs) are analyzed. Stochastic bisimulation equivalence is
used for quotienting the transition systems, SMCs and DTMCs/RDTMCs of the
process expressions while preserving stationary behaviour and residence time. Our
example of generalized shared memory system with maintenance demonstrates
modeling, performance analysis and reduction by quotienting. The generalized
system takes the probabilities and weights from the standard system’s specification

as variables, adjusted for performance optimization.
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1. Introduction

Process calculi, like CSP [1], ACP [2] and CCS [3] are well-known formal models for
specification of computing systems and analysis of their behaviour. In such process
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algebras (PAs), formulas describe processes, and verification of the functionality prop-
erties of their behavior is accomplished at a syntactic level via equivalences, axioms
and inference rules. In order to represent stochastic timing and analyze the perfor-
mance properties, stochastic extensions of PAs were proposed, like MTIPP [4], PEPA
[5] and EMPA [6]. Such stochastic process algebras (SPAs) specify actions which can
occur (qualitative features) and associate with the actions the distribution parameters
of their random delays (quantitative characteristics).

1.1. Petri box calculus (PBC)

Petri box calculus (PBC) [7-9] is a flexible and expressive process algebra developed
as a tool for specification of the Petri nets (PNs) structure and their interrelations.
Its goal was also to propose a compositional semantics for high level constructs of
concurrent programming languages in terms of elementary PNs. Formulas of PBC
are combined from multisets of elementary actions and their conjugates, called mul-
tiactions (basic formulas). The empty multiset of actions is interpreted as the silent
multiaction specifying an invisible activity. The operational semantics of PBC is of step
type, since its SOS rules have transitions with (multi)sets of activities, corresponding
to simultaneous executions of activities (steps). A denotational semantics of PBC was
proposed via a subclass of PNs with an interface and considered up to isomorphism,
called Petri boxes. The extensions of PBC with a deterministic, a nondeterministic or
a stochastic model of time exist.

1.2. Time extensions of PBC

A time extension of PBC with a nondeterministic time model, called time Petri box
calculus (tPBC), was proposed in [10]. In tPBC, timing information is added by as-
sociating time intervals with instantaneous actions. tPBC has a step time operational
semantics in terms of labeled transition systems. Its denotational semantics was de-
fined in terms of a subclass of labeled time Petri nets (LtPNs), based on tPNs [11]
and called time Petri boxes (ct-boxes).

Another time enrichment of PBC, called Timed Petri box calculus (TPBC), was
defined in [12,13], it accommodates a deterministic model of time. In contrast to
tPBC, multiactions of TPBC are not instantaneous, but have time durations. TPBC
has a step timed operational semantics in terms of labeled transition systems. The
denotational semantics of TPBC was defined in terms of a subclass of labeled Timed
Petri nets (LTPNs), based on TPNs [14] and called Timed Petri boxes (T-boxes).

The third time extension of PBC, called arc time Petri box calculus (atPBC), was
constructed in [15,16], and it implements a nondeterministic time. In atPBC, multiac-
tions are associated with time delay intervals. atPBC possesses a step time operational
semantics in terms of labeled transition systems. Its denotational semantics was de-
fined on a subclass of labeled arc time Petri nets (atPNs), based of those from [17,18],
where time restrictions are associated with the arcs, called arc time Petri boxes (at-
boxes). tPBC, TPBC and atPBC, all adapt discrete time, but TPBC has no immediate
(multi)actions (those with zero delays).



1.3. Stochastic extensions of PBC

A stochastic extension of PBC, called stochastic Petri box calculus (sPBC), was pro-
posed in [19-21]. In sPBC, multiactions have stochastic delays that follow (negative)
exponential distribution. Each multiaction is equipped with a rate that is a parame-
ter of the corresponding exponential distribution. The (instantaneous) execution of a
stochastic multiaction is possible only after the corresponding stochastic time delay.
The calculus has an interleaving operational semantics defined via transition systems
labeled with multiactions and their rates. Its denotational semantics was defined in
terms of a subclass of labeled continuous time stochastic PNs, based on CTSPNs
[22,23] and called stochastic Petri boxes (s-boxes).

sPBC was enriched with immediate multiactions having zero delay in [24,25]. We call
such an extension generalized sPBC (gsPBC). An interleaving operational semantics
of gsPBC was constructed via transition systems labeled with stochastic or immediate
multiactions together with their rates or probabilities. A denotational semantics of
gsPBC was defined via a subclass of labeled generalized stochastic PNs, based on
GSPNs [22,23,26] and called generalized stochastic Petri boxes (gs-boxes).

In [27-30], we presented a discrete time stochastic extension dtsPBC of the algebra
PBC. In dtsPBC, the residence time in the process states is geometrically distributed.
A step operational semantics of dtsPBC was constructed via labeled probabilistic
transition systems. Its denotational semantics was defined in terms of a subclass of
labeled discrete time stochastic PNs (LDTSPNs), based on DTSPNs [31,32] and called
discrete time stochastic Petri boxes (dts-boxes).

In [33-37], a calculus dtsiPBC was proposed as an extension with immediate mul-
tiactions of dtsPBC. Immediate multiactions increase the specification capability:
they can model logical conditions, probabilistic branching, instantaneous probabilistic
choices and activities whose durations are negligible in comparison with those of oth-
ers. They are also used to specify urgent activities and the ones that are not relevant for
performance evaluation. The step operational semantics of dtsiPBC was constructed
with the use of labeled probabilistic transition systems. Its denotational semantics was
defined in terms of a subclass of labeled discrete time stochastic and immediate PNs
(LDTSIPNS), called dtsi-boxes.

In [38-42], we defined dtsdPBC, an extension of dtsiPBC with deterministic mul-
tiactions. In dtsdPBC, besides the probabilities from the real-valued interval (0;1),
applied to calculate discrete time delays of stochastic multiactions, also non-negati-
ve integers are used to specify fixed delays of deterministic multiactions (including
zero delay, which is the case of immediate multiactions). To resolve conflicts among
deterministic multiactions, they are additionally equipped with positive real-valued
weights. As argued in [43-45], a combination of deterministic and stochastic delays
fits well to model technical systems with constant (fixed) durations of the regular
non-random activities and probabilistically distributed (stochastic) durations of the
randomly occurring activities. dtsdPBC has a step operational semantics, defined via
labeled probabilistic transition systems. The denotational semantics of dtsdPBC was
defined in terms of a subclass of labeled discrete time stochastic and deterministic
Petri nets (LDTSDPNSs), called dtsd-boxes.

1.4. Owur framework

As a basis model, we take discrete time stochastic and deterministic Petri box calculus
(dtsdPBC) [38-42], featuring a step operational semantics. Here we do not consider



the Petri net denotational semantics of the calculus, since it was extensively described
in [39]. In that paper, a consistency of the operational and denotational semantics with
respect to step stochastic bisimulation equivalence was proved. Hence, all the results es-
tablished for the former can be readily transferred to the latter up to that equivalence.

In [40,42], with the embedding method, based on the embedded DTMC (EDTMC)
specifying the state change probabilities, we constructed and solved the underlying
stochastic process, which is a semi-Markov chain (SMC). The obtained stationary
probability masses and average sojourn times in the states of the SMC were used
to calculate the performance measures (indices) of interest. The alternative solution
techniques were also developed, called abstraction and elimination, that are based
respectively on the corresponding discrete time Markov chain (DTMC) and its reduc-
tion (RDTMC) by eliminating vanishing states (those with zero sojourn times).

In [39,41], we proposed step stochastic bisimulation equivalence to identify the al-
gebraic processes with similar qualitative and quantitative behavior. We established
consistency of the operational and denotational semantics of dtsdPBC up to that equi-
valence. We examined its interrelations with other equivalences of the algebra. The
introduced equivalence was applied to reduce (by quotienting) the transition systems,
SMCs, DTMCs and RDTMCs of the process expressions while preserving their qual-
itative and quantitative characteristics. We proved that the equivalence guarantees
identity of the stationary behavior and residence time properties in the equivalence
classes. This implies coincidence of the performance indices based on the steady-state
probabilities and sojourn time averages for the complete and quotient behaviour.

The main advantages of dtsdPBC are flexible multiaction labels, stochastic and de-
terministic multiactions, powerful operations, as well as a step operational and a Petri
net denotational semantics allowing for concurrent execution of activities (transitions),
with an ability for analytical and parametric performance evaluation. The uniqueness
of this approach consists in applying a parallel semantics for the expressions and pre-
serving the concurrency level in the extracted performance models (SMC, DTMC and
RDTMC) through their state changes corresponding to the simultaneous executions.

1.5. Owur contributions

In the present paper, we describe a case study of a system consisting of two proces-
sors and a common shared memory with maintenance that explains how to model
concurrent systems within the calculus and analyze their performance, as well as how
to reduce the systems behavior while preserving their performance indices and mak-
ing easier the performance evaluation. We study a generalized variant of the shared
memory system by treating the probabilities and weights from the standard system’s
specification as variables (parameters) that possess general values.

First, we consider a process expression of the concrete system that differentiates
among the processors, and then we analyze its functionality and performance using the
corresponding transition system, SMC, DTMC and RDTMC. Second, we model the
abstract system that abstracts from the names of the processors (by making identical
the actions from their specifications), in order to apply reduction by the equivalence.
The quotients of the abstract system’s behavior (represented by the transition system,
SMC, DTMC and RDTMC) by the step stochastic bisimulation equivalence are con-
structed. Third, the generalized probabilities of the reduced quotient DTMC (coinci-
ding with the quotient RDTMC) are treated as parameters (variables of the performan-
ce index functions) to be adjusted for the abstract system’s performance optimization.



Thus, the main contributions of the paper are as follows.

e Performance analysis of the concrete generalized shared memory system with
maintenance using its transition system, SMC, DTMC and RDTMC.

e Performance analysis of the abstract system via its quotient (by step stochastic
bisimulation equivalence) transition system, SMC, DTMC and RDTMC.

e Performance optimization by adjusting the quotient RDTMC probabilities, tre-
ated as parameters of the abstract system’s performance index functions.

1.6. Structure of the paper

In Section 2, the syntax of algebra dtsdPBC is proposed. In Section 3, the operational
semantics of the calculus in terms of labeled probabilistic transition systems is pre-
sented. Step stochastic bisimulation equivalence is defined and investigated in Section
4. In Section 5, the equivalence quotients of the transition systems and corresponding
Markov chains of the process expressions are constructed. In Section 6, the introduced
equivalence is proved to preserve the stationary behavior and residence time properties
in the equivalence classes. In Section 7, the generalized shared memory system with
maintenance is presented as a case study. Section 8 discusses the results obtained and
outlines research perspectives in this area.

2. Syntax

In this section, we propose the syntax: activities, operations and expressions.

2.1. Activities and operations

Multiset is a set with allowed identical elements.

Definition 2.1. Let X be a set. A finite multiset (bag) M over X is a mapping
M : X — Nwith [{z € X | M(z) > 0}| < o0, i.e. it has a finite number of elements.

We denote the set of all finite multisets over a set X by Nifm. Let M, M' € Njc(m.
The cardinality of M is |M| = 3", .y M(x). We write x € M if M(z)>0 and M C M’
if Ve € X M(z)<M'(z). We define (M +M')(z)=M (z)+M'(z) and (M —M")(z)=
max{0, M (x) — M'(z)}. When Vz € X, M(x) <1, M can be seen as a proper set
M C X. The set of all subsets (powerset) of X is denoted by 2.

Let Act = {a,b,...} be the set of elementary actions. Then Act = {a,b,...} is the
set of conjugated actions (conjugates) such that a # a and 4 =a. Let A= Act U Act
be the set of all actions, and L = N}Am be the set of all multiactions. Then () € L
specifies an internal move, i.e. the execution of a multiaction without visible action
names. The alphabet of a€ L is defined as A(a)={z €A | a(x)>0}.

A stochastic multiaction is a pair («, p), where a € £ and p € (0; 1) is the probability
of the multiaction «. This probability is interpreted as that of independent execution
of the stochastic multiaction at the next discrete time moment. Such probabilities
are used to calculate those to execute (possibly empty) sets of stochastic multiactions
after one time unit delay. The probability 1 is left for (implicitly assigned to) waiting
multiactions, i.e. positively delayed deterministic multiactions (to be defined later),
which have weights to resolve conflicts with other waiting multiactions. Let SL be the



set of all stochastic multiactions.

A deterministic multiaction is a pair (a,1!), where a € £, 6 € N is the non-ne-
gative integer-valued (fized) delay and | € R-g = (0;00) is the positive real-valued
weight of the multiaction a. This weight is interpreted as a measure of importance
(urgency, interest) or a bonus reward associated with execution of the deterministic
multiaction at the moment when the corresponding delay has expired. Such weights
are used to calculate the probabilities to execute sets of deterministic multiactions
after their delays. An immediate multiaction is a deterministic multiaction with the
delay 0 while a waiting multiaction is a deterministic multiaction with a positive
delay. In case of no conflicts among waiting multiactions, whose remaining times to
execute (RTEs) are equal to one time unit, they are executed with probability 1
at the next moment. Deterministic multiactions have a priority over stochastic ones
while immediate multiactions have a priority over waiting ones. Different types of
multiactions cannot participate together in some step (parallel execution). Let DL be
the set of all deterministic multiactions, TL be the set of all immediate multiactions
and WL be the set of all waiting multiactions. We have DL = TLUWL.

The same multiaction o € £ may have different probabilities, (fixed) delays and
weights in the same specification. An activity is a stochastic or a deterministic multi-
action. Let SDL = SLUDL = SLUZLUWL be the set of all activities. The alphabet
of an activity (o, k) € SDL is defined as A(w, k) = A(a). The alphabet of a multiset
of activities Y € N‘?}?f is defined as A(T) = U(q,x)erA(a).

Activities are combined into formulas (process expressions) by the following oper-
ations: sequence ;, choice [], parallelism ||, relabeling [f] of actions, restriction rs over
a single action, synchronization sy on an action and its conjugate, and iteration | * |
with three arguments: initialization, body and termination.

Sequence (sequential composition) and choice (composition) have a standard inter-
pretation, like in other process algebras, but parallelism (parallel composition) does
not include synchronization, unlike that operation in CCS [3].

Relabelin/g_\functions f : A — A are bijections preserving conjugates, i.e. Vx €
A f(z) = f(z). Relabeling is extended to multiactions: for a € £ we define f(a) =
> zca f(x). Relabeling is extended to activities: for (o, k) € SDL, we define f(a, ) =
(f(e), k). Relabeling is extended to the multisets of activities: for T € N‘;}ELL we define
()= Z(a,n)er(f(a), K).

Restriction over an elementary action a € Act means that, for a given expression,
any process behavior containing a or its conjugate a is not allowed.

Let o, 8 € £ be two multiactions such that for some elementary action a € Act we
have ¢« € o and a € 38, or @ € a and a € 5. Then, synchronization of o and g by a is
| alx)+B(x)—1, z=aorx=a;

defined as (a &, B)(z) = { a(z) + B(z), otherwise.

Activities are synchronized via their multiaction parts, i.e. the synchronization by
a of two activities, whose multiaction parts o and 3 possess the properties mentioned
above, results in the activity with the multiaction part o ®, 5. We may synchronize
activities of the same type only: either both stochastic multiactions or both determi-
nistic ones with the same delay, since stochastic, waiting and immediate multiactions
have different priorities, and diverse delays of waiting multiactions would contradict
their joint timing. Note that the execution of immediate multiactions takes no time,
unlike that of waiting or stochastic ones. Synchronization by a means that, for a given
expression with a process behavior containing two concurrent activities that can be
synchronized by a, there exists also the behavior that differs from the former only in



that the two activities are replaced by the result of their synchronization.
In the iteration, the initialization subprocess is executed first, then the body is
performed zero or more times, finally, the termination subprocess is executed.

2.2. Process expressions

Static expressions specify the structure of processes, i.e. how activities are combined
by operations to construct the composite process-algebraic formulas. As for the PN
intuition, static expressions correspond to unmarked LDTSDPNs [38,39]. A marking is
the allocation of tokens in the places of a PN. Markings are used to describe dynamic
behavior of PNs in terms of transition firings.

We assume that every waiting multiaction has a countdown timer associated, whose
value is the time left till the moment when the waiting multiaction can be executed.
Thus, besides standard (unstamped) waiting multiactions («, 1)) € WL, a special case
of the stamped waiting multiactions should be considered in the definition of static
expressions. Each (time) stamped waiting multiaction (a, t]f))‘S has an extra superscript
0 € {1,...,0} that specifies a time stamp indicating the latest value of the timer
associated with that multiaction. The standard waiting multiactions have no time
stamps, to show irrelevance of the timer values for them (for example, their timers
have not yet started or have already finished). The alphabet part for (the multisets of)
stamped waiting multiactions is defined like that for (the multisets of ) unstamped ones.

For simplicity, we do not assign the timer value superscripts § to immediate multi-
actions, a special case of deterministic multiactions («, hlg) with the delay 6 = 0 in the
form of (a, h?), since their timer values can only be equal to 0.

Definition 2.2. Let (o, k) € SDL, (a,)) € WL, § € {1,...,0} and a € Act. A
static expression of dtsdPBC is

E:= (a,n) | ()’ | E | E|E | E|E | E[f) | Ersa| Esyal| [ExExE].

Let StatExzpr denote the set of all static expressions of dtsdPBC.

To avoid technical difficulties with the iteration operator, we should not allow con-
currency at the highest level of the second argument of iteration. This is not a severe
restriction, since we can always prefix parallel expressions by an activity with the
empty multiaction part. Relaxing the restriction can result in LDTSDPNs [38,39]
which are not safe, like shown for PNs in [9]. A PN is n-bounded (n € N) if for all its
reachable (from the initial marking by the sequences of transition firings) markings
there are at most n tokens in every place, and a PN is safe if it is 1-bounded.

Definition 2.3. Let (a,x) € SDL, (oY) € WL, § € {1,...,0} and a € Act. A

reqular static expression of dtsdPBC is

(o8] | B E| E[E| E|E | E[f]| Evsa| Esya|[E*D*E],

E = (k) |
= (on) | ()7 | DiE | DID | D[f] | Drsa| Dsyal[D«Dx ]

where D ::

Let RegStatExpr denote the set of all reqular static expressions of dtsdPBC.

Let E be a regular static expression. The underlying timer-free regular static ex-
pression |E of E is obtained by removing from it all timer value superscripts.

The set of all stochastic multiactions (from the syntaz) of E is SL(E) = {(«, p) |
(a, p) is a subexpression of E'}. The set of all immediate multiactions (from the syn-



taz) of E is TL(E) = {(a, 1)) | (o, 1?) is a subexpression of E}. The set of all waiting
multiactions (from the syntaz) of E is WL(E) = {(a, 1)) | (a, 1)) or (a,17)? is a
subexpression of F for § € {1,...,0}}. Thus, the set of all deterministic multiactions
(from the syntax) of E is DL(E) = ZTL(E) UWL(E) and the set of all activities (from
the syntax) of E is SDL(E) = SL(E)UDL(E) =SL(E)UZL(E) UWL(E).

Dynamic expressions specify the states of processes, i.e. particular stages of the
process behavior. As for the Petri net intuition, dynamic expressions correspond to
marked LDTSDPNs [38,39]. Dynamic expressions are obtained from static ones, by
annotating them with upper or lower bars which specify the active components of the
system at the current moment of time. The dynamic expression with upper bar (the
overlined one) E denotes the initial, and that with lower bar (the underlined one) E
denotes the final state of the process specified by a static expression F.

For every overlined stamped waiting multiaction (c, hf)‘s , the superscript § €
{1,...,0} specifies the current value of the running countdown timer associated with
the waiting multiaction. That decreasing discrete timer is started with the initial value

6 (the waiting multiaction delay) at the moment when the waiting multiaction becomes

overlined. Then such a newly overlined stamped waiting multiaction (a, hl@)e is similar

to the freshly overlined unstamped waiting multiaction (a, hf) Such similarity will be
captured by the structural equivalence, defined later.

While the stamped waiting multiaction stays overlined with the process execution,
the timer decrements by one discrete time unit with each global time tick until the
timer value becomes 1. This means that one unit of time remains till execution of that
multiaction (the remaining time to execute, RTE, equals one). Its execution should
follow in the next moment with probability 1, in case there are no conflicting with
it immediate multiactions or conflicting waiting multiactions whose RTEs equal to
one, and it is not affected by restriction. An activity is affected by restriction, if it is
within the scope of a restriction operation with the argument action, such that it or
its conjugate is contained in the multiaction part of that activity.

Definition 2.4. Let F € StatExpr and a € Act. A dynamic expression of dtsdPBC is

Gu= E|E|GE|EG|GIE|E]G|G|G|G[f]|Grsa|Gsyal
[GxExE]|[ExGx*E]|[E*ExG|.

Let DynFExpr denote the set of all dynamic expressions of dtsdPBC.

Let G be a dynamic expression. The underlying static (line-free) expression |G|
of G is obtained by removing from it all upper and lower bars. If the underlying
static expression of a dynamic one is not regular, the corresponding LDTSDPN can
be non-safe [38,39] (2-bounded in the worst case, like for PNs [9]).

Definition 2.5. A dynamic expression G is regular if |G| is regular.

Let RegDynExpr denote the set of all reqular dynamic expressions of dtsdPBC.

Let G be a regular dynamic expression. The underlying timer-free regular dynamic
expression |G is obtained by removing from G all timer value superscripts.

The set of all stochastic (immediate or waiting, respectively) multiactions (from
the syntax) of G is defined as SL(G) = SL(|G]|) (ZL(G) = ZL(|G]) or WL(G) =
WL(|G|), respectively). Thus, the set of all deterministic multiactions (from the syn-
tax) of G is DL(G) = ZL(G) UWL(G) and the set of all activities (from the syntaz)
of G is SDL(G) = SL(G) UDL(G) = SL(G) UZL(G) UWL(G).



Table 1. Inaction rules for overlined and underlined regular static expressions.

(o, 1) = (a,1)0 E;F=E;F E,F=E;F
E,F = E;F E[|F = E||F E[JF = E[|F
E[F = E[|F E[|E = E[F E|F = E|F
E|E = E||F E[f] = E[f] Elf] = Elf]
Ersa=FErsa Ersa=Ersa Esya=Esya
Esya=Esya [ExF+xK|=[ExFxK| [ExFxK|=[ExF xK)]
[ExF+xK|=[ExFxK| [ExFxK|=[ExFxK|] [ExF*K]=[E*Fx*K]
Table 2. Inaction rules for arbitrary regular dynamic expressions.
G=G, oc{;[} G=G
GoE=GoE, EoG=EoG G|H=G|H, H|G= H|G
G=G Géé,oe{rs,sy} G=G
Glf] = G[f] Goa=Goa (G ExF)= [G*ExF)
G=G G=G
[E %G F]l= [ExGx*F] [Ex FxG) = [ExFxG)

3. Operational semantics

In this section, we define the operational semantics via labeled transition systems.

3.1. Inaction rules

The inaction rules for dynamic expressions describe their structural transformations in
the form of G = G which do not change the states of the specified processes. The goal
of those syntactic transformations is to obtain the well-structured resulting expressions
called operative ones to which no inaction rules can be further applied. The application
of an inaction rule to a dynamic expression does not lead to time tick or transition firing
in the corresponding LDTSDPN [38,39], hence, its current marking stays unchanged.

Thus, an application of every inaction rule does not require any delay, i.e. the
dynamic expression transformation described by the rule is done instantly.

In Table 1, we define inaction rules for regular dynamic expressions being overlined
and underlined static ones. In this table, (a,tY) € WL, § € {1,...,0}, BE,F,K €
RegStatFExpr and a € Act. The first inaction rule suggests that the timer value of
each newly overlined waiting multiaction is set to the delay of it.

In Table 2, we introduce inaction rules for regular dynamic expressions in the ar-
bitrary form. In this table, E, F' € RegStatExpr, G,H,G,H € RegDynFExpr and
a € Act. For brevity, two distinct inaction rules with the same premises are collated
in some cases, resulting in the inaction rules with double conclusion.

Definition 3.1. A regular dynamic expression G is operative if no inaction rule can
be applied to it.

Let OpRegDynFExpr denote the set of all operative regular dynamic expressions of
dtsdPBC. Note that any dynamic expression can be always transformed into a (not



necessarily unique) operative one by using the inaction rules. In the following, we
consider regular expressions only and omit the word ‘regular’.

Definition 3.2. The relation ~ = (= U <)* is a structural equivalence of dynamic
expressions in dtsdPBC. Thus, two dynamic expressions G and G’ are structurally
equivalent, denoted by G ~ G, if they can be reached from each other by applying
the inaction rules in a forward or a backward direction.

Let G be a dynamic expression. Then [G]l = {H | G ~ H} is the equi-
valence class of G with respect to the structural equivalence, called the (corres-
ponding) state. Next, G is an initial dynamic expression, denoted by init(G), if
JE € RegStatExpr G € [E]~. Further, G is a final dynamic expression, denoted
by final(G), if 3E € RegStatExpr G € [E]~.

Let G be a dynamic expression and s = [G]~. The set of all enabled stochastic
multiactions of s is EnaSto(s) = {(a, p) € SL | IH € sNOpRegDynExpr (a,p) is a
subexpression of H}. The set of all enabled immediate multiactions of s is
EnaImm(s) = {(a,t)) € ZL | 3H € sNOpRegDynExpr (o, 1) is a subexpression of
H}. The set of all enabled waiting multiactions of s is EnaWait(s) = {(a,t!) € WL |

JH € sN OpRegDynExpr («, hle)‘s, 0 €{1,...,0}, is a subexpression of H}. The set
of all newly enabled waiting multiactions of s is EnaWaitNew(s) = {(a,t!) € WL |
JH € sN OpRegDynExpr (o, hlg)(’ is a subexpression of H}.

The set of all enabled deterministic multiactions of s is EnaDet(s) = Enalmm(s)U
EnaWait(s) and the set of all enabled activities of s is Ena(s) = EnaSto(s) U
EnaDet(s) = EnaSto(s) U Enalmm(s) U EnaWait(s). Then Ena(s) = Ena([G)x) is
an algebraic analogue of the set of all transitions enabled at the initial marking of the
LDTSDPN [38,39] corresponding to G. The activities, resulted from synchronization,
are not present in the syntax of the dynamic expressions. Their enabledness status can
be recovered by observing that of the pair of synchronized activities from the syntax
(they both should be enabled for enabling their synchronous product), even if they
are affected by restriction after the synchronization.

Definition 3.3. An operative dynamic expression G is saturated (with the values of
timers), if each enabled waiting multiaction of [G]~, being superscribed with the value
of its timer and possibly overlined, is the subexpression of G.

Let SaOpRegDynExpr denote the set of all saturated operative dynamic expressi-
ons of dtsdPBC.

Proposition 3.4 ([38,39]). Any operative dynamic expression can be transformed into
the saturated one by applying the inaction rules in a forward or a backward direction.

Thus, any dynamic expression can be transformed into a (not necessarily unique)
saturated operative one by (possibly reverse) applying the inaction rules.

Let G be a saturated operative dynamic expression. Then O G denotes the timer
decrement operator O, applied to G. The result is a saturated operative dynamic ex-
pression, obtained from G via decrementing by one all greater than 1 values of the
timers associated with all (if any) stamped waiting multiactions from the syntax of G.
Each such stamped waiting multiaction changes its timer value from § € N>; in G to
max{1l,0 — 1} in OG. The timer decrement operator affects the (possibly overlined or
underlined) stamped waiting multiactions being the subexpressions of G as: («, h?)‘s is
replaced with (a, hl@)ma"{l"s*l}, and similarly for the overlined or underlined ones.
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Note that when 6 = 1, we have max{1,d — 1} = max{1,0} = 1, hence, the timer
value § = 1 may remain unchanged for a stamped waiting multiaction that is not
executed by some reason at the next time moment, but stays stamped. For example,
that stamped waiting multiaction may be affected by restriction. If the timer values
cannot be decremented with a time tick for all stamped waiting multiactions (if any)
from G then OG = G and we obtain so-called empty loop transition, defined later.

The timer decrement operator keeps stamping of the waiting multiactions, since it
may only decrease their timer values, so that the stamped waiting multiactions stay
stamped (with their timer values, possibly decremented by one).

3.2. Action and empty move rules

The action rules are applied when some activities are executed. With these rules we
capture the prioritization among different types of multiactions. We also have the emp-
ty move rule, used to capture a delay of one discrete time unit when no immediate or
waiting multiactions are executable. In this case, the empty multiset of activities is exe-
cuted. The action and empty move rules will be used later to determine all multisets of
activities which can be executed from the structural equivalence class of every dynamic
expression (i.e. from the state of the corresponding process). This information together
with that about probabilities or delays and weights of the activities to be executed from
the current process state will be used to calculate the probabilities of such executions.

The action rules with stochastic (immediate or waiting, respectively) multiactions

describe dynamic expression transformations in the form of G La (G Loowc X G ,
respectively) due to execution of non-empty multisets I' of stochastic (I of immediate
or W of waiting, respectively) multiactions. The rules represent possible state changes
of the specified processes when some non-empty multisets of stochastic (immediate or
waiting, respectively) multiactions are executed. The application of an action rule with
stochastic (immediate or waiting, respectively) multiactions to a dynamic expression
leads in the corresponding LDTSDPN [38,39] to a discrete time tick at which some
stochastic or waiting transitions fire (or to the instantaneous firing of some immediate
transitions) and possible change of the current marking. The current marking stays
unchanged only if there is a self-loop produced by the iterative execution of a non-
empty multiset, which must be one-element, since we allow no concurrency at the
highest level of the second argument of iteration.

The empty move rule (applicable only when no immediate or waiting multiactions
can be executed from the current state) describes dynamic expression transformati-

ons in the form of G g@ G, called the empty moves, due to execution of the empty
multiset of activities at a discrete time tick. When no timer values are decremented
within G with the empty multiset execution at the next moment (for example, if G
contains no stamped waiting multiactions), we have (O G = G. In such a case, the

empty move from G is in the form of G L\ G, called the empty loop. The application
of the empty move rule to a dynamic expression leads to a discrete time tick in the
corresponding LDTSDPN ([38,39] at which no transitions fire and the current marking
is not changed, but the timer values of the waiting transitions enabled at the marking
(if any) are decremented by one. This is a new rule that has no prototype among
inaction rules of PBC, since it represents a time delay.

Thus, an application of every action rule with stochastic or waiting multiactions
or the empty move rule requires one discrete time unit delay, i.e. the execution of
a (possibly empty) multiset of stochastic or (non-empty) multiset of waiting multi-
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actions leading to the dynamic expression transformation described by the rule is
accomplished instantly after one time unit. An application of every action rule with
immediate multiactions does not take any time, i.e. the execution of a (non-empty)
multiset of immediate multiactions is accomplished instantly at the current moment.
The expressions of dtsdPBC can contain identical activities. To avoid technical
difficulties, such as calculation of the probabilities for multiple transitions, we can
enumerate coinciding activities from left to right in the syntax of expressions. The
new activities, resulted from synchronization, will be annotated with concatenation
of numberings of the activities they come from, hence, the numbering should have
a tree structure to reflect the effect of multiple synchronizations. We now define the
numbering which encodes a binary tree with the leaves labeled by natural numbers.

Definition 3.5. The numbering of expressions is ¢ ::= n | (¢)(¢), where n € N.

Let Num denote the set of all numberings of expressions.

The new activities resulting from synchronizations in different orders should be con-
sidered up to permutation of their numbering. In this way, we shall recognize different
instances of the same activity. If we compare the contents of different numberings, i.e.
the sets of natural numbers in them, we shall identify the mentioned instances. The
{c} LEN;
Cont(t1) U Cont(ta), ¢ = (t1)(t2).
After the enumeration, the multisets of activities from the expressions become the
proper sets. We suppose that the identical activities are enumerated when needed to
avoid ambiguity. This enumeration is considered to be implicit.

content of a numbering ¢ € Num is Cont(r) =

Definition 3.6. Let G € OpRegDynFExpr. We define the set of all non-empty mul-
tisets of activities which can be potentially executed from G, denoted by Can(G). Let
(a,k) € SDL, E,F € RegStatExpr, H € OpRegDynFExpr and a € Act.

(1) If final(G) then Can(G) = 0.

(2) If G = (o, k)% and k = 1Y, 0 € N>g, | € Rsg, § € {2,...,0}, then Can(G) = 0.
(3) If G = (a, k) and K € (0;1) or k=1, | € Ryg, then Can(G) = {{(a, )} }.
(4)
(5)

\V)

N

If G = (a,k)! and k =Y, 0 € N>q, | € Rog, then Can(G) = {{(a,x)}}.
If T € Can(G) then Y € Can(Go E), T € Can(E o G) (o € {;,[]}),

T € Can(G||H), YT € Can(H||G), f(T) € Can(G[f]), T € Can(G rs a)
(when a,a ¢ A(Y)), T € Can(G sy a), T € Can([G * E * F)),

T e Can([ExGx* F]), T € Can([E x F = G]).
(6) If T € Can(G) and E € Can(H) then T + = € Can(G||H).
(7) If T € Can(G sy a) and (a, k), (8,A) € T are different, a € a, a € g, then

(a) T — {(a, ), (B \)} + {(a 0 B, 5 - \)} € Can(G sy a) if , A € (0 1);

(b) T = {( ), (BN} + ({0 @ B8, )} € Can(G sy a) if 5 = o, A =0,

feN, I,m e Ryyg.

When we synchronize the same multiset of activities in different orders, we obtain
several activities with the same multiaction and probability or delay and weight
parts, but with different numberings having the same content. Then we only
consider a single one of the resulting activities.

ot

If T € Can(G) then by definition of Can(G), V2 C Y, = # (), we have E € Can(G).

Let G € OpRegDynExpr and Can(G) # (. Obviously, if there are only stochas-
tic (immediate or waiting, respectively) multiactions in the multisets from Can(G)
then these stochastic (immediate or waiting, respectively) multiactions can be exe-
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cuted from G. Otherwise, besides stochastic ones, there are also deterministic (imme-
diate and/or waiting) multiactions in the multisets from C'an(G). By the note above,
there are non-empty multisets of deterministic multiactions in Can(G) as well, i.e.
AT € Can(G) T € Nﬁ-ﬁ \ {0}. In this case, no stochastic multiactions can be executed
from G, even if Can(G) contains non-empty multisets of stochastic multiactions, since
deterministic multiactions have a priority over stochastic ones, and should be executed
first. Further, if there are no stochastic, but both waiting and immediate multiactions
in the multisets from Can(G), then, analogously, no waiting multiactions can be exe-
cuted from G, since immediate multiactions have a priority over waiting ones.

When there are only waiting and, possibly, stochastic multiactions in the multisets
from Can(G) then only waiting ones can be executed from G. Then just mazimal
non-empty multisets of waiting multiactions can be executed from G, since all non-
conflicting waiting multiactions cannot wait and they should occur at the next time
moment with probability 1. The next definition formalizes these requirements.

Definition 3.7. Let G € OpRegDynExpr. The set of all non-empty multisets of
activities which can be executed from G is

Can(G) N fon, Can(G) N N%ﬁb # (;

{W € Can(G) NNW~ (Can(G) NNEE = O)A
Now(G) = Ain m,

VYV e Can(G)NNEE W CV = V =W}, (Can(G) NNEF # 0);

Can(G), otherwise.

Let G € OpRegDynExpr. The expression G is s-tangible (stochastically tangible),
denoted by stang(G), if Now(G) C N‘ffn \ {0}. In particular, we have stang(G),
if Now(G) = 0. The expression G is w-tangible (waitingly tangible), denoted by
wtang(G), if § # Now(G) C Nﬁ}f \ {0}. The expression G is tangible, denoted by
tang(Q), if stang(G) or wtang(G), i.e. Now(G) C (N}gg1 U Nﬁ}f) \ {0}. Again, we
particularly have tang(G), if Now(G) = ). Otherwise, the expression G is vanishing,
denoted by wvanish(G), and in this case 0 # Now(G) C N%fn \ {0}. Note that the

operative dynamic expressions from [G]~ may have different types in general.

Let G € RegDynExpr. We write stang([G]~), if VH € [G]x N OpRegDynExpr
stang(H). We write wtang([G]x), if 3H € [G]x N OpRegDynExpr wtang(H) and
VH' € [G]~ N OpRegDynExpr tang(H'). We write tang(|Glx), if stang(|G]~) or
wtang([G]x). Otherwise, we write vanish([G]x), and in this case 3H € [G]~ N
OpRegDynExpr vanish(H).

In Table 3, we define the action and empty move rules. In the table, (o, p), (8, x) €
SL, («, hlo), (5, hTOR) € ZL and («, hlg), (8, hfn) € WL. Further, E, F € RegStatExpr,
G, H € SatOpRegDynExpr, é,ﬁ € RegDynFExpr and a € Act. Next, I', A € N?ﬁl \
{0}, T" e N§5, I,J € NEL A\ {0}, I' e NG, V,W e NYEA {0}, V! € NJZ and
T e N‘?}Zﬁ \ {0}.

We use the next abbreviations in the names of the rules: ‘E’ for ‘Empty move’,
‘B’ for ‘Basis case’, ‘S’ for ‘Sequence’, ‘C’ for ‘Choice’, ‘P’ for ‘Parallel’, ‘L’ for
‘reLabeling’, ‘R’ for ‘Restriction’, ‘I’ for ‘Iteraton’ and ‘Sy’ for ‘Synchronization’.
The first rule is the empty move rule E. The other rules are the action rules, describ-
ing transformations of dynamic expressions, which are built using particular algebraic
operations. If we cannot merge the rules with stochastic, immediate ans waiting mul-
tiactions in one rule for some operation then we get the coupled action rules. In such
cases, the names of the action rules with stochastic multiactions have a suffix ‘s’, those
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Table 3. Action and empty move rules.

B 2UG) e 17 ) (0,p) B T m) " (0,) B T a) O (0,10)

atoa R
S eRNE Cs a¢La, —init(G) V (init(G) A stang([E]~))
GiES G E, E;GS E:G GIE 5 @[ |E, E|G 5|E)G
Ci ¢La Cw %G, —init(G) V (zmt(G) Atang([E]x))
GIE -+ GIB, B)G 5|B)G GIE = G IF, BIG HIE(G
Pls ? - G, tcmg([H] ) _ pu ¢La
G||H—>G||OH H|GLH0H|G GHH—)GHH H||G—>H||G
Plw ¢5%aG, stang([H]x) PZSG—>Ci+faH PIG—>G;+IILI—>H
GHH % a) OH H|GL0H|G G||H G|H G||H — G||H
PZWG%(‘J/VI‘{HH L G?G G%G a,a & A(T)
G|H = G|H G[f]JLQG[f] GrsaSGrsa
I RNy o G L5 G, —init(G) V (init(G) A stang([Fl~))
[Gx E * F) RN [G % E  F) [E % G * F] 5 [E « G |F), [E*F G 5 [Ex|F %G
, ¢ha
12i 7 — 7 —
[ExG*F] = [ExGx|F], [ExF*xG] = [Ex|F xG]
fow__ C Y G, —init(G) V (init(G) A tang([Flx))
[E+G+F| % [E*Gx|F], [ExF*G] % [Ex|F +G)
eRNE Gsya DAllap 3 H @0}, & sya, ac€o, a€f
Syl T 5 Sy2s I’ +{(a®aB,p-X)}
Gsya—Gsya Gsya—a>Gsya
Svai Gsya I'+H{(a,0) - (Bobm)} G sya aca, acp
y 1 ’ o 0 ~
Gsya I'+{(a®aBb)y )} Gsya
’ a. o 6 —~
Gsya Vorlln B A, & sya, aco, ac€f
Sy2w

V' {(a®aBil], )} ~
° s Gsya

Gsya

with immediate multiactions have a suffix ‘i’; and those with waiting multiactions have
a suffix ‘w’. The rules in Table 3 are explained in [38,39].

Notice that the timers of all waiting multiactions that lose their enabledness when
a state change occurs become inactive (turned off) and their values become irrelevant
while the timers of all those preserving their enabledness continue running with their
stored values. Hence, we adapt the enabling memory policy [23,26,46,47] when the
process states are changed and the enabledness of deterministic multiactions is possibly
modified (immediate multiactions may be seen as those with the timers displaying a
single value 0, so we do not need to store their values). Then the timer values of waiting
multiactions are taken as the enabling memory variables.

Like in [10], we are interested in the dynamic expressions, inferred by applying the
inaction rules (also in the reverse direction) and action rules from the overlined sta-
tic expressions, such that no stamped (superscribed with the timer values) waiting
multiaction is a subexpression of them. The reason is to ensure that time proceeds
uniformly and only enabled waiting multiactions are stamped. We call such dynamic
expressions reachable, by analogy with the reachable states of LDTSDPNs [38,39].
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Definition 3.8. A dynamic expression G is reachable, if there exists a static expres-

sion E without timer value superscripts, such that E ~ G or E ~ G 4 H ~ G Xy
Lk H, ~ G for some T1,..., T, € N}gg‘:.

The next proposition considers enabledness of the stamped waiting multiactions.

Proposition 3.9 ([38,39]). Let G be a reachable dynamic expression. Then only wait-
ing multiactions from EnaW ait([G]x) are stamped in G.

=~

3.3. Transition systems

We now construct labeled probabilistic transition systems associated with dynamic
expressions, in order to subsequently define their operational semantics.
Let G be a dynamic expression and s = [G]~. The set of all multisets of activities

executable in s is defined as Fxzec(s) = {Y | 3H € s 3H H RN H}. Here H 5 His
an inference by the rules from Table 3. It can be proved by induction on the structure
of expressions that T € Fxec(s) \ {0} implies 3H € s T € Now(H). The reverse
statement does not hold, since the preconditions in the action rules disable executions
of the activities with the lower-priority types from every H € s, see [38,39].

The state s is s-tangible (stochastically tangible), denoted by stang(s), if Exec(s) C
N‘;fn For an s-tangible state s we always have () € Exec(s) by rule E, hence, we
may have Fzec(s) = {0}. The state s is w-tangible (waitingly tangible), denoted by
wtang(s), if Exec(s) C Nﬁ}f \ {0}. The state s is tangible, denoted by tang(s), if
stang(s) or wtang(s), i.e. Exec(s) C N‘J?Z-ETLUN}/%. Again, for a tangible state s we may
have () € FExec(s) and Exec(s) = {0}. Otherwise, the state s is vanishing, denoted by
vanish(s), and in this case Fzec(s) C N%ﬁb \ {0}.

If Y € Ezxec(s) and Y € N}gzﬁ U N%ﬁl then by rules P2s, P2i, Sy2s, Sy2i and
definition of Ezec(s) V2 C YT, E # (), we have = € Exec(s), i.e. 21 \ {0} C Exec(s).

Definition 3.10. The derivation set of a dynamic expression G, denoted by DR(G),
is the minimal set such that

e [G~ € DR(G);
o if [H]~ € DR(G) and 3T H 5 H then [H]~ € DR(G).

The set of all s-tangible states from DR(G) is denoted by DRgr(G), and the set of
all w-tangible states from DR(QG) is denoted by D Ry (G). The set of all tangible states
from DR(QG) is denoted by DRy (G) = DRsr(G)U DRy (G). The set of all vanishing
states from DR(G) is denoted by DRy (G). Then DR(G) = DRp(G) W DRy (G) =
DRs7(G) W DRwr(G) W DRy (G), where & denotes disjoint union.

Let now G be a dynamic expression and s, 5§ € DR(G).

Let T € Exec(s)\{0}. The probability that the multiset of stochastic multiactions YT
is ready for execution in s or the weight of the multiset of deterministic multiactions
T which is ready for execution in s is

II » I1 (1—x), s€ DRsr(Q):
PF(T,s) ={ ©@P<¥  {HE0}eBec)](30#7}
L s € DRyw1(G) U DRy(G).
(cut)ET
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In the case T =) and s € DRgp(G) we define

II (=2, Ezec(s)# {0}
PF(,s) = {(8.)}eEwec(s)
1, Ezec(s) = {0}.

Let T € Ezec(s). Besides T, some other multisets of activities may be ready for
execution in s, hence, a normalization is needed to calculate the execution probability.
The probability to execute the multiset of activities Y in s is

PF(Y,s)
ZEEEZ‘@C(S) PF(E’ S) .

PT(Y,s) =

The probability to move from s to § by executing any multiset of activities is

PM(s,3) = > PT(Y,s).

{Y|3Hes 3Hes HSH}

Definition 3.11. Let G be a dynamic expression. The (labeled probabilistic) transition
system of G is a quadruple T'S(G) = (S¢, La, Ta, Si), where

e the set of states is S¢ = DR(G);

e the set of labels is Lg = N‘;}ELL x (0;1];

e the set of transitions is Ta = {(s, (Y, PT(Y,s)),5) | s,5 € DR(G), 3H € s
HesHS HY

o the initial state is sq = [G)~.

~

The transition system T'S(G) associated with a dynamic expression G describes
all the steps (parallel executions) that occur at discrete time moments with some
(one-step) probability and consist of multisets of activities. Every step consisting of
stochastic (waiting, respectively) multiactions or the empty step (i.e. that consisting
of the empty multiset of activities) occurs instantly after one discrete time unit delay.
Each step consisting of immediate multiactions occurs instantly without any delay.
The step can change the current state to a different one. The states are the structural
equivalence classes of dynamic expressions obtained by application of action rules
starting from the expressions belonging to [G]~. A transition (s, (Y,P),§) € Tg will

be written as s I)'p 5. It is interpreted as follows: the probability to change from state
s to § as a result of executing T is P.

From every s-tangible state the empty multiset of activities can always be executed
by rule E. Hence, for s-tangible states, T may be the empty multiset, and its execution
only decrements by one the timer values (if any) of the current state. Then we have

a transition s ﬂ)p@ s from an s-tangible state s to the tangible state Os = [ H]~
for H € sN SatOpRegDynFExpr. Since structurally equivalent saturated operative
dynamic expressions remain so after decreasing by one their timers, s is unique for
each s and the definition is correct. Thus, O s corresponds to applying the empty move
rule to an arbitrary saturated operative dynamic expression from s, followed by taking
the structural equivalence class of the result. We have to keep track of such executions,
called the empty moves, since they affect the timers and have non-zero probabilities.
This follows from the definition of PF((),s) and the fact that the probabilities of
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stochastic multiactions belong to the interval (0;1). When it holds & H = H for
H € sN SatOpRegDynFExpr, we obtain O s = s. Then the empty move from s is

in the form of s g'p s, called the empty loop. For w-tangible and vanishing states
T cannot be the empty multiset, since we must execute some immediate (waiting)
multiactions from them at the current (next) moment.

The step probabilities belong to the interval (0; 1], being 1 if the only transition from

an s-tangible state s is the empty move s glOs, or if there is a single transition from

a w-tangible or a vanishing state. We write s L 5ifIPs I)'p Sand s — 5if AT s 5 4.
Isomorphism is a coincidence of systems up to renaming of their components.

Definition 3.12. For dynamic expressions G and G’, let T'S(G) = (Sq, La, Ta, sa)
and T'S(G') = (S¢', Lgr, Ter, sGr) be their transition systems. A mapping 8 : S¢ — S¢
is an isomorphism between T'S(G) and T'S(G"), denoted by 8 : TS(G) ~ TS(G'), if

(1) pis a bijection such that B(sg) = s¢;
(2) Vs,5€ Sa VY s 5p 5 o B(s) Sp B3).

Two transition systems T'S(G) and T'S(G') are isomorphic, denoted by T'S(G) =~
TS(G),if 36: TS(G) ~TS(G).

Definition 3.13. Two dynamic expressions G and G’ are equivalent with respect to
transition systems, denoted by G =45 G', if TS(G) ~TS(G’).

Let N = (Py,Tn,Wn,Dn,Qn, Ln,Qn) be a LDTSDPN [38,39] and Q,Qv be its
states. Then the average sojourn time SJ(Q), sojourn time variance VAR(Q), pro-
babilities PM*(Q,@), transition relation Q) —»p é, EDTMC EDTMC(N), under-
lying SMC SMC(N) and steady-state PMF for it are defined like the respective for
dynamic expressions in [40,42]. Every marked and clocked plain dtsd-box [38,39] can be
interpreted as an LDTSDPN. Thus, we can evaluate performance with the LDTSDPNs
corresponding to dtsd-boxes and then transfer the results to the latter.

4. Stochastic equivalences

The semantic equivalence = is too discriminating, hence, we need weaker equivalence
notions that should possess the following necessary properties. First, any two equiva-
lent processes must have the same sequences of multisets of multiactions, which are the
multiaction parts of the activities executed in steps starting from the initial states of
the processes. Second, for every such sequence, its execution probabilities within both
processes must coincide. Third, the desired equivalence should preserve the branching
structure of computations, i.e. the points of choice of an external observer between
several extensions of a particular computation should be taken into account. In this
section, we define one such notion: step stochastic bisimulation equivalence.
Bisimulation equivalences respect the particular points of choice in the behavior
of a system. To define stochastic bisimulation equivalences, we have to consider a
bisimulation as an equivalence relation that partitions the states of the union of the
transition systems T'S(G) and T'S(G’) of two dynamic expressions G and G’ to be
compared. For G and G’ to be bisimulation equivalent, the initial states [G]~ and [G']~
of their transition systems should be related by a bisimulation having the following
transfer property: if two states are related then in each of them the same multisets of
multiactions can occur, leading with the identical overall probability from each of the
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two states to the same equivalence class for every such multiset.

We follow the approaches of [4-6,48-51], but we implement step semantics instead
of interleaving one considered in these papers. Recall also that we use the generative
probabilistic transition systems, like in [48], in contrast to the reactive model, treated
in [49], and we take transition probabilities instead of transition rates from [4-6,50,51].
Thus, step stochastic bisimulation equivalence that we define further is (in the proba-
bilistic sense) comparable only with interleaving probabilistic bisimulation equivalence
from [48], and our relation is obviously stronger.

In the definition below, we consider L(Y) € N?m for T € N‘?iznﬁ, i.e. (possibly empty)
multisets of multiactions. The multiactions can be empty as well. In this case, £(T)
contains the elements (), but it is not empty itself.

Let G be a dynamic expression and H C DR(G). For any s € DR(G) and A € Nfcm,

we write s é)'p H, where P = PM (s, H) is the overall probability to move from s into
the set of states H via steps with the multiaction part A defined as

PMa(s,H) = > PT(Y,s).
{Y|35eH s55, L(T)=A}

We write s & # if 3P s é)'p ‘H. Further, we write s —»p H if dA s A ‘H, where
P = PM(s,H) is the overall probability to move from s into the set of states H wvia
any steps defined as

PM(s,H)= Y PT(T,s).
{Y|35eM s55}

For § € DR(G), we write s i'p sifs é)'p {5} and s AsifIPs i'p 5.

The mean value formula for the geometrical distribution allows us to calculate the
average sojourn time in s € DRy (G) as SJ(s) = #M(&S). The average sojourn time
in each vanishing state s € DRy (G) is SJ(s) = 0. Let s € DR(G).

The average sojourn time in the state s is

1 DRy (G);
— 1-PM(s,s)’ s€ T )
57(s) { 0, s € DRy(G).

The average sojourn time vector of G, denoted by SJ, has the elements SJ(s),
s € DR(G).

The sojourn time variance in the state s is

PM(s,s) .
VAR(s) = { (=PaGap: o€ DRr(G);
0, s € DRy(G).

The sojourn time variance vector of G, denoted by VAR, has the elements VAR(s),
s € DR(G).

Definition 4.1. Let G and G’ be dynamic expressions. An equivalence relation R C
(DR(G) U DR(G"))? is a step stochastic bisimulation between G' and G’, denoted by
R :Ge, G it
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(1) (IG)~ [G']x) € R.
(2) (s1,52) € R implies SJ(s1) =0 < SJ(sg) =0 and

¥H € (DR(G)UDR(G'))/r YAENE, 51 Bp H & sy Bp H.

Two dynamic expressions G and G’ are step stochastic bisimulation equivalent, denoted

by G, G, if IR : G, G

The condition SJ(s1) = 0 < SJ(s2) = 0 in item 2 of the definition above is
needed to make difference between w-tangible states (all having at least one time unit
sojourn times) and vanishing states (all having zero sojourn times). Both from w-
tangible and vanishing states, no empty moves can be made, unlike s-tangible states,
from which empty moves are always possible. When comparing dynamic expressions
for step stochastic bisimulation equivalence, we can use empty moves only to make
difference between s-tangible and other (w-tangible or vanishing) states.

We now define the multiaction transition systems, whose transitions are labeled
with the multisets of multiactions, extracted from the corresponding activities.

Definition 4.2. Let G be a dynamic expression. The (labeled probabilistic) multiac-
tion transition system of G is a quadruple T'S;(G) = (Sg, Le, Tz, Sc), where

e S; = DR(G);

o L, = me x (0;1];

o Tz ={(s,(A, PMa(s,{5})),3) | 5,5 € DR(G), s > 3};
® Sp — [G]z

The transition (s, (A,P),s) € T will be written as s Ap s

Let G and G’ be dynamic expressions and R : G<»,,G’. Then the relation R can be
interpreted as a step stochastic bisimulation between the transition systems 7'S¢(G)
and T'S;(G"), denoted by R : TS, (G)e TS (G'), which is defined by analogy (ex-
cepting step semantics) with interleaving probabilistic bisimulation on generative prob-
abilistic transition systems from [48].

The next proposition states that every step stochastic bisimulation binds s-tangible
states only with s-tangible ones, and similarly for w-tangible and for vanishing states.

Proposition 4.3 ([39]). Let G and G’ be dynamic expressions and R : G, ,G'. Then
R C (DRST(G) U DRST(G/))Q ] (DRWT(G) U l)]:ﬁ/{/T(G/))2 ] (DRv(G) U DR\/(GI))2.

Proposition 4.3 implies R C (DRy(G)U DRy (G"))?w (DRy (G)U DRy (G))?, since
DRy (G) = DRsr(G) W DRy r(G) and DRp(G') = DRsr(G') W DRy (G").

Let Rss(G,G') = U{R | R : G&,,G'} be the union of all step stochastic bisimula-
tions between G and G’. The following proposition proves that Rss(G,G’) is also an
equivalence and Rss(G,G') : G, G

Proposition 4.4 ([39]). Let G and G’ be dynamic expressions and G« ,G'. Then
Rss(G,G") is the largest step stochastic bisimulation between G and G'.

The next theorem shows that both the semantics are bisimulation equivalent.
Theorem 4.5 ([39]). For any static expression E, TS(E)< ,,RG(Bozgsq(E)).

We now compare the discrimination power of the stochastic equivalences.
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Theorem 4.6 ([39]). For dynamic expressions G and G’ the strict implications hold:

GrG = G=,G = G, G

5. Reduction modulo equivalences

The equivalences which we proposed can be used to reduce transition systems and
SMCs of expressions (reachability graphs and SMCs of dtsd-boxes). Reductions of
graph-based models, like transition systems, reachability graphs and SMCs, result in
those with less states (the graph nodes). The goal of the reduction is to decrease the
number of states in the semantic representation of the modeled system while preserving
its important qualitative and quantitative behavioral properties. Thus, the reduction
allows one to simplify the functional and performance analysis. We now consider the
quotient transition systems and Markov chains (SMCs, DTMCs, RDTMCs). Since the
quotient sojourn time average and variance vectors, EDTMCs, SMCs, DTMCs and
RDTMCs of expressions are defined by analogy with the respective non-quotient ones
from [40,42], we do not present the latter definitions here, in order to avoid repetition.

An autobisimulation is a bisimulation between an expression and itself. For a dy-
namic expression G and a step stochastic autobisimulation on it R : G& G, let K €

DR(G)/ and s1, 53 € K. We have VK € DR(G)/r VA€ N4, 51 Bp K & 52 5p K.

The previous equality is valid for all s1,s2 € K, hence, we can rewrite it as K é)'p IE,
where P = PMA(KC,K) = PM(s1,K) = PMa(s2,K).

We write £ 23 K if dP K é)'p K and K — IEJf Ak 4 E;The similar arguments
allow us to write K —p K, where P = PM(K,K) = PM(s1,K) = PM(s2,K).

By the note after Proposition 4.3, R C (DRr(G))? & (DRy(G))?. Hence, VK €
DR(G)/r, all states from K are tangible, when K € DRr(G)/r, or all of them are
vanishing, when K € DRy (G)/x.

The average sojourn time in the equivalence class (with respect to R) of states K is

el K e DRT(G)/R
ST (IC) = 1-PM(KC,K)? ’
R(K) { 0, K € DRy (G)/x.

The average sojourn time vector for the equivalence classes (with respect to R) of
states of G, denoted by SJg, has the elements SJz(K), K € DR(G)/r.

The sojourn time variance in the equivalence class (with respect to R) of states K is

PM(C,K )
VARR(K) = TR K€ DRr(G)/;
0, K € DRy (G)/x.

The sojourn time variance vector for the equivalence classes (with respect to R) of
states of G, denoted by VARg, has the elements VAR (K), K € DR(G)/r.

Let Rss(G) = U{R | R : G=,,G} be the union of all step stochastic autobisimulati-
onson G. By Proposition 4.4, Rs(G) is the largest step stochastic autobisimulation on
G. Based on the equivalence classes with respect to Rss(G), the quotient (by ) tran-
sition systems and quotient (by «,) underlying SMCs of expressions can be defined.
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Those equivalence classes become the quotient states. The average sojourn time in a
quotient state is that in the corresponding equivalence class. Every quotient transition
between two such composite states represents all steps (having the same multiaction
part in case of the transition system quotient) from the first state to the second one.

Definition 5.1. Let G be a dynamic expression. The quotient (by <,.) (labeled pro-
babilistic) transition system of G is a quadruple 'Sy, (G) = (S, , L, Tes 550, )

® S, = DR(G)/R..);

o Ly =Nf x(0;1];

o Too., = {(K,(A,PMA(K,K)),K) | K,K € DR(G)/x..(
o 5o = [[Glx]r..0)-

IC—>IC}

ss

The transition (K, (4,P),K) € Te,. will be written as K ArK.

Let G be a dynamic expression. We define the relation Ress(G) =A{(s,K), (K, s) |
s € K € DR(G)/r..()}", where T is the transitive closure operation. One can see
that Rrzss(G) € (DR(G) U DR(G)/RSS(G))2 is an equivalence relation that partiti-
ons the set DR(G) U DR(G)/x, () to the equivalence classes L1, ..., Ly, defined as
Li = K U{Ki} (1 < i < n), where DR(G)/z, (@) = {K1,...,Kn}. The relation
Rrss(G) can be interpreted as a step stochastic bisimulation between the transition
systems T'S;(G) and T'S,  (G), denoted by Ress(G) : T'Sp(G)s=2T'Ses (G), which
is defined by analogy (excepting step semantics) with interleaving probabilistic bisimu-
lation on generative probabilistic transition systems from [48]. It is clear that from this
viewpoint, R ss(G) is also the union of all step stochastic bisimulations and largest
step stochastic bisimulation between T'S.(G) and T'S.,_ (G).

The quotient (by «»,,) reachability graphs are defined similarly to the quotient
transition systems. Let ~ denote isomorphism between quotient transition systems
and quotient reachability graphs that binds their initial states. The following proposi-
tion connects quotient (by <»,,) transition systems of the overlined static expressions
and quotient reachability graphs of their dtsd-boxes.

Proposition 5.2 ([41]). For any static expression E,

TSe, (E) ~ RGy (Bowgsi(E)).

The quotient (by <) average sojourn time vector of G is SJ,, = SJR..(a)- The
quotient (by <>.,) sojourn time variance vector of G is VAR, = VARR, (c)-

Let G be a dynamic expression and IC,IE € DR(G) /RSS(G)- The transition system
TSy, (G) can have self-loops going from an equivalence class to itself which have a
non-zero probability. The current equivalence class remains unchanged in this case.

Let K — K. The probability to stay in K due to k (k> 1) self-loops is PM (K, K)E.

Let K — K and K #* K, ie. PM(K,K) < 1. The probability to move from K to K

by executing any multiset of activities after possible self-loops is

) S0 PM(K,K ]
PM*(/C,/E):{PM(’CJC) o PM(K,K)F = 22068, K= K }

PM(K,K), _ otherwise;
SLy (K)PM(K,K).
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Here SL, (K) is the quotient (by ) self-loops abstraction factor in the equivalence
class IC. The quotient (by &) self-loops abstraction vector of G, denoted by SL,
has the elements SL., (K), K € DR(G)/r,,(c)- The value k = 0 in the summation
above corresponds to the case when no self- loops occur.

Let £ € DR7(G)/.,()- If there eX1st self-loops from K (i.e. if £ — K) then
PM(K,K) >0 and SLﬁss (IC) = W(’CJC) = SJy_(K). Otherwise, if there exist no
self-loops from K then PM(K,K) =0 and SL,, (K) =1= W(’CJC) =SJs (K).
Thus, VK € DRT(G)/’RSS(G) SLﬁSS(IC) = SJﬁSS(IC)7 hence, VI € DRT(G)/’RSS(G)
with PM(K,K) < 1 it holds PM*(K,K) = S (K)PM (K, K). Note that the self-
loops from the equivalence classes of tangible states are of the empty or non-empty
type, the latter produced by iteration, since empty loops are not possible from the
equivalence classes of w-tangible states, but they are possible from the equivalence
classes of s-tangible states, while non-empty loops are possible from the equivalence
classes of both s-tangible and w-tangible states.

Let K€ DRy (G)/r.,(@)- Then VK€ DRy (G)/r,. @) SLe, (K)#SJe, (K)=0 and
VKeDRy(G)/r., () with PM(K,K)< 1it holds PM*(IC,IC)—SLﬁSS(IC)PM(IC,IE).

If there exist self-loops from K then PM*(K,K) = % when PM(KC,K) < 1

Otherwise, if there exist no self-loops from K then PM*(K,K) = PM(K,K). Note
that the self-loops from the equivalence classes of vanishing states are always of the
non-empty type, produced by iteration, since empty loops are not possible from the
equivalence classes of vanishing states.

Definition 5.3. Let G be a dynamic expression. The quotient (by <.,) EDTMC
of G, denoted by EDTMC,, (G), has the state space DR( )/ Rou (@) the initial
state [[G]x]r. ) and the transitions K —p K, if K — K and K # K, where
P =PM*(K, IC) or K—1 K, if PM(K,K) =1.

The quotient (by ;) underlying SMC of G, denoted by SMC,, (G), has the
EDTMC EDTMC,, (G) and the sojourn time in every K € DRy (G )/R (@) 1s ge-
ometrically distributed with the parameter 1 — PM (K, K) while the sojourn time in
every K € DRy (G) /., () is equal to zero.

Let G be a dynamic expression. The elements P, ., (1<r,s<l = [DR(G)/r,.(c)|)
of the (one-step) transition probability matrix (TPM) Py, for EDTMC, (G) are

PM*(K,,Ks), K, — Ks, r#s;
PL o s=4 1 PM(K,.,K.) =1, r=s;

0, otherwise.

The transient (k-step, k € N) PMF ¢, [k] = (YL [k[(K1),...,¥5 [kI(K:))
for EDTMCs (G) is calculated as 97, [k] = ¢, [0)(PL, )k, where 1/1H (0] =
(W%, [01(K1),. .., ¥%, [0](Ky)) is the initial PMF: ¢%, [0] (/cr):{ L Kr=llGls]r. )

0, otherwise.
Note that ¥, [k +1]=v, [k]PL, (k€N).
The steady-state PMF ¢, = (¥, (K1),...,%% (Ky)) for EDTMC,, (G) is a
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solution of the equation system

¢*ﬁ33 (P*ﬁss B I) - O
w*ﬁ 1T -1 )

where I is the identity matrix of order [ and 0 (1) is a row vector of [ values 0 (1).

Note that the vector 1/)<*_>88 exists and is unique if EDTMC,, (G) is ergodic. Then
EDTMC4, (G) has a single steady state, and we have 7, = limy_c 9V, [k].

The steady-state PMF for the quotient (by <»,.) underlying semi-Markov chain
SMC4s, (G) is calculated via multiplying every 97, (K) (1 < r < 1) by the av-
erage sojourn time SJ,, (K,) in the equivalence class K, followed by normalizing
the resulting values. Note that for each equivalence class K€ DR7(G)/r,, (a) we have
SJe  (K)>1 and for each equivalence class K€ DRy (G)/z_, (a) we have SJ.,__(K)=0.

Thus, the steady-state PMF ., = (0o (K1),..., 00 (Kp)) for SMCy, (G) is

o, (K) =

~Lss

YL, (K)S e, (K) ,
{ 15:1 w*ﬁSS(KS)SJiSS(’CS)’ ICT‘ e DRT(G)/RSS(G)7
0, K, € DRy (G)/r..(c)-

Let ~ denote isomorphism between SMCs that binds their initial states, i.e. their
EDTMC s are isomorphic and the sojourn times in the isomorphic states are identically
distributed. The following proposition establishes a connection between quotient (by
<rs5) SMCs of the overlined static expressions and quotient SMCs of their dtsd-boxes.

Proposition 5.4 ([41]). For any static expression E

SMCy, (E) ~ SMCy (Boxgsa(E)).

The quotients of both transition systems and underlying SMCs are the minimal
reductions of the mentioned objects modulo step stochastic bisimulations. The quo-
tients can be used to simplify analysis of system properties which are preserved by
+ s, since potentially less states should be examined for it.

Consider quotient (by <»,,) DTMCs with the state change probabilities PM (IC, IE)

Definition 5.5. Let G be a dynamic expression. The quotient (by <,,) DTMC of
G, denoted by DTMC,, (G), has the state space DR(G)/r, (q), the initial state

[[Glx]=.. (@) and the transitions K —p K, where P = PM (K, K).

The steady-state PMF 1., for DTMC,, (G) is defined like the respective 97,
for EDTMC,; (G) and is related with the steady-state PMF ¢, for SMCy, (G).

Proposition 5.6. Let G be a dynamic expression, p., — be the steady-state PMF
for SMCy (G) and ¢ be the steady-state PMF for DTMCy, (G). Then VK €

DR(G)/r..)

Yo, (K)
= — K e DRp(G ;
SD<_> (,C) = Z}EQDRT(G)/RSS(G) wﬁss (’C) T( )/Rss(G)

., 0. K € DRy(G)/r..(c)-
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Proof. Like that of the corresponding ‘non-quotient’ Proposition 4 from [40]. O

Eliminating equivalence classes (with respect to Rss(G)) of vanishing states from the
quotient (by «+»,.) DTMCs of expressions results in the reductions of the DTMCs.

Definition 5.7. Let G be a dynamic expression. The reduced quotient (by <>,,)
DTMC of G, denoted by RDTMC,, (G), is defined like RDTMC(G) in [40,42],
but it is constructed from DTMC,, (G) instead of DTMC(G).

The steady-state PMF ¢¢, for RDTMC,, (G) is defined like the respective ¢<_>q
for EDTMC, (G) and is related with the steady state PMF ¢, for SMC,,_ (G).

Proposition 5.8. Let G' be a dynamic expression, pe,  be the steady-state PMF
for SMCyq_ (G) and ¢¢, be the steady-state PMF for RDTMC’H (G). Then VK €

DR(G)/r..)

oo (K) = { ve, (K), K€ DRr(G)/r..c);
e 07 K S DRV(G)/'RSS(G)
Proof. Like that of the corresponding ‘non-quotient’ Proposition 5 from [40]. U

6. Stationary behavior

Let us examine how the proposed equivalences can be used to compare the behavior of
stochastic processes in their steady states. We shall consider only formulas specifying
stochastic processes with infinite behavior, i.e. expressions with the iteration operator.
Note that the iteration operator does not guarantee infiniteness of behavior, since there
can exist a deadlock (blocking) within the body (the second argument) of iteration
when the corresponding subprocess does not reach its final state by some reasons. In
particular, consider the expression Stop = ({g}, 3) rs g specifying the non-terminating
process that performs only empty loops with probability 1. If the body of iteration
contains the Stop expression then the iteration will be ‘broken’. On the other hand,
the iteration body can be left after a finite number of its repeated executions and
then the iteration termination is started. To avoid executing any activities after the
iteration body, we take Stop as the termination argument of iteration.

We consider only the process expressions such that their underlying SMCs contain
exactly one closed communication class of states, and this class should be ergodic
to ensure uniqueness of the stationary distribution, which is also the limiting one.
The states not belonging to that class do not disturb the uniqueness, since the closed
communication class is single, hence, they all are transient. Then, for each transient
state, the steady-state probability to be in it is zero while the steady-state probability
to enter into the ergodic class starting from that state is equal to one.

6.1. Steady state, residence time and equivalences

The following proposition demonstrates that, for two dynamic expressions related by

+ .., the steady-state probabilities to enter into an equivalence class coincide. There-
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fore, the mean recurrence time for an equivalence class is the same for both expressions.

Proposition 6.1. Let G,G be dynamic expressions with R : G« ,G' and ¢ be the
steady-state PMF for SMC(G), ¢ be the steady-state PMF for SMC(G'). ThenVH €
(DR(G)UDR(G"))/=

Yo wels= Y A6

SEHNDR(G) s'€HNDR(G")

Proof. Like that of Proposition 6 from [37] or that of Proposition 10 from [41]. O

Let G be a dynamic expression and ¢ be the steady-state PMF for SMC(G),
¢« be the steady-state PMF for SMC,,_(G). By Proposition 6.1 (modified for
Rerss(G)), we have VK € DR(G)/ ., ()

o, (K) =D (s).

se

Thus, for every equivalence class K € DR(G)/r,, (), the value of o, for K is the
sum of all values of ¢ corresponding to the states from K.

By Proposition 6.1, <., preserves the quantitative properties of the stationary
behavior (the level of SMCs). We now intend to demonstrate that the qualitative
properties of the stationary behavior based on the multiaction labels are preserved as
well (the level of transition systems).

Definition 6.2. A derived step trace of a dynamic expression GG is a chain ¥ =
A Ay € (me)*, where 3s € DR(G) s PR U Sny, L(Ti) =A; (1 <i<n).
Then the probability to execute the derived step trace ¥ in s is

PT (2, s) = > [[Pr(ri,si0).

(1o Tols=s0 b, 2 T8 £(T)=A, (1<i<n)} =)

The following theorem demonstrates that, for two dynamic expressions related by
+ .., the steady-state probabilities to enter into an equivalence class and start a derived
step trace from it coincide.

Theorem 6.3. Let G,G’" be dynamic expressions with R : G<,,G' and ¢ be the
steady-state PMF for SMC(G), ¢’ be the steady-state PMF for SMC(G') and 3 be
a derived step trace of G and G'. Then VH € (DR(G)U DR(G"))/r

Y w(PT(E,s)= Y. P(PT(E,).

SEHNDR(G) s'€HNDR(G’)

Proof. Like that of Theorem 4 from [37]. O

Let G be a dynamic expression, ¢ be the steady-state PMF for SMC(G), ¢
be the steady-state PMF for SMC,, (G) and ¥ be a derived step trace of G. By
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Theorem 6.3 (modified for Rss(G)), we get VK € DR(G)/r.. ()

vo (K)PT(X,K) = Z o(s)PT(%,s),
se

where Vs € K PT(X,K) = PT (%, s).

The following proposition demonstrates that, for two dynamic expressions related
by <., the sojourn time averages in an equivalence class coincide, as well as the
sojourn time variances in it.

Proposition 6.4. Let G,G’ be dynamic expressions with R : G, ,G'. Then YH €
(DR(G)U DR(G")) /=

SJrA(bRr@G))2 (H N DR(G)) = SIrn(pr(G))2(H N DR(G)),
VARRO(DR(G))Z (7‘[ N DR(G)) - VAR'RO(DR(G”))? (H N DR(G/))

Proof. Like that of Proposition 7 from [37]. O

6.2. Preservation of performance and simplification of its analysis

Many performance indices are based on the steady-state probabilities to enter into
a set of similar states or, after coming in it, to start a derived step trace from this
set. Some of the indices are calculated using the average or the variance of sojourn
time in a set of similar states. The similarity of states is captured by an equivalence
relation, hence, the sets are the equivalence classes. Proposition 6.1, Theorem 6.3 and
Proposition 6.4 guarantee coincidence of the mentioned indices for the expressions
related by <»,.. Thus, <., (hence, all the stronger equivalences we have considered)
preserves performance of stochastic systems modeled by expressions of dtsdPBC.

Next, it is easier to evaluate performance using an SMC with less states, since in
this case the size of the transition probability matrix will be smaller, and we shall
solve systems of less equations to calculate steady-state probabilities. The reasoning
above validates the following method of performance analysis simplification.

1) The investigated system is specified by a static expression of dtsdPBC.

(

(2) The transition system of the expression is constructed.

(3) The step stochastic autobisimulation equivalence for the expression is defined.
(4) The quotient underlying SMC is derived from the quotient transition system.
(5) Stationary probabilities and performance indices are obtained from the SMC.

The limitation of the method above is its applicability only to the expressions such
that their underlying SMCs contain exactly one closed communication class of states,
and this class should also be ergodic to ensure uniqueness of the stationary distribution.
If an SMC contains several closed communication classes of states that are all ergodic
then several stationary distributions may exist, which depend on the initial PMF.
There is an analytical method to determine stationary probabilities for SMCs of this
kind as well [52]. The underlying SMC of every process expression has only one initial
PMF (that at the time moment 0), hence, the stationary distribution will be unique
in this case too. The general steady-state probabilities are then calculated as the sum
of the stationary probabilities of all the ergodic classes of states, weighted by the

26



TS(E) H TSy (E) HSM Co.. (E)}—-‘ P, HPerformance
f
\P%DTMC% E-[v%. ]

Figure 1. Equivalence-based simplification of performance evaluation.

probabilities to enter into these classes, starting from the initial state and passing
through some transient states. In addition, it is worth applying the method only to
the systems with similar subprocesses.

Alternatively, the results at the end of Section 5 allow us to simplify the steps 4 and
5 of the method above by constructing the reduced quotient DTMC from the quotient
transition system, followed by calculating the stationary probabilities of the quotient
underlying SMC using that DTMC, and then obtaining the performance indices. In

more detail, the quotient transition system 7'S,, (F) provides the information both

about the probabilities to move between the equivalence classes of states PM (K, IE)
and about the equivalence classes of vanishing states DRy (E)/r (g)- That informa-

tion is used to construct the reordered quotient transition probability matrix (TPM)

P, , from which the TPM P, for RDTMC,, (F) is further obtained.
Figure 1 presents the main stages of the standard and alternative equivalence-based
simplification of performance evaluation described above.

7. Generalized shared memory system with maintenance

Consider a model of two processors accessing a common shared memory described
in [23,26,46] in the continuous time setting on GSPNs. We shall analyze this shared
memory system in the discrete time setting of dtsdPBC, where concurrent execution
of activities is possible, while no two transitions of a GSPN may fire simultaneously
(in parallel). We also add to the system a feature of the memory maintenance. Our
generalized model parameterizes the standard shared memory system by treating the
probabilities and weights from its specification as variables (parameters). The model
behaves as follows. After activation of the system (turning the computer on), two pro-
cessors are active, and the common memory is available. Each processor can request an
access to the memory after which the instantaneous decision is made, if the memory is
available. When the decision is made in favour of a processor, it starts acquisition of the
memory and the other processor should wait until the former one ends its memory op-
erations, and the system returns to the state with both active processors and available
common memory. If the memory is available and not required then its maintenance
can be initiated, followed by the short memory service works (for example, the check-
sum test) during a fixed period of time, after which the memory becomes available
again. If the memory requirement and its maintenance initiation happen at the same
time then the service works start and no decision on the memory allocation is made
while the memory is maintained. The diagram of the system is depicted in Figure 2.

7.1. The concrete system

The meaning of actions from the expressions which will specify the system modules is
as follows. The action a corresponds to the system activation. The action ¢ specifies the
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Figure 2. The diagram of the shared memory system with maintenance.

memory maintenance initiation. The action e means the short memory service (taking
a fixed time of 1 unit). The actions r; (1 < i < 2) represent the common memory
request (whose probability is 10 times greater than that of the maintenance initiation)
of processor i. The actions d; correspond to the (instantaneous) decision on the memory
allocation in favour of the processor i. The actions m; represent the common memory
access of processor i. The other actions are used for communication purposes only via
synchronization, and we abstract from them later using restriction. For aq,...,a, €
Act (n € N), we abbreviate sy aj--- sy ap rsaj--- rs a, to sr (ay,...,ap).

We take general values for all specified multiaction probabilities and weights. Let
all stochastic multiactions have the same generalized probability p € (0;1) and all
deterministic ones have the same generalized weight | € R<g. The specification K of
the generalized shared memory system with maintenance follows.

The static expression of the first processor is

Ky = [({z1},0) * ({r1}, p); ({da, o1 1. 1)); ({ma, 21}, p)) * Stop).

The static expression of the second processor is

Ky = ({22}, 0) * ({r2}, p): ({d2, y2}, 81); ({ma2, 22}, p)) * Stop).

The static expression of the shared memory is

Ks = [({a, 71,72}, p) * ({c}, f5): Heb a1} 40): (A1 p))]
({22}, 1)); ({22}, ) = Stop].

The static expression of the generalized shared memory system with maintenance is
K = (K| K2 K3) sr (@1, 22,y1, Y2, 21, 22)-

Let us illustrate an effect of synchronization. As a result of the synchronization
of immediate multiactions ({d;,v;},t)) and ({7;},1)) we get is ({d;}.bo) (1 < i <
2). The synchronization of stochastic multiactions ({my,z;},p) and ({Z;},p) pro-
duces ({m;},p?) (1 < i < 2). The result of synchronization of ({a,z7,75},p) with
({z1},p) is ({a, 73}, p?), and that of synchronization of ({a,Z1, 73}, p) with ({z2},p)
is ({a, 71}, p?). After applying synchronization to ({a, 73}, p?) and ({x2}, p), as well
as to ({a, 71}, p?) and ({21}, p), we get the same activity ({a}, p*).

DR(K) consists of the equivalence classes
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= [([{z1}, p) * (({r1}, p); ({dhyl} 0): ({ma, 21}, p)) * Stop]|
({2}, p) * ({72}, p); ({da, 42}, ),({m2 22}, p)) * Stop]|

[({a, 1, 72}, p)  (({c}, £5); ({e}, h NIt ) ({2 0)
({2} 8): ({22}, ) * Stop]) sr (1,22, Y1, Y2, 21, 22)

= [([({z1}, p) * (({r1}, p): ({di, a1, 1); ({ma, 21}, p)) + Stop] |
[({1’2} P) * (({TQ}ap); ({d27y2}7 ﬂ?), ({mQ 22} P)) * StOp]H

[({a, 71,72}, p) * (e}, f5)s Heh DIz b 1) ({2 )]
({22}, 8)); ({22}, p))) * Stop]) sr (21,22, Y1, Y2, 21, 22) ]~

53 = [([({z1}, p) x ({71}, )({dl,yl} 0): ({ma, 21}, p)) * Stop]|
[({z2}, p) * ({r2}, p); ({dz v}, 5); ({m2,22}7p)) + Stopl|
[({a, 21,2}, p)  ((({e}, 15); ({e}, hl) (kD) (&L )
(({72}.8): ({22}, 0)) #Stop]) st (21,2, 41, 2. 21, %) =

= [([({z1}, p) = (({r1}, p); ({d1, 1}, )5 ({ma, 21}, p))  Stop)|
[({562} p) * (({r2}, p); ({d2, g2}, 17): ({ma, 22}, p)) * Stop]|

[({a, 71,72}, p) * ((({e}, £5); Heb gD 18 ({4 )]
({72}, 1)): ({22}, p))) * Stop]) st (w1, 32,1, 42, 21, 22)]

= [([(({z1},p) = (({r1}, p)s (da, 91}, 8 ({ma, 21}, p)) + Stop]|
[({w} p) * (({ra}, p); o, yo}, £); ({ma, 22}, p)) * Stop]|

[({a, 71,72}, p) * (e}, £5); Heb g I(Hm 18 (A1 )]
({72}, 1) ({22}, p))) # Stop]) st (1, 22,51, Y2, 21, 22)]~,

= [([({z1}, p) = (({r1}, p)s (a1} )5 ({ma, 21}, p)) = Stop)|

({962} p) * (({r2}, p); ({d2, y2}, 1) ({ma, 22}, p)) * Stop]|

[({a, 71, 962} p) * ((({c}, f5); ({e}, hl) (ka0 (AL )
({22}, 80); ({22}, p))) * Stop]) sr (w1, 22,41, 42, 21, 22)]

s7= [([({z1}, )+ ({1}, p); ({da yl} 0): ({ma, 21}, p)) * Stop]|
({2}, p) # (({r2}, p); ({2, 2}, B); ({m2,22},,0)) + Stop |

[({a, 71,72}, p) * ((({c}, £5); ({e}, hz) (a0 (A )l
({72}, 50); ({53}, ))) * Sop]) st (21,2, 1, 2. 21, 22) =
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We have DRgsp(K

= [([({z1}, p) * ({r1}, )s v, 91}, 8); ({1, 21}, p)) + Stop]|
({w2} p) = (({r2}, p); ({d2, 42}, 1)) ({m2,22}7p)) + Stopl |
* ((({e},

[({a, 21, 72}, p) * (({ %);({G}M})l)ﬂ(({zﬁ},h?);({51},,0))[]
({22}, 8); ({22}, p))) * Stop]) sr (w1, 22,41, 42, 21, 22)]

= [([({z1}, p) = (({r1}, p)s (a1} )5 ({ma, 21}, p)) = Stop)|
[({xz} p) = ({2}, p): ({da, 92}, 17): ({ma, 22}, p)) * Stop]|

[({a, 21, 72}, p) + (({e}, £5); ({e}, hl))[](({yl} ) ({4} )l
(({#2}.8): ({22}, p))) # Stop]) sr (z1, 22, 1,42, 21, 22)

510 = [([({z1}, p) * ({71}, 0); ({dhyl}a 1); ({1, 21}, p)) * Stop] ||
({22}, ) * (({r2}, p); ({d2, 2}, 1)); ({ma, 22}, p)) * Stop]|
[(({a, 21,72}, p) * ((({c}, {5); ({e}, hl))[](({yl} 1) ({21}, )]
(({#=}.1)); ({2}, p))) = Stop]) sr (1, 22, Y1, Y2, 21, 22)]~;

su = [([({z1},p) * (({ri} p); ({dl,yl} 0)i ({ma, 21}, p)) * Stop]|
({22}, p) * (({ra}, p); ({da, 921 0); ({mz 22}, p)) * Stop|
[({a, 71,22}, p) = ({e}: £5); ({e} hl))[](({yl} 1) (A}, 0))
(({72}.8): ({22}, )))*Stop]) (1,22, 91,92, 21, 22)]~,

S12 = [([({z1}, ) * (({r1}, 0); {da, w1}, 1)); ({ma, 21}, p)) + Stop]|
[({x2}, p) *(({T?} ,0); ({dz, v}, 19); ({m2 2z}, p)) * Stop]||

[({a, 71, 72}, p) * ((({c}, £5); ({e}, h}))ﬂ(({yl} 1); ({21}, )
({72}, 1) ({22}, p))) # Stop]) st (1, 22,51, Y2, 21, 22)]~,

S13 = [([(({z1}, p) * (({r1}, p)s ({da, 1} B)s ({ma, 21}, p)) = Stop)|
({2}, p) * ({2}, p); ({dz y2}, 8): ({ma, 22}, p)) * Stop|
[({a, 77,22}, p) + (e}, f5)s (e DI L 8)s ({4} o))
(({72}.8): ({22}, 0)) *StOP]) (21, %2, Y1, 92, 21, 22) =,

K) = {84, 55,30}

The states are interpreted as: §; is the initial state in which the system is not activa-
ted; So: the system is activated and the memory is not requested and its maintenance
is not initiated; S3: the memory maintenance is initiated; $4: the memory is requested
by the first processor; §5: the memory is requested by the second processor; §g: the me-
mory maintenance is initiated and the memory is requested by two processors; 57: the
memory maintenance is initiated and the memory is requested by the first processor;
Sg: the memory maintenance is initiated and the memory is requested by the second
processor; Sg: the memory is requested by two processors; §1g: the memory is allocated
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Figure 3. The transition system of the generalized shared memory system with maintenance.

to the first processor; §11: the memory is allocated to the second processor; §19: the
memory is allocated to the first processor and requested by the second processor; §13:
the memory is allocated to the second processor and requested by the first processor.

In Figure 3, the transition system T.S(K) is presented. In Figure 4, the un-
derlying SMC SMC(K) is depicted. In step semantics, we can execute the fol-
lowing activities in parallel: ({r1},p), ({r2},p), as well as ({r1},p), ({ma}, p?), and
({r2},p), {m1},p*). We can also execute in parallel ({ri},p), ({c}, %), as well as

({7”2}7[))7 ({C}7 %)7 and even ({T1}7P)7 ({TQ}ap)a ({C}, 1_%) The states 567 577 587 S9 Only
exist in step semantics, since they are reachable exclusively by executing all three

activities ({r1}, p), ({r2},p), ({c}, f5) or any pair of them in parallel.
The average sojourn time vector of K is

i

1

p*? p(21—12p+p?)

10

,1,0,0,1,1,1,0

The sojourn time variance vector of K is

3

10(10—p)(1—p)

VAR = (1

? p(21-12p+p?)

~,0,0,0,0,0,0,0
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Figure 4. The underlying SMC of the generalized shared memory system with maintenance.
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Let us denote x = 21 —12p+p%, 0 =1+ p—p? and u = 10 — p. The TPM for
EDTMC(K) is

0o 1 0 0 0 0 0 0 0 0 0 0 0
0 0 (1=p)®  pl=p) pl=p) p> pl=p) p(=p) pu ¢ g 0 0
X X X X X X X
o 1 0 0 0 0 0 0 0 00 0 0
0o 0 0 0 0 0 0 0 0 1.0 0 0
0o 0 0 0 0 0 0 0 0 01 0 0
- 0 0 0 0 0 0 0 0 1 00 o0 0
P =| o o 0 1 0 0 0 0 0 00 0 0
0 0 0 0 1 0 0 0 0 00 0 0
0 0 0 0 0 0 0 0 o o o0 2 i
2 2
0 e0-p) 0 0 20 0 0 0 0 0 £ 0
2 2
o 20zl g e 0 0 0 0 o 00 o 1
0o 0 0 0 1 0 0 0 0 0 0 0 0
0o 0 0 1 0 0 0 0 0 00 0 0

The steady-state PMF for EDTMC(K) is

U = s rasr = (0, p(1 = p)(21 = 120+ p%), p(1 = p)?,5(2 = p)(1 + p — p?),
52 = p)(14p—p*),0*(1 = p), p*(1 = p)?, p*(1 = p)*,10p*(1 — p),
52— p)(1+p—p*),52 = p)(1+p—p*),5(1 = p)(2+p),5(1 = p)(2+ p)).

The steady-state PMF ¢* weighted by SJ is

p2(60+32p79411p2+23p37p4) (07 1Op2(1 - p)7 p3(1 - p)37 07 07 P5(1 - p)7 p4(1 - P)27
pH(1=p)*,0,50(2 = p),5p(2 = p),5(1 = p)(2 + p),5(1 = p)(2 + p))-

We normalize the steady-state weighted PMF by dividing it by its components sum

20 + 10p — 10p? — 9p% — p*
p2(60 4+ 32p — 94p2 + 23p3 — pt)’

ST =

Thus, the steady-state PMF for SMC(K) is

¢ = wrromto—o—p (05 100 (1 = p), p*(1 = p),0,0, p° (1 — p), p*(1 = p)?,
pH(1=p)*,0,50(2 = p),5p(2 = p),5(1 = p)(2 + p),5(1 = p)(2 + p))-

Otherwise, from T'S(K), we can construct the DTMC of K, DTMC(K), and then
calculate ¢ using it. In Figure 5, the DTMC DT M C_(K ) is depicted.
Let us denote p = 10 — p. The TPM for DTMC(K) is

1—p3 p3 0 0 0 0 0 0 0 0 0 0 0
0 p(1=p)2 p1=p)?2 pu—p) pu(i=p) p3 p2(—p) p201-p) p%u 0 0 0 0
10 10 10 10 10 10 10 10
0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1
0 p2(1-p) O 0 P 0 0 0 0 (1-p)(1—p? 0 p(1=p% 0
0 p*(l—-p) O p® 0 0 0 0 0 0 1-p)A=p% 0  p(1-p?)
0 0 0 0 p2 0 0 0 0 0 0 1—p2 0
0 0 0 p? 0 0 0 0 0 0 0 0 1-—p2
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o° 0°
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Figure 5. The DTMC of the generalized shared memory system with maintenance.
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The steady-state PMF for DTMC(K) is

V= 20+10p+1op +p3 21p +(0,10p° ( =), PP(1=p)?,50%(2 = p)(1+ p — p?),
5p°(2 = p)(L+p—p?),p°(1 = p), p*(1 = p)*, p*(1 = p)*,10p* (1 — ), 5p(2 — p),
@@—')ﬂl—)( +p),5(1 = p)(2+p)).

Remember that DR7(K) = DRsr(K) U DRy (K) = {51, 32, 33, 36, 87, 38, 510, 811,

512,513} and DRy (K) = {34, 35, 39 }. Hence,

> senrp &) V(8) = P(51) +
1)

$(511) + (3

&@g+w@>+w@@+w@ﬁ+¢@@+¢@m>

T~ 20+10p—10p%—9p° —p*
12) + ¥(513) = 20+10p+10p2 +p°—21p% *

By Proposition 4 from [40] (the ‘non-quotient’ analogue of Proposition 5.6), we have

~(z\ — . 204+10p+10p°+p3—21p* __

$(51) =0 20+10p 10p2—9p3—pt =0,

~(§ ) 10p%(1—p) .~ 20410p4+10p24p%—21p* __ 10p%(1—p)

P52 20+10p+10p%2+p3—21p*  20+10p—10p%2—9p3—p* — 20+10p—10p%—9p3—p*?’

~(§ ) p2(1—p)® . 204+10p+10p°+p3—21p* __ p*(1—p)?

PLS3 204+10p+10p%2+p3—21p*  20410p—10p%2—9p3—p* — 20+10p—10p%—9p3—p*"

@(84) =0,

@(55) =0,

~(§ ) p°(1—p) . 20410p4+10p°+-p3—21p* __ p°(1—p)

¥\S6 20+10p+10p +p3=21p*  20+10p—10p2—9p3—p* — 20+10p—10p%—9p3—p*"’

~(§ ) p*(1—p)? . 20410p4+10p°+p%—21p* pt(1—p)?

pLs7 20+10p+10p +p3—21p*  20+10p—10p2—9p%>—p* — 20+10p—10p2—9p3—p*>

~(§ ) p*(1—p)? . 20410p4+10p°+p3—21p* __ *(1—p)?

PS8 20410p+10p%2+p3—21p 20+10p—10p2—9p3—p* — 20+10p—10p%—9p3—p*?

@(89) =0,

B(510) = s gy - SO e gt Sl
204-10p+10p%2+p3—21p*  20+10p—10p2—9p%—p 204+10p—10p%2—=9p3—p*>

¢(§11) 5p(2—p) . 20+10p+10p2+p3721p44 _ 5p(2—p) ,
20+10p+10p%+p3 —21p* 20+10p—10p*—9p%—p 20+10p—10p%—9p3 —p*>

P(512) = 5(1-p)(2+p) . 20410p+10p>4+p°—21p* _ 5(1—p)(2+p)
20+10p+10p>+p°—21p* ~ 20410p—10p>—9p —p* 20+10p—10p%—9p3 —p* >

H(513) = 5(1—p)(2+p) . 20+10p+10p°+p>—21p* _ 5(1—p)(2+p)

204-10p+10p%+p3 —21p*

20410p—10p% —9p3 —p*

T 20410p—10p%2—9p3 —p**

Thus, the steady-state PMF for SMC(K) is

—p),p* (1 —p)?,

P = 20710,= 102;)2 57— (0, 10p%(1 = p), p*(1 = p)?,0,0,p°(1
= p)(2+ p)).

pA(1= p)2,0,50(2 — p),5p(2 — p),5(1 — p)(2 + p), 5(1

This coincides with the result obtained with the use of ¢* and SJ.

Alternatively, from T.S(K), we can construct the reduced DTMC of K,
RDTMC(K), and then calculate ¢ using it.

Remember that DRgr(K) = {51, 52, 510, 511, 512, 513}, DRWT( ) = {83, S¢, 57, 83},
DRy (K) = {54, 35,59}. We reorder the elements of DR(K), by moving vanishing
states to the first positions and s-tangible states to the last positions: 34, 35, 59, S3, S¢,

57,588,581, 52,510, 511, 512, 513-
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Let us denote y = 10 — p. The reordered TPM for DTMC(K) is

0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 3 1
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
i{) _ 0 1 0 0 0 0 0 0 0 0 0 0 0
r 0 0 0 0 0 0 0 1-p3 3 0 0 0 0
pu(l=p) pu(l—=p) p?u p(1—p)2 p3 p2(1—p) p%(1-p) 0 p(1—p)? 0 0 0 0
10 lg 10 10 10 10 10 2 10 2 2
0 p 0 0 0 0 0 0 p2(1—=p)(1—=p)(1—0p7) 0 p(1 —p%) 0
p? 0 0 0 0 0 0 0 p*(1-p) 0 (L-p@A=-p> 0  p1—p?
0 p? 0 0 0 0 0 0 0 0 0 1—p2 0
p? 0 0 0 0 0 0 0 0 0 0 0 1-p?
The result of the decomposing P, are the matrices
0 0 0
0 0 1
1 0 0
0 1 0
~ 0 0 o ~ 00 0 0 0 0 1 0 0 O ~ 0 0 0
C= ( 0 0 o0 ) s D= 6 0 0 0 0 0 0 1 0 O s E = pu(l—p)  pu(l—p P2
0 0 0 oo 0o o 0o o o o & 1 0 9 iy
0 P 0
p3 0 0
0 p2 0
P 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
~ 0 0 0 0 1—p3 p3 0 0 0 0
F: p(lfop)2 ;% pz(llofp) pz(llofp) 0 p(1—p)2 0 0 0 0
0 0 0 0 0 p2(1—p) (1—p)A-—p?) 0 p(1 — p?) 0
0 0 0 0 0 P21 —p) 0 (1 =p)(1—p?) 0 p(1—p?)
0 0 0 0 0 0 0 0 1—p? 0
0 0 0 0 0 0 0 0 0 1—p2

Since C! = 0, we have Vk > 0, Ck = 0, hence, [ = 0 and there are no loops among
vanishing states. Then

l
G=Y & =0=1
k=0

Further, the TPM for RDTMC(K) is

P°=F+EGD=F+EID=F + ED =

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 3 z
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 1—p3 3 0 0 0 0
p=p2 3 p20-p)  p21-p) 0 p(1—p)? pu(1—p) pu(1—p) p2u P2
10 10 10 10 2 10 10 2 18 20 2 20
0 0 0 0 0 p~(1=p) (A=p)(1-p7) P p(1 —p%) 0
0 0 0 0 0 p%(1—p) p® (1-p)(1—p?) 0 p(1—p?)
0 0 0 0 0 0 0 P2 1—p2 0
0 0 0 0 0 0 p? 0 0 1-—p?

In Figure 6, the reduced DTMC RDTMC(_f) is presented.
Then the steady-state PMF for RDTMC(K) is

¢O = %0+10p—101p2—9p3—p4 (p3(1 - p)3,p5(1 - p)’p4(1 - p)z’p4(1 - p)Q’Oa
10p*(1 = p), 5p(2 — p), 5p(2 — p),5(1 = p)(2 + p), 5(1 — p)(2 + p)).
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RDTMC(K)

p(10— 0)(1

Figure 6. The reduced DTMC of the generalized shared memory system with maintenance.

Note that 1° = (¢°(33),¥°(36), ¥°(57),¥°(38),¥°(51),9° (82),9° (510), ¥° (511),
U (812), 9° (513)).

By Proposition 5 from [40] (the ‘non-quotient’ analogue of Proposition 5.8), we have

=y S0z 10p?(1—p)

@(51) =0, 90(52) 20+10p—10p2—9p3 —p*>

~(= p*(1—p)° 5(5,) =

P(53) = 201 10p—10p2 —9p° —pt> ¢(54) =0,

Sy s p*(1—p)

$(35) =0, P(36) = 20+10p—10p% —9p%—p1"
4 2

5(37) = p*(1—p) 5(3s) = p*(1=p)*

w\s7 20+10p—10p2—9p°—pi>  P\58 20+10p— 10(p2 s))p ot

~re N ~(z 5p(2—p

$(59) =0, ¢(510) = 20+10p—10p2—9p5—p**

SN 5p(2—p) ~ (=~ (1=p)(2+p)

P(511) = 20+10p—10p2—9p3—pi° P(512) = 20+10p—10p2—=9p3—p**

5(513) = 1—p)(2+p)

P\S13) = 207 10p—10p2—9p% —p7 *

Thus, the steady-state PMF for SMC(K) is

¢ = 0710,= 102;)2 g7 (0,100%(1 = p), p*(1 = p)*,0,0, p°(1 = p), p*(1 — p)?,
P11~ 0)2,0,5p(2 — p), 5p(2 — p),5(1 = p)(2 + p),5(1 — p)(2 + p).

This coincides with the result obtained with the use of ¢* and SJ.
We can now calculate the main performance indices.

e The average recurrence time in the state S, where no processor requests the
memory and its maintenance is not initiated, called the average system run-

s 1 20410p—10p*—9p®—p*
through, is 5 = 0,2 (1=p)
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e The system is not activated only in the state §;. Then the steady-state proba-
bility that the system is activated is 1 —p; = 1 —0 = 1. The common memory is
only available in the states 3o, 34, 55, S9. Then the steady-state probability that

the memory is available is Q9 4+ @4 + @5 + P9 = 20+10;2p120(;;f%p37p4 +04+0+0=
10*(1—p)

% +10P:1082*,ﬁ;ﬂ4' The common memory is maintained only in the states
e

S3, 8¢, 87, Ss. n the steady-state probability that the memory is maintained is
B+ Ge+ G+ Pg = p*(1=p)® + p°(1—p) + pt(1—p)® +
¥3 @64( ‘P7)2 8 20+10p—10p:(—9p3)—p4 20+10p—10p2—0p°—p7 1 20+10p—10p>—9p° —p*
p*(1—p _ p?(1—p o1e
S0TT0p—10,2 =07 —pF — 30710p—1052 —07 = - The steady-state probability that the
memory is used (i.e. neither available nor maintained), called the shared memory
- . . 10p%(1—p) p*(1—p) _ 10(24+p—2p%)
““hz“”m}’ 15 1 - 204 10p—10p>—9p°—p? 201 10p—10p2—9p° —p*  20+10p—10p2 —0p>—p "
e After activation of the system, we leave the state §; for ever, and the common

memory is either requested or allocated or maintained in every remaining state,
with exception of S9. Thus, the rate with which the necessity (also for mainte-

nance) of shared memory emerges coincides with the rate of leaving §o, calculated

as P2 — 10p*(1—p) L p(21-12p+p%) _ p*(1—p)(21—12p+p?)
ST 20+10p—10p2 —9p3—p* 10 20+10p—10p2—9p3 —p* *

e The parallel common memory request of two processors {({ri},p), ({re},p)}
is only possible from the state S5. In this state, the request probability is
the sum of the execution probabilities for all multisets of activities contain-
ing both ({r1},p) and ({r2},p). The steady-state probability of the shared
memory request from two processors is ¢ Z{T|({({r1},p),({rg},p)}g'r} PT(Y,5;) =

10p°(1—p) (02(10—p) 4 p_3> _ 10p'1-p)
20+10p—10p2—9p3 —p* 10 10 20+10p—10p2—9p3 —p*

e The common memory request of the first processor ({r1},p) is possible from
the states S3,811. In each of them, the request probability is the sum of the
execution probabilities for all sets of activities containing ({r1},p). The ste-
ady-state probability of the shared memory request from the first processor is

P2 vty ey PT(T:82) + 011 2y ey LT, 511) =

10p?(1—p) p(10—p)(1—p) | p*(1—p) | p*(10—p) , p*
20+10p—10p2—9p°—p? 10 += % t—1w ti)*
50(2—p) _ 2 3\ _ 5p%(24+p—2p%)
201 10p—10p2—9p% —p3 (p(1 = p*) +p°) = 20+ 10p—10p%—9p°—pi°

In Figure 7, the marked dtsd-boxes corresponding to the dynamic expressions of the
generalized two processors, shared memory and shared memory system with mainte-

nance are presented, i.e. N; = Boxgsq(K;) (1 <i<3) and N = Boxgsq(K).

7.2. The abstract system and its reduction

Consider a modification of the generalized shared memory system with maintenance

via abstraction from identifiers of the processors, i.e. such that the processors are indis-

tinguishable. We can see that a processor requires memory or the memory is allocated

to it but cannot observe which processor is it. We call this system the abstract generali-

zed shared memory system with maintenance. To implement the abstraction, we repla-

ce the actions r;,d;, m; (1 < i < 2) in the system specification by r,d, m, respectively.
The static expression of the first processor is

Ly = [({xl}ap) * (({T}7p); ({d7 y1}7 h?)v ({ma Zl},ﬂ)) * Stop]'
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Figure 7. The marked dtsd-boxes of the generalized two processors, shared memory and shared memory
system with maintenance.

The static expression of the second processor is

Ly = ({22}, p) = (({r}, p): ({d, g2}, 81); ({m, 22}, p)) * Stop].

The static expression of the shared memory is

Ly = [({a, 71,72}, p) * ((({c}, £5); ({e} 1) I (({g1 ),
({7} 50); ({7}, ) * Stopl

The static expression of the abstract generalized shared memory system with main-
tenance is

) ({Z1},0))]]

C
0
l

L = (L1||L2||L3) sr (x1,22,y1,Y2, 21, 22).

DR(L) = {&},..., 33} resembles DR(K), and T'S(L) is similar to T'S(K). Since
SMC(L) ~ SMC'( ), the average sojourn time vectors of L and K, the TPMs and
the steady-state PMFs for EDTMC(L) and EDTMC(K) coincide.

The first, second, third and fourth performance indices are the same for the gener-
alized system and its abstract modification. Let us consider the following performance
index which is specific to the abstract system.

e The common memory request of a processor ({r},p) is possible from the
states §5,8)0,8);. In each of them, the request probability is the sum of
the execution probabilities for all sets of activities containing ({r},p). The
steady-state probability of the shared memory request from a processor is

@22 v (i pery PT(L,85) 4+ B10 2oprygry pyery PT (T, 80) +

> ~ 10 10—p)(1— 10—p)(1—
Y11 Z{'ﬂ({r},p)e'f} PT(T’ 5,11) 20+10p pl(gp2 pE))p —pt (p( f(%( 2 +P( f())( 2 +
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ﬁ/*:

2(1—p) | p*(1— 2(10— 5 5p(2—p)
£ (10 2+ L (10 2 4o (10 2 4 %0) + 20+10p—p1(0p2p—9p3—p4 (p(1 = p*) +p°) +

5p(2— 10p%(2—p)(1+p—p?
20+10p7p1(0p2pf)9p37p4 (p(1 = p?) +p%) = 20+p10(p711)8;7§p3p7214'
We have DR(Z)/’RSS(Z) = {El,’62,Eg,ﬁ@’%aﬁ@’%%ﬁg,’%g}, where ’El = {5’1

€ 1nitial state 1M winic € System 1S not activate ,~2: S essemis
the initial state in which the system is not activated), K L} (the syst

activated and the memory is not requested and its maintenance is not initiated), K3 =
{85} (the memory maintenance is initiated), K4 = {5}, 55} (the memory is requested
by a processor), K5 = {5} (tl}ve memory maintenance is initiated and the memory is
requested by two processors), K¢ = {84, §5} (the memory maintenance is initiated and
the memory 15 requested by a processor), K7 = {§;} (the memory is regvuested by two
processors), Ks = {8, $1;} (the memory is allocated to a processor), K9 = {85, §15}
(the memory is allocated to a processor and requested by another processor).

We have DRST(Z)/RSS(Z) = {El,ﬁg,lzg,ﬁg}, DRWT(Z)/RSS(Z) = {Eg,ﬁg,,’%ﬁ},

DRy (L)/x,. ) = {K1,Kr}.

In Figure 8, the quotient transition system TSﬁss(f) is presented. In Figure 9, the
quotient underlying SMC SM Cﬁss(f) is depicted. Note that, in step semantics, we
may execute the following multiactions in parallel: {r},{r}, as well as {r}, {m}. We
can also execute in parallel {r}, {c}, and even {r}, {r}, {c}. The states Ks5, K¢, K7 only
exist in step semantics, since they are reachable exclusively by executing all three
multiactions {r}, {r}, {c} or any pair of them in parallel.

The quotient average sojourn time vector of F is

—~ 1 10 1 1
SJ = <_7 71707171707—7_>'
p?’ p(21 —12p + p?) p(L+p—p?) p?

The quotient sojourn time variance vector of F' is

m/:<1—p3 10010 = p)(1 =) 0 0o (L=P)1—p) 1—P2>
p6 7p2(21_12p+p2)27 s Uy Uy Uy ap2(1+p_p2)2’ p4

The TPM for EDTMCy,_ (L) is

0 1 0 0 0 0 0 0 0
0 0 (1-p)* 2(10—p)(1—p) P’ 2p(1—p) p(10—p) 0 0
21—12p+p? 21—12p+p? 21—-12p+p%  21-12p+p%> 21-—-12p+p?

0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 £l 0 T 0 0 0 0 £
0 0 0 1 0 0 0 0 0

The steady-state PMF for EDTMCy,_ (L) is

T’Z),*:6§]+32p794})2+223p37p4 (20’ p(12_ p)(21 - 12/) + p2)a p(l - p2)3? 10(2 - p)(l +p— p2)’
p°(1 = p),2p*(1 = p)*,10p*(1 = p),10(2 = p)(1 + p — p°), 10(1 = p)(2 + p)).
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Figure 8. The quotient transition system of the abstract generalized shared memory system with mainte-
nance.
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Figure 9. The quotient underlying SMC of the abstract generalized shared memory system with maintenance.
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Figure 10. The quotient DTMC of the abstract generalized shared memory system with maintenance.

The steady-state PMF 9"* weighted by S.J s

sor3z017 72— (05 10(1 = p), p(1 = )%, 0, p*(1 = p), 2p°(1 = p)*,0,10(2 — p),
10(1 = p)(2 + p))-

We normalize the steady-state weighted PMF by dividing it by its components sum

ng 20+ 10p — 10p* — 9p* — p*
— p2(60 + 32p — 94p? + 23p3 — p4)’

Thus, the steady-state PMF for SMCy, (L) is

¢ = 20+10p7101p279p37p4 (0, 1Op2(1 - ), p3(1 - p)37 0, p5(1 - p), 2/)4(1 - p)2’ 0,
10p(2 = p),10(1 = p)(2 + p)).

Otherwise, from T'S., (L), we can build the quotient DTMC of L, DTMCy, (L),
and calculate ¢ using it. In Figure 10, the quotient DTMC DT M Co . (L) is depicted.
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The TPM for DTMCy,_ (L) is

1—p3 p3 0 0 0 0 0 0 0
0 (10—p)(1=p)?  p(=p)?  p10-p)(1—p) p> p2A=p) p2(10—p) 0 0
10 10 5 10 5 10
0 1 0 0 0 0 0 0 0
~, 0 0 0 0 0 0 0 1 0
P'= 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 p*(1—p) 0 P 0 0 0 (1=p(A=p*) p(l=p?
0 0 0 p> 0 0 0 0 1—p?

The steady-state PMF for DTMCy, (L) is

1/}/ 20+10p+10p +ps 217 (O 10p ( p)7 p3(1 - p)3= 1Op2(2 - p)(l +p— p2)7
p°(1 = p), 20" (1 = p)?,10p*(1 = ), 10p(2 — p), 10(1 — p)(2 + p)).

Remember that DRT(E)/RSS(Z) = DRST(Z)/RSS(D U DRWT(Z)/RSS(Z) -
{ICl, ,CQ, IC3, ,C5, ICG, ,Cg, ICg} and DRV(Z)/RSS(Z) = {’C4, IC7} Hence,

ZICEDRT(L)/R @ 7/; ( ) 7[’ ( ) + 7/’ (’C2) + w (’C?:) + w (IC5) + w (KG)
+4/(K

5 _ 20410p—10p2—9
7/)( s) + ( 9) = 20+1opp+10pp2+p3p—21pp4'

By Proposition 5.6, we have

~/ _ 20+10p+10p%+p°— 21p _

¢'(K1)=0- 20+ 10p—10p%—9p%—p3 =0,

~/(i€ ) 10p%(1—p) . 20410p+10p° +p3—21p* _ 10p%(1—p)

' 2 20+10p+10p +p3—-21p*  20+10p—10p%—9p3 —p* 204+10p—10p%2—9p3 —p*?
~,(”€ ) p2(1—p)?3 . 20+10p+10p* +p>—21p* p2(1—p)?

P N3) = 20710p 1102477 —21p7 * 20+10p—102—0p%—p* — 20+10p—10p2—9p—p*”
~/

¥ (’C4) =0,

~,(,‘€ ) p°(1—p) . 20+10p4+10p%4p%—21p* _ p°(1—p)

P \A5) = 307 10p+10p2 107 —21p7 ~ 20+10p—10p2—9p%—pt — 20410p—10% —9p° —p *
~/(,€ ) 2p*(1—p)? . 20410p+10p° +-p3—21p* _ 2p%(1—p)?

v A6 20+10p+10p2+p°—21p% ~ 20+10p—10p2—9p5—pt — 20+ 10p—10p>—9p3—pi°
~ B

¥ (’C7) =0,

~,(,’€ ) 10p(2—p) . 20+10p+10p* +p>—21p* _ 10p(2—p)

Y \A8) = 307 10,1100+ p°—21p7 = 20+10p—10p%-0p°—pT — 2010p—100%—9p° —p2
~/(,€ ) 10(1—p)(2+p) . 20410p+10p> +p3—21p* _ 10(1—p)(2+p)

' 9 204+10p+10p%2+p3—21p*  204+10p—10p2 —9p3—p* 204+10p—10p%2—9p3 —p**

Thus, the steady-state PMF for SMCy, (L) is

¢ = 20+10p7101p2—9p3—p4 (0,10p%(1 = p), p*(1 = p)?,0, p°(1 = p), 2p* (1 = p)*,0,
10p(2 = ), 10(1 — p)(2 + p))-

This coincides with the result obtained with the use of Y™ and SJ g B
Alternatively, from 7'S., (L), we can construct the reduced quotient DTMC of L,

RDTMC,,_ (L), and then calculate ¢ using it. By Proposition 9 from [41], it coincides

with the quotient reduced DTMC of L, lLe. with the quotient of RDTMC (L).
NReinerriber that DFST(L)/RSS(ZL:jlcl’ICQJCS’Kf’}’ DRWT(L)/RSS(Z) =

{K3,Ks,Ké}, DRy (L)/, 1) = {K4,K7}. We reorder the elements of DR(L)/%_ 1)
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by moving the equivalence classes of vanishing states to the first positions and those

of s-tangible states to the last positions: K4, K7, K3, K5, K¢, K1, K2, Ks, Ko.
The reordered TPM for DTMC,, (L) is

0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
_ 0 1 0 0 0 0 0 0 0
P = 1 0 0 0 0 0 0 0 0
T 0 0 0 0 0 1—p3 03 0 0
p(10—p)(A=p)  p2(10—p) p(1-p)2 p>  p2(—p) 0 (10—p)(1—p)* 0 0
53 10 10 10 5 5 10 5 2
P 0 0 0 0 0 p*1=p) (L =p)1—=p%) p(l-0p%)
02 0 0 0 0 0 0 0 1-—p?
The result of the decomposing 13;, are the matrices
0 0
0 1
1 0
é,_<0 0> ﬁ,_(0000010) B 0 0
0.0)" 000000 1)° p10-p)(1=p) p*(10-p) |
By 10
p 0
p? 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
N 0 0 0 0 0 0 0
F = 0 0 0 1-p° o’ 0 0
p(1—p)?® p*  p*(1—p) 0 (10—p)(1—p)* 0 0
10 10 5 5, 10 ) )
0 0 0 0 ps(L=p) (A=p)(L=p7) p(l-p)
0 0 0 0 0 0 1-—p?

Since C'! = 0, we have Vk > 0, Ck = 0, hence, [ = 0 and there are no loops among

vanishing states. Then
~ l ~ ~
G/ — chl — C/O — I
k=0

Further, the TPM for RDTMCy_ (L) is

B — B/ BGD = F 4 BID = F 4 B'DY =

0 0 0 0 1 0 0

0 0 0 0 0 0 1

0 0 0 0 0 1 0

0 0 0 1-p3 o’ 0 0
p(1—p)*  p*  p*(1—p) 0 (10—p)(1—p)? p(10—p)(1—p) p*(10—p)

10 10 5 10 5 0

0o 0 0 0 PP(1—=p) 1—p=p*+2p> p(1-p?

0 0 0 0 0 p? 1—p?

In Figure 11, the reduced quotient DTMC RDTMC,, (L) is presented.
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Figure 11. The reduced quotient DTMC of the abstract generalized shared memory system with maintenance.

Then the steady-state PMF for RDTMC., (L) is

U = syt (PP (1= p)% 07 (1 = p), 20 (1 = p)2,0,10p% (1 — p),
10p(2 = ), 10(1 — p)(2 + p))-

Note that v/ = (¢/°(K3), 9" (Ks), 9" (Ks), 9 (K1), 7° (Ka), 97° (Ks), ° (K))-
By Proposition 5.8, we have

S — ) — 10p?(1—p) S0 — p*(1—p)?
90/(151) =0, ‘10/(§2) - 20+10p—51(?p2—)9p3—p4’ (P/(é?)) - 20+10§—418p2—)29p3—p4’
. _ P _ p°(l—p = _ p'(1—p
QOI(ICZL) - O, @/(KEJ) - 20+10p161?2p2,)9p3,p47 (P/(ICG) - 20+1100;EI10§(2279p)3,p47
F(C) = () — p(2—p (o) = —p)(2+p
¢'(K7) =0, &'(Ks)= 204+10p—10p%2—9p3—p? ¢ (o) = 204+10p—10p%—9p3—p2 *

Thus, the steady-state PMF for SMCy, (L) is

¢ = 20+1op_101p2_9p3_p4 (0,100*(1 = p), p*(1 = p)*,0,p°(1 = p), 2p*(1 = p)*, 0,
10p(2 = p),10(1 = p)(2 + p)).

~ —~
This coincides with the result obtained with the use of ¢"* and SJ .
We can now calculate the main performance indices.

e The average recurrence time in the state Ko, where no processor requests the
memory and its maintenance is not initiated, called the average system run-

.. 1 20410p—10p*—9p®—p*
through, is o = 0,2(1=p) . N
e The system is not activated only in the state K;. Then the steady-state prob-
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ability that the system is activated is 1 — gpl = 1—-0 = 1. The common

memory is available in the states ’CQ,IC4,,C7 Then the steady-state proba-

2(1—
bility that the memory is available is @5 + @) + @7 = o5 +10/1)0,p1(§[1,2fgp3,p4 +

_ 10p*(1—p) fa ol ;
0+0 = 5 0105107977 The common memory is maintained only in

the states IC3,IC5,IC6 Then the steady-state probability that the memory

- - 3 1— 3 17
is maintained is @ + @f + @ = 20“0[,{(10/)5),9/)3 T 20+10pp 1(0p2 )gps,/f; +
4 _n)2 3 —
2p"(1—p)" = £ (1=p) :. The steady-state probability that the

20410p—10p% —9p3 —p* 204-10p—10p% —9p3—p

memory is used (i.e. neither available nor maintained), the shared memory uti-
10p*(1—p) _ p*(1=p) 10(2+p—2p%)

20+10p—10p% —9p3 —p* 20+10p710p279p37p 20+10p 10p2—9p3 —p*

e After activation of the system, we leave the state IC1 for ever, and the com-
mon memory is either requested or allocated or maintained in every remaining
state, with exception of KCo. Thus, the rate with which the necessity (also fm’

lization, is 1 —

maintenance) of shared memory emerges coincides with the rate of leaving ,CQ,

10p?(1—p) Cp(21-12p+p%) _ p*(1—p)(21— 120+p)
20+10p—10p2—9p3 —p* 10 T 204+10p—10p%2—9p3—p**

e The parallel common memory request of two processors {{r},{r}} is possi-

calculated as 22 =
57,

ble from the state ’EQ. In this state, the request probability is the sum of the
execution probabilities for all multisets of multiactions containing {r} twice.
The steady-state probability of the shared memory request from two processors is

PMA(’E2,’C) 10p*(1—p) <P2(11%*P) + %) =

~/
Po LRI} i yCA, KoK 207105~ 10,7957

10p*(1-p)
20+10p—10p2 —9p3 —p* *

e The common memory request of a processor {r} is possible from the states
Ko, Kg. In each of them, the request probability is the sum of the execution
probabilities for all multisets of multiactions containing {r}. The steady-state
probabzlzty of the shared memory request from a processor is

Z{A,Kl{r}eA, K2AKY PMA(ICQ’K) + P4 Z{A,K\{r}eA, Ks 3K}
10p?(1—p) p(10—p)(1—p) | p*(1—p) , p*(10—p) , p?
20+10p—10p2—9p°—p* ~ ( 5 +t st TR 1_0) +

10p(2—p) 1002 (2—p)(1+p—p?)
20+ 10p—10p2—9p° —p2 (p(1 = p?) +p%) = 20+10p—10p2—9p° —p2

PM4(Ks, K) =

The performance indices are the same for the ‘complete’ and the ‘quotient’ ab-
stract generalized shared memory systems with maintenance. The coincidence of the
first, second and third performance indices obviously illustrates the results of Propo-
sition 6.1 and Proposition 6.4 (both modified for R,ss(L)). The coincidence of the
fourth performance index is due to Theorem 6.3 (modified for R ss(L)): one should
just apply its result to the derived step traces {{r},{r}} and {{r}, {r},{c}} of the
expression L and itself, and then sum the left and right parts of the two resulting
equalities. The coincidence of the fifth performance index is due to Theorem 6.3
(modified for R.ss(L)): one should just apply its result to the derived step traces
{r}}, {rh{cty, Ik Ardh {{rh {r) {ct), {{r}, {m}} of the expression L and
itself, and then sum the left and right parts of the five resulting equalities.

Let us consider the effect of quantitative changes of the parameter p upon perfor-
mance of the ‘quotient’ abstract generalized shared memory system with maintenance
in its steady state. Remember that p € (0; 1) is the probability of every stochastic mul-
tiaction in the specification of the system. The closer is p to 0, the less is the probability
to execute some activities at every discrete time tick, hence, the system will most pro-
bably stand idle. The closer is p to 1, the greater is the probability to execute some
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Figure 12. Steady-state probabilities ¢}, @5, @g (large probability masses) as functions of the parameter p.

activities at every discrete time tick, hence, the system will most probably operate.

: Y A =1 10p*(1—p) - p*(1—p)?
Since ¢y = ¢y = @7 =0, only @5 = 20+10p—10p2—0p7—p1° P3 = 20710p—10p2—9p7—p3°
p°(1—p) 2p*(1—p)* = 10p(2—p)

35% = 20410p—10p2—9p5—p*° 95% = 20410p—10p2—9p5—p? Spé = 20410p—10p2—9p°—p*°

@y =5 W0U=p)242) ___ qepend on p. In Figure 12, the plots of @, @, &, (large pro-
0+10p—10p2—9p>—p ’ 2> ¥8 9

bability masses) as functions of p are depicted. In Figure 13, the plots of @5, &L, &g

(small probability masses) as functions of p are drawn. We do not allow p =0 or p = 1.

Then @, &4, &L, ¢, ¢k tend to 0 and @ tends to 1 when p approaches 0. Thus,
when p is closer to 0, the probability that the memory is allocated to a processor and
requested by another processor increases, implying more unsatisfied memory requests.

Next, @b, @5, P5, Pg, Po tend to 0 and @§ tends to 1 when p approaches 1. Thus,
when p is closer to 1, the probability that the memory is allocated to a processor (and
not requested by another one) increases, implying less unsatisfied memory requests.

The maximal value 0.0792 of @), is reached when p & 0.7427. Then the probability
that the system is activated and the memory is not requested and its maintenance is
not initiated is maximal, i.e. the mazximal shared memory availability is about 8%.

The maximal value 0.0007 of ¢4 is reached when p &~ 0.5158. Then the probability
that the memory maintenance is initiated is maximal, i.e. the mazimal shared memory
maintenance necessity is about 0.1%.

The maximal value 0.0044 of ¢f is reached when p ~ 0.8724. then the probability
that the memory maintenance is initiated and the memory is requested by two proces-
sors is maximal, i.e. the maximal double (parallel) demand of shared memory during
its maintenance is about 0.4%.

The maximal value 0.0023 of ¢ is reached when p &~ 0.7015. Then the probability
that the memory maintenance is initiated and the memory is requested by a (single)
processor is maximal, i.e. the mazimal single demand of shared memory during its
maintenance is about 0.2%.

In Figure 14, the plot of the average system run-through, calculated as i, as a

function of p is depicted. The run-through tends to co when p approaches 0 or 1.
Its minimal value 12.6259 is reached when p =~ 0.7427. To speed up operation of the
system, one should take the parameter p closer to 0.7427.
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Figure 13. Steady-state probabilities @}, @f, @ (small probability masses) as functions of the parameter p.
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The first curve in Figure 15 represents the shared memory utilization, calculated as
1—@h_-, where @4_, = @h + @5 + @y + GL + @ + #-, as a function of p. The utilization
tends to 1 when p approaches 0 or 1. The minimal value 0.9149 of the utilization is
reached when p = 0.7494. Thus, the minimal shared memory utilization is about 91%.
To increase the utilization, one should take the parameter p closer to 0 or 1.

The second curve in Figure 15 represents the rate with which the necessity of shared

memory emerges, calculated as 3%2/ , as a function of p. The rate tends to 0 when p

approaches 0 or 1. The maximal value 0.0749 of the rate is reached when p~ 0.7723.
Thus, the mazimal rate with which the necessity of shared memory emerges is about
1—13. To decrease the rate, one should take the parameter p closer to 0 or 1.

The third curve in Figure 15 represents the steady-state probability of the
shared memory request from two processors, calculated as @,S), where S, =
Z{A,E\{{r},{r}}gA, AR PMA(IEQ,IE), as function of p. The probability tends to 0
when p approaches 0 or 1. Its maximal value 0.0514 is reached when p ~ 0.8486. To
decrease the probability, one should take the parameter p closer to 0 or 1.

The fourth curve in Figure 15 represents the steady-state probability of the
shared memory request from a processor, calculated as @222 + @gX5, where E’ =
Z{A,K\{r}eA, AR PM4(K;,K), i € {2,8}, as a function of p. The probability tends
to 0 when p approaches 0 and to 1 when p approaches 1. To increase the probability,
one should take the parameter p closer to 1.

8. Discussion

We now sum up the work presented, explain its specifics and outline planned research.

8.1. Results obtained

In this paper, we have considered dtsdPBC, an extension with discrete stochastic
and deterministic time of Petri box calculus (PBC) [7-9]. Stochastic process algebra
dtsdPBC has a parallel step operational semantics, based on labeled probabilistic tran-
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sition systems, and a Petri net denotational semantics in terms of dtsd-boxes, a special
subclass of labeled discrete time stochastic and deterministic Petri nets (LDTSDPN)
[38,39]. Step stochastic bisimulation equivalence of the process expressions is used to
reduce with the quotienting their transition systems and (semi-, discrete time and
reduced discrete time) Markov chains (SMCs, DTMCs and RDTMCs). That equiva-
lence guarantees identity of the steady-state probabilities, sojourn time averages and
variances in the equivalence classes. Hence, the equivalence preserves the stationary
performance measures and can be used for minimization of the state space.

The properties of the mentioned equivalence permit to provide dtsdPBC with a
method of modeling, quotient reduction and simplified performance evaluation of con-
current stochastic systems that maintains the semantic parallelism, which stems from
simultaneous executions. We have presented a case study of a generalization of the
shared memory system with maintenance, by allowing for variable probabilities and
weights in its specification. The variable generalized probability has been interpreted
as a parameter of the performance index functions. The influence of the parameter
value to the system’s performance has been analyzed with the goal of optimization.

8.2. Originality of the model

The merit of our framework is twofold. First, one can specify in it concurrent compo-
sition and synchronization of (multi)actions, whereas this is not possible in classical
Markov chains. As argued in [53], (stochastic) Petri nets (PNs) represent the systems
structure more concisely and can be an intermediate formalism for their more intu-
itive translation into Markov chains. Second, algebraic formulas represent processes in
a more compact way than PNs and allow one to apply syntactic transformations and
comparisons. Process algebras are compositional by definition and their operations
naturally correspond to operators of programming languages. Hence, it is much easier
to construct a complex model in the algebraic setting than in PNs. The complexity
of PNs generated for practical models in the literature demonstrates that it is not
straightforward to construct such PNs directly from the system specifications.

The denotational semantics of dtsdPBC is constructed via dtsd-boxes, a safe (at
most one token in each place at every reachable marking) and interface-featured (the
place and transition labeling for composition) version of LDTSDPNs that themselves
are based on discrete time stochastic PNs (DTSPNs) [31,32], extended with transition
labeling and deterministic transitions. The key idea is to interpret the waiting (positi-
vely delayed) transitions with the timer values one in LDTSDPNs as the (stochastic)
transitions with the conditional probability 1 in DTSPNs. Then the waiting transitions
with the timer values greater than one are ignored: when enabled, they are executed
with the probability 0 at the next moment. Since the enabled waiting transitions with
the timer values one in LDTSDPNs cannot be delayed, all such non-conflicting transi-
tions should fire at the next moment. Hence, only maximal non-empty sets of them are
fired, with the overall probability 1, collected over all the alternative transition sets.

In [54], an extension of Timed Petri nets (TPNs) [14], called TPNs with multichannel
transitions (MCTPNs), were defined that allow simultaneous starting of (possibly the
same) transitions and adapt the multiple server policy [55]. MCTPNs were success-
fully applied in the automated manufacturing scheduling and for visualization of the
production processes in dispatching tool systems within machine-building enterprizes.
LDTSDPNs may be non-safe, but they do not have self-concurrency (firing transitions
in parallel to themselves), to avoid technical difficulties with calculating (normalized)
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probabilities for multisets of transitions. Since dtsd-boxes are safe LDTSDPNs, the
former have no self-concurrency as well, hence, the single server policy [55] is applied
in the both models. In contrast to TPNs and MCTPNs, the enabled transitions in
LDTSDPNs do not consume tokens from their input places, thus allowing the enabled
stochastic transitions to preempt (interrupt) the enabled waiting ones that cannot be
executed at the next moment. LDTSDPNs also have immediate (zero delayed) transi-
tions, in order to model logical conditions, probabilistic branching, instantaneous pro-
babilistic choices and activities with negligible durations. LDTSDPNs are similar to
synchronous MCTPNs [54] in that the maximal (multi)set of enabled (waiting) transi-
tions is started (fired) at each time step, and the both adapt the strong time policy [56].

dtsdPBC is consistent for the step discrete time systems such that the independent
execution probabilities of activities are known and geometrical distribution approx-
imates well the state residence time distributions. These include Dirac distribution
of the positive deterministic sojourn time, which is then splitted into one time units
and allocated with the consecutive process states. In addition, dtsdPBC can model
the mentioned systems featuring very scattered activity delays, or even more complex
systems with immediate probabilistic choice or urgency. dtsdPBC is well suited for the
discrete time applications, whose discrete states change with a global time tick, such as
business processes, neural and transportation networks, computer and communication
systems, timed web services [57], as well as for those, whose distributed architecture or
the concurrency level should be preserved while modeling and analysis, such as genetic
regulatory and cellular signalling networks (featuring maximal parallelism) in biology
[58,59]. dtsdPBC can also model and analyze parallel systems with fixed durations of
the typical activities (loading, processing, transfer, repair, low-level events, message
delivery) and stochastic durations of the randomly occurring activities (arrival, de-
parture, failure, packet loss, message collision), including industrial, manufacturing,
queueing, computing and network systems.

8.3. Research perspectives

Future work consists in constructing a congruence relation for dtsdPBC, i.e. the equiv-
alence that withstands application of all operations of the algebra. A possible candidate
is a stronger version of the equivalence with respect to transition systems, with two
extra transitions skip and redo, like in sSPBC [21]. Moreover, recursion operation could
be added to dtsdPBC to increase specification power of the algebra.
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