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We propose an extension with immediate multiactions ofrdigctime stochastic Petri Box Calculus (dtsPBC), pre-
sented by I.V. Tarasyuk. The resulting algebra dtsiPBC iseréte time analogue of stochastic Petri Box Calculus
(sPBC) with immediate multiactions, designed by H. Maslayalero et al. within a continuous time domain. The
step operational semantics is constructed via labeledapilidtic transition systems. The denotational semarigics
based on labeled discrete time stochastic Petri nets witheidiate transitions. To evaluate performance, the corre-
sponding semi-Markov chains are analyzed. We define stepastic bisimulation equivalence of expressions that
is applied to reduce their transition systems and undeglgemi-Markov chains while preserving the functionality
and performance characteristics. We explain how this aedprice can be used to simplify performance analysis of
the algebraic processes. In a case study, a method of mgdpénformance evaluation and behaviour reduction for
concurrent systems is outlined and applied to the sharedomyesgstem.

Keywords: stochastic process algebra, Petri box calculus, disdrete immediate multiaction, performance evalu-
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1 Introduction

Algebraic process calculi like CSP Hoare (1985), ACP Beegahd Klop (1985) and CCS Milner (1989)
are well-known formal models for specification of computsygtems and analysis of their behaviour. In
such process algebras (PAs), systems and processes afedgscformulas, and verification of their
properties is accomplished at a syntactic level via eqeieds, axioms and inference rules. In recent
decades, stochastic extensions of PAs were proposed, sidil&P Hermanns and Rettelbach (1994),
PEPA Hillston (1996) and EMPA Bernardo and Gorrieri (198®rnardo et al. (1998); Bernardo (1999).
Unlike standard PAs, stochastic process algebras (SPAsptust specify actions which can occur
(qualitative features), but they associate with the astibie distribution parameters of their random time
delays (quantitative characteristics).
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under Grant TIN2015-65845-C3-2-R.
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1.1 Petri Box Calculus

PAs specify concurrent systems in a compositional way viaxgressive formal syntax. On the other
hand, Petri nets (PNs) provide a graphical representatismal systems and capture explicit asynchrony
in their behaviour. To combine the advantages of both modedsmantics of algebraic formulas in terms
of PNs has been defined. Petri Box Calculus (PBC) Best et292(1 Best and Koutny (1995); Best et al.
(2001) is a flexible and expressive process algebra dewetbpe tool for specification of the PNs structure
and their interrelations. Its goal was also to propose a omitipnal semantics for high level constructs
of concurrent programming languages in terms of elemerRaly. Formulas of PBC are combined not
from single (visible or invisible) actions and variableielin CCS, but from multisets of elementary
actions and their conjugates, called multiactiobnasic formulas The empty multiset of actions is in-
terpreted as the silent multiaction specifying some itésactivity. In contrast to CCS, synchronization
is separated from parallelisneagncurrent construcys Synchronization is a unary multi-way stepwise
operation based on communication of actions and their gat@s. This extends the CCS approach with
conjugate matching labels. Synchronization in PBC is assammus, unlike that in Synchronous CCS
(SCCS) Milner (1989). Other operations are sequence andelgequential construc}s The calculus
includes also restriction and relabelirabétraction construc)s To specify infinite processes, refinement,
recursion and iteration operations were addadrarchical constructs Thus, unlike CCS, PBC has an
additional iteration operation to specify infinite behawievhen the semantic interpretation in finite PNs
is possible. PBC has a step operational semantics in terdabelied transition systems, based on the
rules of structural operational semantics (SOS) Plotk#8(). The operational semantics of PBC is of
step type, since its SOS rules have transitions with (nseit$) of activities, corresponding to simultaneous
executions of activities (steps). Note that we do not reasderms of a big-step (natural) Kahn (1987)
or small-step (structural) Plotkin (1981) operational aetits here, and that PBC (and all its extensions
to be mentioned further) have a small-step operational sdosa in that terminology. A denotational
semantics of PBC was proposed via a subclass of PNs equippedminterface and considered up to
isomorphism, called Petri boxes. For more detailed corsparof PBC with other process algebras and
the reasoning about importance of non-interleaving seiceasee Best et al. (1992, 2001).

1.2 Stochastic extensions of Petri Box Calculus

A stochastic extension of PBC, called stochastic Petri Balkc@us (sPBC), was proposed in Macia et al.
(2001). In sPBC, multiactions have stochastic delays ik (negative) exponential distribution. Each
multiaction is equipped with a rate that is a parameter ottireesponding exponential distribution. The
instantaneous execution of a stochastic multiaction isiptesonly after the corresponding stochastic time
delay. Just a finite part of PBC was initially used for the bstic enrichment, i.e. in its former version
sPBC does not have refinement, recursion or iteration dpagatThe calculus has an interleaving oper-
ational semantics defined via transition systems label#dmiltiactions and their rates. Its denotational
semantics was defined in terms of a subclass of labeled contintime stochastic PNs, based on CT-
SPNs Marsan (1990); Balbo (2001) and called stochastic¢ B@tes (s-boxes). In Macia et al. (2004),
the iteration operator was added to sPBC. In sPBC with i@raperformance of the processes is eval-
uated by analyzing their underlying continuous time Markbains (CTMCs). In Macia et al. (2008a),
a number of new equivalence relations were proposed fotaegerms of sSPBC with iteration to choose
later a suitable candidate for a congruence. sPBC withtiteravas enriched with immediate multiac-
tions having zero delay in Macia et al. (2008b). We call sanlsPBC extension generalized sPBC or
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gsPBC. An interleaving operational semantics of gsPBC wastcucted via transition systems labeled

with stochastic or immediate multiactions together witkithates or probabilities. A denotational seman-

tics of gsPBC was defined via a subclass of labeled genedadtpehastic PNs, based on GSPNs Marsan
(1990); Balbo (2001, 2007) and called generalized stozhBstri boxes (gs-boxes). The performance

analysis in gsPBC is based on the underlying semi-Markoins{&MCs).

PBC has a step operational semantics, whereas sPBC hagdeaning one. Remember that in step
semantics, parallel executions of activities (steps) arenfited while in interleaving semantics, we can
execute only single activities. Hence, a stochastic eidansf PBC with a step semantics is needed to
keep the concurrency degree of behavioural analysis aathe &vel as in PBC. As mentioned in Molloy
(1981, 1985), in contrast to continuous time approach (irse&BC), discrete time approach allows for
constructing models of common clock systems and clockeategvin such models, multiple transition
firings (or executions of multiple activities) at time monte(ticks of the central clock) are possible, re-
sulting in a step semantics. Moreover, employment of disstochastic time fills the gap between the
models with deterministic (fixed) time delays and those witintinuous stochastic time delays. As ar-
gued invan der Aalst et al. (2000), arbitrary delay distiitis are much easier to handle in a discrete time
domain. In Markovski and de Vink (2008, 2009); Markovski t(2012), discrete stochastic time was
preferred to enable simultaneous expiration of multiplaye In Tarasyuk (2005, 2007), a discrete time
stochastic extension dtsPBC of finite PBC was presentedtsiPBL, the residence time in the process
states is geometrically distributed. A step operationalasgtics of dtsPBC was constructed via labeled
probabilistic transition systems. Its denotational seticarwas defined in terms of a subclass of labeled
discrete time stochastic PNs (LDTSPNs), based on DTSPN$o¢(1981, 1985) and called discrete
time stochastic Petri boxes (dts-boxes). A variety of sastic equivalences were proposed to identify
stochastic processes with similar behaviour which aredfitiated by the semantic equivalence. The in-
terrelations of all the introduced equivalences were stiidin Tarasyuk (2006, 2014), we constructed an
enrichment of dtsPBC with the iteration operator used taigpafinite processes. The performance eval-
uation in dtsPBC with iteration is accomplished via the utydeg discrete time Markov chains (DTMCs)
of the algebraic processes. Since dtsPBC has a discreteséimantics and geometrically distributed
sojourn time in the process states, unlike sPBC with contisuime semantics and exponentially dis-
tributed delays, the calculi apply two different approacteethe stochastic extension of PBC, in spite of
some similarity of their syntax and semantics inheritedf®BC. The main advantage of dtsPBC is that
concurrency is treated like in PBC having step semanticgreds in sSPBC parallelism is simulated by
interleaving, obliging one to collect the information orusal independence of activities before construct-
ing the semantics. In Tarasyuk et al. (2013, 2014, 2015),reegnted the extension dtsiPBC of the latter
calculus with immediate multiactions. Immediate multiacs increase the specification capability: they
can model logical conditions, probabilistic branchingstamtaneous probabilistic choices and activities
whose durations are negligible in comparison with thosetloéis. They are also used to specify urgent
activities and the ones that are not relevant for perforra@valuation. Thus, immediate multiactions can
be considered as a kind of instantaneous dynamic statetadjosand, in many cases, they result in a
simpler and more clear system representation.

1.3 Equivalence relations

A notion of equivalence is important in theory of computiygtems. Equivalences are applied both to
compare behaviour of systems and reduce their structuereT a wide diversity of behavioural equiva-
lences, and their interrelations are well explored in ttexditure. The best-known and widely used one is
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bisimulation. Typically, the mentioned equivalences tamke account only functional (qualitative) but not
performance (quantitative) aspects. Additionally, theiegjences are usually interleaving ones, i.e. they
interpret concurrency as a sequential nondeterminisrerlaaving equivalences permit to imitate paral-
lel execution of actions via all possible occurrence segesiffinterleavings) of them. Step equivalences
require instead simulating such a parallel execution byilkaneous occurrence (step) of all the involved
actions. To respect quantitative features of behavioohabilistic equivalences have additional require-
ment on execution probabilities. Two equivalent processast be able to execute the same sequences of
actions, and for every such sequence, its execution pritiivithin both processes should coincide.
In case of probabilistic bisimulation equivalence, theestdrom which similar future behaviours start
are grouped into equivalence classes that form elementeddgregated state space. From every two
bisimilar states, the same actions can be executed, andlblsequent states resulting from execution of
an action belong to the same equivalence class. In additiohpth states, the cumulative probabilities to
move to the same equivalence class by executing the sarpa aotncide. A different kind of quantitative
relations is called Markovian equivalences, which take (tte parameter of exponential distribution that
governs time delays) instead of probability. The probatidiequivalences can be seen as discrete time
analogues of the Markovian ones, since the latter are dedisdéitke continuous time relations.

Interleaving probabilistic weak trace equivalence wasoihiced in Christoff (1990) on labeled prob-
abilistic transition systems. Interleaving probabitissirong bisimulation equivalence was proposed in
Larsen and Skou (1991) on the same model. Interleaving piiidiec equivalences were defined for
probabilistic processes in Jou and Smolka (1990); van Gleblet al. (1995). Interleaving Markovian
weak bisimulation equivalences were considered in Buch{i®94a) on Markovian process algebras, in
Buchholz (1995) on labeled CTSPNs and in Buchholz (1998)ybeled GSPNSs. Interleaving Marko-
vian strong bisimulation equivalence was constructed imid@ns and Rettelbach (1994) for MTIPP, in
Hillston (1996) for PEPA and in Bernardo and Gorrieri (198grnardo et al. (1998); Bernardo (1999)
for EMPA. In Bernardo (2007, 2015), interleaving Markoviaace, test, strong and weak bisimulation
equivalences were compared on sequential and concurrakbMan process calculi. However, no ap-
propriate equivalence was defined for concurrent SPAs. ©hamterleaving bisimulation equivalence in
GSMPA Bravetti et al. (1998); Bravetti (2002) uses ST-semwarfor action particles while in SPriami
(2002) it is based on a sophisticated labeling.

1.4 Our contributions

We present dtsPBC with iteration extended with immediatétigations, calleddiscrete time stochastic
and immediate Petri Box CalculdtsiPBC), which is a discrete time analog of SPBC. The fatiécu-

lus has iteration and immediate multiactions within theteghof a continuous time domain. The step
operational semantics is constructed with the use of lab@lebabilistic transition systems. The denota-
tional semantics is defined in terms of a subclass of labaktate time stochastic and immediate PNs
(LDTSPNs with immediate transitions, LDTSIPNSs), based loa éxtension of DTSPNs with transition
labeling and immediate transitions, called dtsi-boxes @tnsistency of both semantics is demonstrated.
The corresponding stochastic process, the underlying S8/@nstructed and investigated, with the pur-
pose of performance evaluation, which is the same for battaséics. In addition, the alternative solution
methods are developed, based on the underlying DTMC. Rurtlegoropose step stochastic bisimulation
equivalence allowing one to identify algebraic processigls similar behaviour that are however differ-
entiated by the semantics of the calculus. We examine tleeréations of the proposed relation with
other equivalences of the algebra. We describe how stepastic bisimulation equivalence can be used
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to reduce transition systems of expressions and their yidgSMCs while preserving the qualitative
and the quantitative characteristics. We prove that thetiomed equivalence guarantees identity of the
stationary behaviour and the residence time propertiesdretjuivalence classes. This implies coinci-
dence of performance indices based on steady-state plitibalzif the modeled stochastic systems. The
equivalences possessing the property can be used to rduustate space of a system and thus simplify
its performance evaluation, which is usually a complex wbdue to the state space explosion. We
present a case study of a system with two processors and aaostmred memory explaining how to
model concurrent systems within the calculus and analyzie performance, as well as how to reduce the
systems behaviour while preserving their performancecegland making easier the performance eval-
uation. Finally, we consider differences and similaritietween dtsiPBC and other SPAs to determine
the advantages of our calculus. The salient point of dtsiRBCcombination of immediate multiactions,
discrete stochastic time and step semantics in an SPA.

Concerning differences from our previous papers abouPBSi Tarasyuk et al. (2013, 2014, 2015),
the present text is much more detailed and many new impaortsotts have been added. In particular,
immediate multiactions now have positive real-valued Weiginstead of previously used positive integer
weights), all the used notions (such as numbering, funstamiiecting executable activities, probability
functions) are formally defined and completely explainetthwkamples; the operational and denotational
semantics are given in full detail (the inaction, actioresJILDTSPNs and dtsi-boxes are extensively de-
scribed and discussed); compact illustrative examplestéofdard and alternative solution methods) are
presented; keeping properties of original Markov chaimediucibility, positive recurrence and aperiodic-
ity) in their embedded and state-aggregated versionsdéestu The main new contribution of the paper,
step stochastic bisimulation equivalence of the procepsessions, is introduced and checked for sta-
tionary behaviour preservation in the equivalence clagpsestienting the transition systems, SMCs and
DTMCs by the equivalence, as well as the resulting simpfificeof performance evaluation, are consid-
ered; generalized variant of the shared memory system aotieqts of its behaviour by the equivalence
are constructed. In the enhanced related work overvieangtpoints of dtsiPBC with respect to other
SPAs are detected; in the discussion, analytical solugipplication area, concurrency interpretation and
general advantages of dtsiPBC are explained. Thus, theaoatributions of the paper are the following.

e Flexible and expressive discrete time SPA with immediatiwities called dtsiPBC.

Step operational semantics in terms of labeled probabitistnsition systems.

Net denotational semantics via discrete time stochastidrmmediate Petri nets.

Performance analysis based on the underlying SMCs and DTafl©gpressions.

Stochastic equivalence used for functionality- and penfoice-preserving reduction.

Extended case study showing how to apply the theoreticaltsds practice.

1.5 Structure of the paper

In Section 2, the syntax of the calculus dtsiPBC is preserite@ection 3, we construct the operational
semantics of the algebra in terms of labeled probabilistingition systems. In Section 4, we propose
the denotational semantics based on a subclass of LDTSIRM®ction 5, the corresponding stochastic
process is derived and analyzed. Step stochastic bisiimulatjuivalence is defined and investigated in
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Section 6. In Section 7, we explain how to reduce transitimiesns and underlying SMCs of process
expressions modulo the equivalence. In Section 8, thisvatgrice is applied to the stationary behaviour
comparison in the equivalence classes to verify the pedana preservation. In Section 9, the generalized
shared memory system is presented as a case study. Thenliffebetween dtsiPBC and other well-
known SPAs is considered in Section 10. The advantages ibfRifswith respect to other SPAs are
described in Section 11. Section 12 summarizes the reqitis@d and outlines the research perspectives.

2 Syntax

In this section, we propose the syntax of dtsiPBC. First, aeall a definition of multiset that is an
extension of the set notion by allowing several identicahents.

Definition 2.1 A finite multiset (bag)M over a setX is a mappingM : X — N such that{z € X |
M(z) > 0}] < oo, i.e. it contains a finite number of elemeniéi§ the set of all nonnegative integers).

We denote theset of all finite multisetsver a setX by N . Let M, M’ € N{¥. Thecardinality of
Mis|M| =3 . M(x). We writex € M if M(xz) >0andM C M'if Vo € X, M(z) < M'(x).
We define(M + M')(xz) = M(z) + M'(z) and(M — M’)(z) = max{0, M(x) — M'(x)}. When
Ve € X, M(z) <1, M can be interpreted as a proper 8£tC X . Theset of all subsets (powerset)
X is denoted bypX.

Let Act = {a,b,...} be the set oklementary actionsThenAct = {a,b,...} is the set otonjugated
actions (conjugatesguch that # a anda = a. Let A = ActUAct be the set ofill actions andl = N;{‘n
be the set o&ll multiactions Note that}) € £, this corresponds to an internal move, i.e. the execution of
a multiaction with no visible actions. Ttephabetof a € £ is defined asd(a) = {z € A | a(z) > 0}.

A stochastic multiactiors a pair(«, p), wherea € £ andp € (0; 1) is theprobability of the multiaction
«. This probability is interpreted as that of independentetien of the stochastic multiaction at the next
discrete time moment. Such probabilities are used to catiethose to execute (possibly empty) sets of
stochastic multiactions after one time unit delay. The philities of stochastic multiactions are required
not to be equal td to avoid extra model complexity, since in this case weighdalelbe required to make a
choice when several stochastic multiactions with prolitsthilcan be executed from a state. Furthermore,
stochastic multiactions with probability would occur in a step (parallel execution) and all other with
the less probabilities do not. In this case, some problerpsapwith conflicts resolving. See Molloy
(1981, 1985) for the discussion on SPNs. On the other haatk th no sense to allow zero probabilities
of stochastic multiactions, since they would never be perém in this case. LefL be the set ofll
stochastic multiactions

An immediate multiactioris a pair(«,t;), wherea € £ andl € R.y = (0;+00) is the positive
real-valuedveightof the multiactione. This weight is interpreted as a measure of importance (uge
interest) or a bonus reward associated with execution dfttiheediate multiaction at the current discrete
time moment. Such weights are used to calculate the protiabio execute sets of immediate multiac-
tions instantly. Immediate multiactions have a priorityepgtochastic ones. Thus, in a state where both
kinds of multiactions can occur, immediate multiactionsals occur before stochastic ones. Stochastic
and immediate multiactions cannot participate togethspine step (concurrent execution), i.e. the steps
consisting only of immediate multiactions or those inchglonly stochastic multiactions are allowed. Let
ZL be the set oéll immediate multiactions
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Note that the same multiactien € £ may have different probabilities and weights in the samespe
ification. Anactivity is a stochastic or immediate multiaction. L& L = SL£ U ZL be the set ofll
activities Thealphabetof a multiset of activitiesl' € N2 is defined asA(T) = Uy, n)erA(a). For
an activity(«, k) € SZL, we define itsnultiaction partas£(«, ) = « and itsprobability or weight part
asQ(a, k) = kif Kk € (0;1); or Q(a, k) = Lif Kk = fy, | € Ry. Themultiaction partof a multiset of
activitiesY € NgZ“ is defined aL(Y) = >, ,yer @

Activities are combined into formulas (process expressjidny the operationsequential execution
choice]], parallelism||, relabeling[f] of actions restrictionrs over a single actiorsynchronizatiomy on
an action and its conjugate, aiteration [ * x| with three arguments: initialization, body and terminatio

Sequential execution and choice have a standard intetiprethke in other process algebras, but par-
allelism does not include synchronization, unlike the atien in CCS Milner (1989). -

Relabeling functiong : A — A are bijections preserving conjugates, ive: € A, f(2) = f(x).
Relabeling is extended to multiactions as usual:dfa £, we definef(a) = >, f(x). Relabeling is
extended to the multisets of activities as follows: o NET*, we definef (Y) = 3=, . e (f(@), %)

Restriction over an elementary actioe Act means that, for a given expression, any process behaviour
containinga or its conjugate: is not allowed.

Let o, 8 € L be two multiactions such that for some elementary actiah Act we havea € « and
a € B,0ra € «anda € 5. Then, synchronization af ands by a is defined as

a(z)+ B(x)—1, fx=ao0rz=a;
(@@ B)(z) = { aEx; + ﬂgxg, otherwise
In other words, we require that®, 5 = a + 8 — {a, a}, since the synchronization efanda produces
(. Activities are synchronized by their multiaction parte, ithe synchronization anof two activities,
whose multiaction parts and possess the above properties, results in the activity Wehrtultiaction
parta &, 5. We may synchronize activities of the same type only: eibfwgh stochastic multiactions or
both immediate ones, since immediate multiactions havéogifgrover stochastic ones, hence, stochas-
tic and immediate multiactions cannot be executed togdtiwe also that the execution of immediate
multiactions takes no time, unlike that of stochastic on&gnchronization ol means that, for a given
expression with a process behaviour containing two coeatiractivities that can be synchronized on
a, there exists also the process behaviour that differs ftwrfarmer only in that the two activities are
replaced by the result of their synchronization.

In the iteration, the initialization subprocess is exeditest, then the body is performed zero or more
times, and, finally, the termination subprocess is executed

Static expressions specify the structure of processes. éAshall see, the expressions correspond to
unmarked LDTSIPNs (LDTSIPNs are marked by definition).

Definition 2.2 Let(a, k) € SZL anda € Act. Astatic expressionf dtsiPBC is
E:= (k) | E;E | E|E|E|E|E[f]|Ersa|Esya||Ex*FExE)].

Let Stat Expr denote the set ddll static expressionsf dtsiPBC.

To avoid technical difficulties with the iteration opergtave should not allow any concurrency at the
highest level of the second argument of iteration. This isaneevere restriction, since we can always
prefix parallel expressions by an activity with the empty tiagtion part. In Tarasyuk (2014), we have
demonstrated that relaxing the restriction can result ta which are not safe. Alternatively, we can use a
different, safe, version of the iteration operator, buhigstranslation has six arguments Best et al. (2001).
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Definition 2.3 Let(a, k) € SZL anda € Act. Aregular static expressiaf dtsiPBC is

E:= (a,k) | E;E | E[|E|E|E|E[f]|Ersa|Esya|[FE*DxE],
whereD = (a,k) | D;E | D|D | D[f] | Drsa|Dsya|[Dx D x EJ.

Let RegStat Expr denote the set dll regular static expressionsf dtsiPBC.

Dynamic expressions specify the states of processes. Ahalkesge, the expressions correspond to
LDTSIPNs (marked by default). Dynamic expressions areinbthfrom static ones, by annotating them
with upper or lower bars which specify the active componenftse system at the current moment. The
dynamic expression with upper bar (the overlined ai@enotes thénitial, and that with lower bar (the
underlined oneE denotes théinal state of the process specified by a static expredsiorheunderlying
static expressionf a dynamic one is obtained by removing all upper and lowes fram it.

Definition 2.4 Let E € StatExpr anda € Act. Adynamic expressioof dtsiPBC is

Gi= F|E|GF|EG|GIE|EIG|GIG|Glf] | Grsa|Gsyal
[GxExE]|[ExG*E]|[ExExGqG|.

Let DynFExpr denote the set &ll dynamic expressionsf dtsiPBC.
If the underlying static expression of a dynamic one is ngular, the corresponding LDTSIPN can be
non-safe (but it i2-bounded in the worst case Best et al. (2001)).

Definition 2.5 A dynamic expression iggularif its underlying static one is so.

Let RegDyn Expr denote the set ddll regular dynamic expressiors dtsiPBC.

3 Operational semantics

In this section, we define the operational semantics viddalteansition systems.

3.1 Inaction rules

The inaction rules for dynamic expressions describe tireictiral transformations in the form 6f = G
which do not change the states of the specified processegolthef these syntactic transformations is
to obtain the well-structured resulting expressions datiperative ones to which no inaction rules can
be further applied. As we shall see, the application of antioa rule to a dynamic expression does not
lead to any discrete time tick or any transition firing in tr@responding LDTSIPN, hence, its current
marking remains unchanged. An application of every inactide does not need a discrete time delay,
i.e. the dynamic expression transformation described dyute is accomplished instantly.

Table 1 defines inaction rules for regular dynamic expressio the form of overlined and underlined
static ones, wher&, F, K € RegStat Expr anda € Act.

Table 2 presents inaction rules for regular dynamic expassn the arbitrary form, wher&, F' €
RegStatExpr, G,H,G,H € RegDynFExpr anda € Act.

Definition 3.1 A regular dynamic expressidH is operativef no inaction rule can be applied to it.

LetOpRegDyn Expr denote the set @ll operative regular dynamic expressionisdtsiPBC. Note that
any dynamic expression can be always transformed into anguassarily unique) operative one by using
the inaction rules. In the following, we only consider reguéxpressions and omit the word “regular”.
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Tab. 1: Inaction rules for overlined and underlined regular stetipressions.

E,.F=E,F
E|F = E[|F
E[E = E[JF
E[f] = EIf]

E.F=E,F

E|F = E|F
E[f] = E[f]

Esya= Esya
[ExFxK|=[ExFxK]

[ExF+«K|]=[ExFxK]

E;F = E;F
E|F = E[F
E|F = E|F
Ersa= Ersa
Esya= FEsya

[ExF*K]=[ExF K]

Tab. 2: Inaction rules for arbitrary regular dynamic expressions.

G=G, oe{;} G=G, oe{; [} G=G
GoE=GoE EoG=EoG G|H = G|H
H=H G=G G =G, oc {rssy}
G|H = G|H G[f] = G[f] Goa= Goa
G=0G G=0G G=G
[G+ExF|=[GxExF] [ExG+F|=[ExGxF] [ExFxG]=[ExFxG

Definition 3.2 The relationa~ = (= U <)* is a structural equivalencef dynamic expressions in dt-
siPBC. Thus, two dynamic expressi@gnsnd G’ are structurally equivalendenoted by7 ~ G’, if they
can be reached from one another by applying the inactiorsrire forward or backward direction.

3.2 Action and empty loop rules

The action rules are applied when some activities are egdcWith these rules we capture the prioritiza-
tion of immediate multiactions w.r.t. stochastic ones. \lig® &ave the empty loop rule which is used to

capture a delay of one discrete time unit in the same stata whiénmediate multiactions are executable.
In this case, the empty multiset of activities is executele action and empty loop rules will be used

later to determine all multisets of activities which can eaited from the structural equivalence class
of every dynamic expression (i.e. from the state of the amwading process). This information together
with that about probabilities or weights of the activitiesie executed from the current process state will
be used to calculate the probabilities of such executions.

The action rules with stochastic (or immediate, otherwisajtiactions describe dynamic expression

transformations in the form off = & (or G EN CN}) due to execution of non-empty multisefsof

stochastic (od of immediate) multiactions. The rules represent possitate schanges of the specified
processes when some non-empty multisets of stochastienfoediate) multiactions are executed. As
we shall see, the application of an action rule with stoébgst immediate) multiactions to a dynamic
expression leads in the corresponding LDTSIPN to a distiratetick at which some stochastic transitions
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fire (or to the instantaneous firing of some immediate traors) and possible change of the current
marking. The current marking remains unchanged only iféhgra self-loop produced by the iterative
execution of a non-empty multiset, which must be one-elémen the single stochastic (or immediate)
multiaction. The reason is the regularity requirement #imws no concurrency at the highest level of
the second argument of iteration.

The empty loop rule (applicable only when no immediate muatibns can be executed from the current

state) describes dynamic expression transformationserfdim of G % & due to execution of the

empty multiset of activities at a discrete time tick. Theertgflects a non-zero probability to stay in the
current state at the next moment, which is a feature of disd¢mme stochastic processes. As we shall
see, the application of the empty loop rule to a dynamic esgloa leads to a discrete time tick in the
corresponding LDTSIPN at which no transitions fire and theent marking is not changed. This is a
new rule with no prototype among inaction rules of PBC, siitigepresents a time delay, but PBC has

no notion of time. The PBC rul&' % G from Best and Koutny (1995); Best et al. (2001) in our setting
would correspond to a ruld = G that describes staying in the current state when no timesetasince
we do not need the latter rule to transform dynamic expraessitto operative ones and it can destroy the
definition of operative expressions, we do not have it.

Thus, an application of every action rule with stochastidtiactions or the empty loop rule requires
one discrete time unit delay, i.e. the execution of a (pdg&inpty) multiset of stochastic multiactions
leading to the dynamic expression transformation desdrilyethe rule is accomplished after one time
unit. However, an application of every action rule with indiase multiactions does not take any time,
i.e. the execution of a (hon-empty) multiset of immediatdtiactions is accomplished instantly at the
current time.

Note that expressions of dtsiPBC can contain identicaVitiets. To avoid technical difficulties, such as
the proper calculation of the state change probabilitiesfoltiple transitions, we can always enumerate
coinciding activities from left to right in the syntax of exgssions. The new activities resulted from
synchronization will be annotated with concatenation aiberings of the activities they come from,
hence, the numbering should have a tree structure to reflecffect of multiple synchronizations. We
now define the numbering which encodes a binary tree withetinesls labeled by natural numbers.

Definition 3.3 Thenumberingf expressionsis::= n | (¢)(¢), wheren € N.

Let Num denote the set adll numberingsof expressions.

Example 3.1 The numberind encodes the binary tree in Figure 1(a) with the root labelgdlb The
numbering(1)(2) corresponds to the binary tree in Figure 1(b) without in@rmodes and with two
leaves labeled by and2. The numbering1)((2)(3)) represents the binary tree in Figure 1(c) with one
internal node, which is the root for the subtré®(3), and three leaves labeled ly2 and3.

The new activities resulting from synchronizations in eliéint orders should be considered up to per-
mutation of their numbering. In this way, we shall recogrdiféerent instances of the same activity. If we
compare the contents of different numberings, i.e. thedfetsitural numbers in them, we shall identify
the mentioned instances. Thententof a numbering € Num is

[ {u, if L €N;
C’OTLt(L) - { COnt(bl) U Cont(Lg), if o = (Ll)(LQ)-
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2 3
Fig. 1: The binary trees encoded with the numberitigg1)(2) and(1)((2)(3)).

After the enumeration, the multisets of activities from #heressions will become the proper sets.
Suppose that the identical activities are enumerated waedead to avoid ambiguity. This enumeration is
considered to be implicit.

Let X be some set. We denote the Cartesian produiet X by X2. Let€ C X2 be an equivalence
relation onX. Then theequivalence clasgv.r.t. £) of an element € X is defined byjz]s = {y € X |
(z,y) € £}. The equivalencé partitionsX into theset of equivalence classéy/ ¢ = {[z]¢ | z € X }.

Let G be a dynamic expression. Thé@f]lx = {H | G =~ H} is the equivalence class @f
w.r.t. the structural equivalence’ is aninitial dynamic expression, denoted byit(G), if IE €
RegStatExpr, G € [E]~. G is afinal dynamic expression, denoted lynal (G), if
JE € RegStatExpr, G € [E]~.

Definition 3.4 LetG € OpRegDynExpr. We define theet of all non-empty sets of activities which can
be potentially executed frof¥, denoted byCan(G). Let(a, k) € SIL, E,F € RegStatExpr, H €
OpRegDynExpr anda € Act.

1. If final(G) thenCan(G) = 0.

2. If G = (a, k) thenCan(G) = {{(a, k) }}.

3. IfY € Can(G) thenT € Can(Go E), T € Can(E o G) (o € {;,[]}), T € Can(G| H),
T € Can(H||G), f(T) € Can(G[f]), T € Can(G rs a) (whena,a ¢ A(Y)),
T e Can(Gsya), T € Can([G+xE« F]), T € Can([E xG* F]), T € Can([E * F * G]).

4. If T € Can(G) and= € Can(H) thenY + E € Can(G|| H).
5. If T € Can(G sy a) and(a, k), (8, \) € T are different activitiesg € «, a € S, then

@ (T+{(a®sB,5- 1)} \{(a,k),(B,N)} € Can(G sy a) if k, A € (0;1);

(b)) (T +{(a®a B, tiem)}) \ {(a, k), (B, N} € Can(G sy a) if kK =y, A =tm, ,m € Rso.
When we synchronize the same set of activities in differelers, we obtain several activi-
ties with the same multiaction and probability or weight fsabut with different numberings
having the same content. Then, we only consider a single fahe cesulting activities.

For example, the synchronization of stochastic multiactioy, p); and (3, x)2 in different
orders generates the activitiga G, 3, p - x)(1)2) and (8 ©a a, x - p)(2)1)- Similarly, the
synchronization of immediate multiactiofs, ;)1 and (3, i, )2 in different orders generates
the activities(a @4 3, l11m)1)(2) @A (B ©a @, 1) 2)(1)- SinceCont((1)(2)) = {1,2} =
Cont((2)(1)), in both cases, only the first activity (or the second ona)ltagy from synchro-
nization will appear in a set froman(G sy a).
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Note that if Y € Can(G) then by definition ofCan(G), forall =2 C T, = # 0, we haveE € Can(G).

Let G € OpRegDynExpr andCan(G) # (0. Obviously, if there are only stochastic (or only im-
mediate) multiactions in the sets fraffun(G) then these stochastic (or immediate) multiactions can be
executed fromG. Otherwise, besides stochastic ones, there are also irateadultiactions in the sets
from Can(G). By the note above, there are non-empty sets of immediatéamtibns inCan(G) as well,

i.e. 3T € Can(G), Y € NZ£\ {@}. Then no stochastic multiactions can be executed fegraven if
Can(@G) contains non-empty sets of stochastic multiactions, simoeediate multiactions have a priority
over stochastic ones.

Definition 3.5 LetG € OpRegDynFExpr. Theset of all non-empty sets of activities which can be execu-

Can(G), if (Can(G) CNEE\ {0}) v (Can(G) C NESN\ {0});
ted fromG is Now(G) = { Can(G) NNZE, otherwise

An expressiorG € OpRegDynExpr is tangible denoted bytang(G), if Now(G) C N§£\ {0}.
In particular, we haveang(G), if Now(G) = (). Otherwise, the expressi@h is vanishing denoted by
vanish(G), and in this cas@ # Now(G) C NZ£\ {0}.

Example 3.2 Let G = (({a},5)[J({0}, 82))[I({c}, 5) and G" = (({a}, 11)[[({b}, 52))[({c}, 3). Then
G~ @, sinceG « G = G for & = (({a} 1D, 2))[({e]. 3), butCan(C) = {{({a}. 1)},
{({eh, DY {dad, ), (e, )Y, Can(@) = {{({b} 52) 1, { (e}, D, {({b), B2), ({e}, 1)1} and
Now(G) = {{({a},t1)}}, Now(G") = {{({b},h2)}}. Clearly, we haveanish(G) andvanish(G’).
The executions like that d{{c}, 1)} (and all sets including it) fronGG and G’ must be disabled using
preconditions in the action rules, since immediate mutitats have a priority over stochastic ones, hence,
the former are always executed first.

Let H = ({a},b1)[({b},3) and H' = ({a},t1)[({b},2). ThenH ~ H’, sinceH < H" = H’
for H” = ({a},11)[({b},3), butCan(H) = Now(H) = {{({a},51)}} andCan(H') = Now(H’) =
{{({v},3)}}. We havevanish(H), but tang(H') To get the action rules correct under structural
equivalence, the executions like that{¢fv}, 1)} from H’ must be disabled using preconditions in the
action rules, since immediate multiactions have a priodwer stochastic ones, hence, the choices are
always resolved in favour of the former.

In Table 3, we define the action and empty loop rules. In thitetdo, p), (8, x) € SL, (o, 1),

(B,8m) € ZL and(«a, k) € SZL. Further,E, F € RegStatExpr, G, H € OpRegDynFEzxpr, G, H €
RegDynExpr anda € Act. Moreover', A € N2\ {0}, I € Nﬁnﬁ, I,J e NEEA\{0}, I' € NE£ and

Y € N§ZL\ {0}. The first rule is the empty loop rull. The other rules are the action rules, describing
transformatlons of dynamic expressions, which are buiftgiparticular algebraic operations. If we can-
not merge a rule with stochastic multiactions and a rule wittmediate multiactions for some operation
then we get the coupled action rules. Then the names of tlenaates with immediate multiactions have
a suffix 1",

Almost all the rules in Table 3 (exceptitd, P2, P2i, Sy2 andSy2i) resemble those of gsPBC Macia
et al. (2008b), but the former correspond to execution af eéhctivities, not of single activities, as in
the latter, and our rules have simpler preconditions (if)asiynce all immediate multiactions in dtsiPBC
have the same priority level, unlike those of gsPBC. Thegmditions in rulesEl, C, P1, 12 andI3 are
needed to ensure that (possibly empty) sets of stochasiitantions are executed only frotangible
operative dynamic expressions, such that all operativeuaym expressions structurally equivalent to
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Tab. 3: Action and empty loop rules.

G|H 5 G|H, H|G S H|G
¢La HAH
G|H 5 G|\H

¢5a

aln ™ a

P2

)

13i

D' +{(a,n)} {80}, ~

2Gsya

—.
El Ln%(G) B (o, k) (e} (o, k) S T NG S T—
G—>G GiE—-G;E, E;G— E;G
CGS@fMM@VWM@AWME)Ci e ENE
GI|E L GIE, EjG 5 E|G GI|E L GIE, E|G 5 E||G
| R I =
P1 G — G, tang(H) P1i G—G

G|H L G|H, H|GS H|G
PmG#&Hiﬁ
G|H = G|H
T = ~
RSG—>G, a,a & A(T)

T =
Grsa—Grsa

mGié;mm@v@m@Ammm)

BGgémeQVWMQAWME)
_ GG
Gsyagésya

Syl

Gsya,a€a, aep

Sy
Gsya

I'+{(ah)}+{(B:hm)}

Gsya

" +H{(a®BaB.p-x)}

Gsya

Gsya,ac€a,acepf

Sy2i

I'+{(a®aB:li+m)}

Gsya

ésya

13



14 Igor V. Tarasyuk, Hermenegilda M&giValentn Valero

them are tangible as well. For examplejiifit(G) in rule C thenG =~ F for some static expressiaf

andG[|E ~ F[|E ~ F[|E ~ F[|E. Hence, it should be guaranteed thatg(F[|E), which holds iff
tang(E). The casel[|G is treated similarly. Further, in rulel, assuming thatang(G), it should be
guaranteed thatung(G|| H) andtang(H ||G), which holds ifftang(H). The preconditions in rulel

and|3 are analogous to that in ru@

Rule El corresponds to one discrete time unit delay while executmgctivities and therefore it has
no analogues among the rules of gsPBC that adopts the consiritme model. RuleB2 andP2i have
no similar rules in gsPBC, since interleaving semantichefalgebra allows no simultaneous execution
of activities. P2 andP2i have in PBC the analogous rUfAR that is used to construct step semantics of
the calculus, but the former two rules correspond to exenudf sets of activities, unlike that of multisets
of multiactions in the latter rule. Rulé&dy2andSy?2idiffer from the corresponding synchronization rules
in gsPBC, since the probability or the weight of synchrotiarain the former rules and the rate or the
weight of synchronization in the latter rules are calcudatetwo distinct ways.

Rule Sy2 establishes that the synchronization of two stochastidiamtions is made by taking the
product of their probabilities, since we are consideringf toth must occur for the synchronization to
happen, so this corresponds, in some sense, to the prapalbithe independent event intersection, but
the real situation is more complex, since these stochasilianotions can also be executed in parallel.
Nevertheless, when scoping (the combined operation dorgs@f synchronization followed by restriction
over the same action Best et al. (2001)) is applied over dlpbeaecution, we get as final result just the
simple product of the probabilities, since no normalizationeeded there. Multiplication is an associative
and commutative binary operation that is distributive cagdition, i.e. it fulfills all practical conditions
imposed on the synchronization operator in Hillston (19%4irther, if both arguments of multiplication
are from(0; 1) then the result belongs to the same interval, hence, mighipdn naturally maintains
probabilistic compositionality in our model. Our approasisimilar to the multiplication of rates of the
synchronized actions in MTIPP Hermanns and Rettelbach4(li®dghe case when the rates are less than
1. Moreover, for the probabilities and y of two stochastic multiactions to be synchronized we have
p - x < min{p, x}, i.e. multiplication meets the performance requiremeatirsg that the probability of
the resulting synchronized stochastic multiaction shaadess than the probabilities of the two ones to
be synchronized. In terms of performance evaluation, itsisally supposed that the execution of two
components together require more system resources anth@méehe execution of each single one. This
resembles thbounded capacitgssumption from Hillston (1994). Thus, multiplication &sg to handle
with and it satisfies the algebraic, probabilistic, time gediormance requirements. Therefore, we have
chosen the product of the probabilities for the synchrdiona See also Brinksma et al. (1995); Brinksma
and Hermanns (2001) for a discussion about binary opemafiozducing the rates of synchronization in
the continuous time setting.

In rule Sy2i, we sum the weights of two synchronized immediate multadj since the weights can
be interpreted as the rewards Ross (1996), which we colldekt, we express that the synchronized
execution of immediate multiactions has more importanem tihat of every single one. The weights
of immediate multiactions can also be seen as bonus rewasdeiated with transitions Bernardo and
Bravetti (2001). The rewards are summed during synchrdnézecution of immediate multiactions,
since in this case all the synchronized activities can ba asgarticipated in the execution. We prefer
to collect more rewards, thus, the transitions providinegtgr rewards will have a preference and they
will be executed with a greater probability. Since exeautibimmediate multiactions takes no time, we
prefer to execute in a step as many synchronized immedidteawiions as possible to get more progress
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Tab. 4: Comparison of inaction, action and empty loop rules.

Rules State changg Time progress| Activities execution

Inaction rules - - -
Action rules with stochastic multiaction$
Action rules with immediate multiaction§
Empty loop rule

| H
+ 1+
|+ +

in behaviour. Under behavioural progress we mean an advareeecuting activities, which does not
always imply a progress in time, as when the activities ammédliate multiactions. This aspect will
be used later, while evaluating performance via the emlediderete time Markov chains (EDTMCs)
of expressions. Since every state change in EDTMC takes oih@fu(local) time, greater advance in
operation of the EDTMC allows one to calculate quicker perfance indices.

We do not have a self-synchronization, i.e. a synchrorimatif an activity with itself, since all the
(enumerated) activities executed together are considetaeldifferent. This permits to avoid unexpected
behaviour and technical difficulties Best et al. (2001).

In Table 4, inaction rules, action rules (with stochastimemediate multiactions) and empty loop rule
are compared according to the three aspects of their afiplicavhether it changes the current state,
whether it leads to a time progress, and whether it resufigségution of some activities. Positive answers
to the questions are denoted by the plus sign while negaties are specified by the minus sign. If
both positive and negative answers can be given to some gfustions in different cases then the plus-
minus sign is written. The process states are consideren stpuctural equivalence of the corresponding
expressions, and time progress is not regarded as a staigecha

3.3 Transition systems

We now construct labeled probabilistic transition systassociated with dynamic expressions to define
their operational semantics.

Definition 3.6 Thederivation sebf a dynamic expressiafd, denoted byD R(G), is the minimal set with
° [G]z S DR(G);
o if [H]~ € DR(G) and3Y, H & H then[H]~ € DR(G).

Let G be a dynamic expression angs € DR(G).

The set ofall sets of activities executable inis defined aFzec(s) = {Y | 3H € s, 3H, H RN H}.
It can be proved by induction on the structure of expressthasY € Exec(s) \ {0} implies3H €
s, T € Now(H). The reverse statement does not hold in general, as the xsxipde shows.

Example 3.3 Let H, H' be from Example 3.2 ant=[H |~ =[H']~. We haveVow(H) = {{({a},t1)}}
and Now(H') = {{({b}, 3)}}. Since only rule€i andB can be applied td, and no action rule can
be applied toH’, we getExec(s) = {{({a},1)}}. Then, forH’ € sandY = {({b},3)} € Now(H’),
we getY ¢ Ezec(s).

The states istangibleif Exzec(s) C N2£. For tangible states we may hakfeec(s) = {0}. Otherwise,
the states is vanishing and in this cas&zec(s) C NZ£\ {#}. The set ofall tangible states fronD R(G)
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is denoted byD Rt (G), and the set oéll vanishing states fronD R(G) is denoted byD Ry (G). Clearly,
DR(G) = DR1(G) ¥ DRy (G) (v denotes disjoint union).

Note that if Y € Exec(s) then by rulesP2, P2i, Sy2, Sy2i and definition ofEzec(s), for all =2 C
T, = # (), we haves € Exec(s).

Since the inaction rules only distribute and move upper amgkt bars along the syntax of dynamic
expressions, alH € s have the same underlying static expresdionThe action ruleSy2andSy?2iare
the only ones that generate new activities. Since we havéa fimamber of operatorsy in F' and all the
multiaction parts of the activities are finite multiset® ttumber of the new synchronized activities is also
finite. The action rules contribute fozec(s) (in addition to the empty set, if rulEl is applicable) only the
sets consisting both of activities fromand the new activities, produced By2andSy?2i. Since we have
a finite number of such activities, the SBtec(s) is finite, hence, summation and multiplication by its
elements are well-defined. Similar reasoning can be useerntmdstrate that for all dynamic expressions
H (not just for those frons), Now(H) is a finite set.

LetT € Ezec(s) \ {0}. Theprobability that the set of stochastic multiacticliss ready for execution
in s or theweight of the set of immediate multiactioisvhich is ready for execution inis

II » 11 (1—x), if s € DR2(G);
PF(Y,s)={ @ {E0}eBeec)(8.0¢T) _
L, if s € DRy (G).
()€Y

In the casél’ = () ands € DRt (G) we define

II (1—x), if Ezec(s) # {0};
PFE(,5) = 4 ((80)}eEaec(s)
1, if Exec(s) = {0}.

If s € DRp(G) and Ezec(s) # {0} then PF(Y,s) can be interpreted as jaint probability of
independent events (in a probability sense, i.e. the piiityabf intersection of these events is equal
to the product of their probabilities). Each such an evemisigis in the positive or negative decision
to be executed of a particular stochastic multiaction. #extecutable stochastic multiaction decides
probabilistically (using its probabilistic part) and irmendently (from others), if it wants to be executed
in s. If T is a set of all executable stochastic multiactions whichehdecided to be executed énand
T € Exec(s) thenY is ready for execution is. The multiplication in the definition is used because it
reflects the probability of the independent event inteisactAlternatively, wheril # 0, PF(Y,s) can
be interpreted as the probability to execatelusivelythe set of stochastic multiactioAsin s, i.e. the
probability ofintersectionof two events calculated using the conditional probabftitynula in the form
PXNY) =PXIY)PY) = [Iaper P Higsremrecs)5.0er; (L — X), as shown in Tarasyuk
et al. (2014). Wherl = (), PF(Y,s) can be interpreted as the probability not to execute any
executable stochastic multiactions, thirg; (0, s) = ;5 )1 Brec(s) (1 — X)- When only the empty set
of activities can be executed ini.e. Fxec(s) = {0}, we takePF (), s) = 1, since then we stay in For
s € DRp(G) we havePF (), s) € (0;1], hence, we can stay inat the next time moment with a certain
positive probability.

If s € DRy (G) thenPF (T, s) can be interpreted as tlogerall (cumulativeyveight of the immediate
multiactions fromY', i.e. the sum of all their weights. The summation here is s#eck the weights can
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be seen as the rewards which are collected Ross (1996). ithoaithis means that concurrent execution
of the immediate multiactions has more importance thandhatery single one. Thus, this reasoning is
the same as that used to define the weight of synchronizeddiataenultiactions in the rul8y2i.

Note that the definition oP F'(T, s) (as well as our definitions of other probability functiorspiased
on the enumeration of activities which is considered implic

Let Y € Exec(s). BesidesY, some other sets of activities may be ready for execution rence, a
kind of conditioning or normalization is needed to calceltite execution probability. Thaobability to
execute the set of activitiésin s is

PF(T,s)
S PF(Es)

Ee€Ezec(s)

PT(T,s) =

If s € DRr(G) thenPT (Y, s) can be interpreted as tltenditionalprobability to execut’ in s cal-

culated using the conditional probability formula in therfoP (Z|W) = P(PZ(OWV)V) =5 EPF(O)(";)F(: oL
E€Exec(s =

as shown in Tarasyuk et al. (2014). Note tidt(T, s) can be seen as tipotentialprobability to execute

T in s, since we havé’F (T, s) = PT(Y, s) only whenall sets (including the empty one) consisting of
the executable stochastic multiactions can be executedimthis case, all the mentioned stochastic mul-
tiactions can be executed in paralleliand we have -, ..s) PF(E, s) = 1, since this sum collects
the products o&ll combinations of the probability parts of the stochastictraations and the negations
of these parts. But in general, for example, for two stodbastltiactions(«, p) and (S, x) executable

in s, it may happen that they cannot be executed in parallel, i.e. 0, {(c, p)},{(3,x)} € Ewec(s),
but{(a, p), (8,x)} € Exec(s). Fors € DRr(G) we havePT (), s) € (0;1], hence, there is a non-zero
probability to stay in the stateat the next moment, and the residence timeg isat least one time unit.

If s € DRv(G) thenPT(Y, s) can be interpreted as the weight of the set of imnmediate autitinsY
which is ready for execution innormalizedby the weights ofll the sets executable i This approach
is analogous to that used in the EMPA definition of the proliteds of immediate actions executable
from the same process state Bernardo and Gorrieri (1998)ied by way in which the probabilities
of conflicting immediate transitions in GSPNs are calcdd®albo (2007)). The only difference is that
we have a step semantics and, for every set of immediateauntidths executed in parallel, we use its
cumulative weight.

Note that the sum of outgoing probabilities for the expm@ssibelonging to the derivations 6f is
equal tol. More formally,vs € DR(G), > veprecs) PT(T, s) = 1. This, obviously, follows from the
definition of PT(T, s), and guarantees that it always defines a probability digtah.

The probability to move frons to § by executing any set of activities

PM(s,3) = > PT(T,s).
{T|3Hes, 3Hes, HSHY

The summation above reflects the probability of the mutuatisiusive event union, since

_ 1 ]
Z{TBHGS, JHes, HSH) PT(T,s5) = > zcErec(s) PF(E;s) Z{TBHGS, JHes, HSH) PF(T,s), where

for eachY, PF(Y,s) is the probability of the exclusive execution®fin s.
Note thatvs € DR(G), Z{§BH65, afies, v, 5 PM(s,3) =

PT(T’ S) = ZTEEzec(s) PT(T? S) =L

§|3Hes, 3He3, 3T, HSH Hes, 3Hes, HHH
> 3 3 I, HY > T3 3 RA
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Example 3.4 Let E = ({a}, p)[|({a}, x), Wherep,x € (0;1). DR(E) consists of the equivalence

classess; = [E]~ andsy = [E]~. We haveDRr(E) = {s1, s2}. The execution probabilities are calcu-

lated as follows. SincEzec(s1) = {0, {({a},p)},{({a}, x)}} we getPF({({a}, 0)}, s1) = p(1—x),
F{({a},x)},s1) = x(1 — p) and PE(D, 51) = (1 — p)(1 = x). Then} o preeis,) PF(E, 51) =

p(1=)+x(1=p)+(1=p) 1—x) = 1—px. Thus,PT({({a}, p)}, 51) = 2222, PT({({a}, )}, s1) =

X0 and PT(0), 51) = PM (51, 51) = S2U=2 Next,Ezec(sy) = {(Z)}, hence,

Y zc Boee(ss) PF(E,52) = PF(0,52) = 1and PT(0), s2) = PM(s2,52) = = 1.
Finally, PM (s1, s2) = PT({({a}, p)},51) + PT({({a}, )}, s1) = 2020 4 X0=n) _ pixox,

LetE' = ({a},0)[]({a}, tm), wherel,m € Ro. DR(E’) consists of the equivalence classes
si = [F']~ and s, = [E']~. We haveDRr(E’) = {s,} and DRy(E’) = {s}}. The execu-

~

tion probabilities are calculated as follows. Sinderec(s)) = {{({a},t)}, {({a},tm)}}, we get
F{(ah o)} st) = 1 and PPA{eh i)} 1) = m. ThenY sepeueiy PF(E,51) = L+ m.

Thus, PT({({a}, )}, s7) = l+m and PT({({a},tm)}, 81) = - Next, Exzec(sy) = {0}, hence,

EEGEmec(sé) PF(E7S/2) = PF(@ 82) =1 andPT((Z)’ 812) = PM(S/Q’ 812) = % =1

Finally, PM (s, s5) = PT({({a}, )}, 1) + PT({({a},tm)},51) = o + i = 1.

Definition 3.7 Let G be a dynamic expression. Tiiabeled probabilistic) transition systeofi G is a

quadrupleT’S(G) = (S¢, La, Ta, sa), where

the set obtatess S¢ = DR(G);

e the set ofabelsis Ly = 257 x (0;1];

the set otransitionsis 7o ={(s, (Y, PT(Y,s)),3)|s,5 € DR(G), 3H € s, 3H € 5, H RN H};

e theinitial stateis s¢ = [G]~.

The definition of7'S(G) is correct, i.e. for every state, the sum of the probabditiall the transitions
starting from itisl. This is guaranteed by the note after the definitio®*@% Y, s). Thus, we have defined
a generativemodel of probabilistic processes van Glabbeek et al. (198B¢ reason is that the sum of
the probabilities of the transitions with all possible IExhould be equal td, not only of those with the
same labels (up to enumeration of activities they includehahereactivemodels, and we do not have a
nested probabilistic choice as in thgatifiedmodels.

The transition syster’'S(G) associated with a dynamic expressi@rescribes all the steps (concur-
rent executions) that occur at discrete time moments withesne-step) probability and consist of sets
of activities. Every step consisting of stochastic muti@mts or the empty step (i.e. that consisting of the
empty set of activities) occurs instantly after one diset&he unit delay. Each step consisting of immedi-
ate multiactions occurs instantly without any delay. Thepstan change the current state. The states are
the structural equivalence classes of dynamic expressioiained by application of action rules starting

from the expressions belonging 6]~. A transition(s,(T,P),3) € T will be written ass 5p 8,
interpreted as: the probability to changto § as a result of executini is P.
For tangible statesf’ can be the empty set, and its execution does not change tlemtstate (i.e. the

equivalence class), since we get a loop transiiie%p s from atangible stateto itself. This corresponds
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to the application of the empty loop rule to expressions fthenequivalence class. We keep track of such
executions, calleempty loopssince they have non-zero probabilities. This follows frifra definition
of PF (), s) and the fact that multiaction probabilities cannot be edqoidlas they belong t¢0; 1). For
vanishing statesy cannot be the empty set, since we must execute some immeudlidtiactions from
them at the current moment.

The step probabilities belong to the inter¢@j 1], being1 in the case when we cannot leave a tangible

states and the only transition leaving it is the empty loop Q;ﬂ&l s, or if there is just a single transition

from a vanishing state to any other one. We WEitds 3 if P, s l>p sands — §if A7, s L
The first equivalence we are going to introduce is isomorphighich is a coincidence of systems up
to renaming of their components or states.

Definition 3.8 Let T'S(G) = (Sq, La, T¢,s¢) andTS(G') = (S¢r, Ler, T, Sar) be the transition
systems of dynamic expressidisand G’, respectively. A mapping : S¢ — Sg/ is anisomorphism
betweerl'S(G) andT'S(G’), denoted bys : T'S(G) ~ T'S(G), if

1. B is a bijection such that(sg) = sqr;

2.Vs,5€ Sa, VY, s 5p § & B(s) Sp B(3).

Two transition system%'S(G) and T'S(G’) are isomorphi¢ denoted byl'S(G) ~ TS(G), if 33 :
TS(G) ~TS(G").

Definition 3.9 Two dynamic expressions and G’ are equivalent w.r.t. transition systemdenoted by
G =G ,ifTS(G)~TS(G).

Example 3.5 Consider the expressidtop = ({g}, 1) rs g specifying the non-terminating process that
performs only empty loops with probability Then, forp, x, 8, ¢ € (0;1) andl, m € Rx, let

E = [({a}, p) ({6}, 20; (({e}, 1a); ({4}, 0))[1(({e}, bim); ({1}, 6)))) = Stop.

DR(E) consists of the equivalence classes

= [[({a}, p) = ({0}, x); ((({e}, 1) ({d}, 0) I (({e}s 8 ); ({3, €)))) * Stopl]»,
= [[({a}, p) = ({0}, x); ((({e}, 1) ({a}, 0D (({e}s B ); ({3, )))) * Stopl]»,
= [[({a}, p) * ({6}, x); (({e}, b); ({4}, 0))[1(({e} bm); ({ £} 0)))) * Stop]]~,
= [[({a}, p) * ({6}, 2); (({e}, tu); ({4}, 9))[](({6},hm),({f} ¢)))) * Stop|]~,
= [[{a}, p) * ({0}, x): (e}, m); ({d}, 0)[(({e}, tm); ({7}, 9)))) * Stop]lx.

We haveD Ry (E) = {s1, 52, 54, 55} and DRy (E) = {s3}. In the first part of Figure 3, the transition
systeni’S(E) is presented. The tangible states are depicted in ovalskedanishing ones in boxes. For
simplicity of the graphical representation, the singlesats of activities are written without outer braces.

4 Denotational semantics

In this section, we construct the denotational semant@s\subclass of labeled discrete time stochastic
and immediate PNs (LDTSIPNSs), called discrete time staahasd immediate Petri boxes (dtsi-boxes).
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4.1 Labeled DTSIPNs

Let us introduce a class of labeled discrete time stochasiitimmediate Petri nets (LDTSIPNs), a
subclass of DTSPNs Molloy (1981, 1985) (we do not allow tlaasition probabilities to be equal 19
extended with transition labeling and immediate transgioLDTSIPNs resemble in part discrete time
deterministic and stochastic PNs (DTDSPNs) Zimmermanh €2@01), as well as discrete deterministic
and stochastic PNs (DDSPNSs) Zijal et al. (1997). DTDSPNsRIR&PNSs are the extensions of DTSPNs
with deterministic transitions (having fixed delay that denzero), inhibitor arcs, priorities and guards.
Next, while stochastic transitions of DTDSPNSs, like tho$édd SPNs, have geometrically distributed
delays, stochastic transitions of DDSPNs have discrete fihase-type distributed delays. Nevertheless,
LDTSIPNs are not subsumed by DTDSPNs or DDSPNSs, since LDNISHave a step semantics while
DTDSPNs and DDSPNs have interleaving one. LDTSIPNs are whiatesimilar to labeled weighted
DTSPNs from Buchholz and Tarasyuk (2001), but in the latierd are no immediate transitions, all
(stochastic) transitions have weights, the transitiorbphilities may be equal td and only maximal
fireable subsets of the enabled transitions are fired.

Stochastic preemptive time Petri nets (spTPNs) Bucci ef28l05) is a discrete time model with a
maximal step semantics, where both time ticks and instaotasparallel firings of maximal transition
sets are possible, but the transition steps in LDTSIPNs ar@lliged to be maximal. The transition
delays in spTPNs are governed by static general discretiebdigons, associated with the transitions,
while the transitions of LDTSIPNs are only associated withbyabilities, used later to calculate the step
probabilities after one unit (from tangible markings) or@érom vanishing markings) delay. Further,
LDTSIPNs have just geometrically distributed or deteristigi zero delays in the markings. Moreover,
the discrete time tick and concurrent transition firing aeated in spTPNs as different events while
firing every (possibly empty) set of stochastic transitiomd. DTSIPNs requires one unit time delay.
spTPNs are essentially a modification and extension of efdald WDTSPNs with additional facilities,
such as inhibitor arcs, priorities, resources, preemptisohedulers etc. However, the price of such an
expressiveness of spTPNs is that the model is rather itdrazad difficult to analyze.

Note that guards in DTDSPNs and DDSPNSs, inhibitor arcs aiadipies in DTDSPNs, DDSPNs and
sSpTPNSs, the maximal step semantics of LWDTSPNs and spTPNKe thase models Turing powerful,
resulting in undecidability of important behavioural peofes.

Definition 4.1 A labeled discrete time stochastic and immediate Petri i@T@IPN)is a tuple
N = (Pn,Tn,Wn,Qn, Ln, My ), where

e Py andTy = Tsy W Tiy are finite sets oplacesand stochastic and immediate transitipns
respectively, such thdty U Ty # 0 andPy N Ty = 0;

e Wy : (Pv x Ty) U (Ty x Py) — Nis a function for theveights of arcdhetween places and
transitions;

e Qy is thetransition probability and weightinction such that

— Qnl1sy : Ts — (0;1) (it associates stochastic transitions with probabili}ies
— Qnlr1in = Ti = Ry (it associates immediate transitions with weights);

e Ly :Tx — Lis thetransition labelingunction assigning multiactions to transitions;
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e My € NEY is theinitial marking

The graphical representation of LDTSIPNSs is like that fanstard labeled PNs, but with probabilities
or weights written near the corresponding transitions.asgboxes of normal thickness depict stochastic
transitions, and those with thick borders representimatedransitions. If the probabilities or the weights
are not given in the picture, they are considered to be of mwitance in the corresponding examples,
such as those describing the stationary behaviour. Thehtgedd arcs are depicted with them. The names
of places and transitions are depicted near them when needed

Let N be an LDTSIPN and € T, U € Nj¥. Theprecondition®t and thepostconditior:* of ¢
are the multisets of place€st)(p) = Wx(p,t) and(t*)(p) = Wx(t,p). Theprecondition®*U and the
postconditionU* of U are the multisets of placed/ = >, *t andU*® = >, t*. Note that for
U = 0 we have*) = () = 0°. .

Let N be an LDTSIPN and/, M € NJV. Immediate transitions have a priority over stochasticspne
thus, immediate transitions always fire first if they can. @nsitiont € T is enabledat M if *t C M
and one of the following holds: (¥)e Tiy or (2)Vu € Ty, *u C M = u € Tsy.

Thus, a transition is enabled at a marking if it has enoughkriekn its input places (i.e. in the places
from its precondition) and it is immediate one; otherwisbew it is stochastic, there exists no immediate
transition with enough tokens in its input places. Esta(M) be the set o#ll transitions enabled ai/.

By definition, it follows thatEna(M) C Tiy or Ena(M) C Tsy. A set of transitiond/ C Ena(M)

is enabledat a markingM if *U C M. Firings of transitions are atomic operations, and tréomsitmay
fire concurrently in steps. We assume that all transitiomsgiaating in a step should differ, hence, only
the sets (not multisets) of transitions may fire. Thus, weateatiow self-concurrency, i.e. firing of tran-
sitions in parallel to themselves. This restriction isaginced to avoid some technical difficulties while
calculating probabilities for multisets of transitionsves shall see after the following formal definitions.
Moreover, we do not need to consider self-concurrencyesitenotational semantics of expressions will
be defined via dtsi-boxes which are safe LDTSIPNs (henceglfi@sncurrency is possible).

The markingM is tangible denoted byang(M), if Ena(M) C Tsy, in particular, if Ena(M) = (.
Otherwise, the marking/ is vanishing denoted byanish(M), and in this cas&na(M) C Tiy and
Ena(M) # (0. If tang(M) then a stochastic transitiane Ena(M) fires with probabilityQ () when
no other stochastic transitions conflicting with it are dadb

LetU C Ena(M), U # ) and*U C M. Theprobability that the set of stochastic transitiofisis
ready for firing inA/ or theweight of the set of immediate transitiofisvhich is ready for firing inM/ is

[Tove - I (-Quw), if tang(h);

PF(U, M) = teU u€Ena(M)\U
( ) Z Qn(t), if vanish(M).

teU
In the casd/ = () andtang(M ) we define
(1—Qn(uw)), if Ena(M)#0;

PF(@7 J\/[) = u€Ena(M)
1, if Ena(M) = 0.

LetU C Ena(M), U # @ and*U C M orU = () andtang(M). BesidesU, some other sets
of transitions may be ready for firing i/, hence, conditioning or normalization is needed to cateula
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the firing probability. The concurrent firing of the transits fromU changes the marking/ to M=

M —*U +U®, denoted by\/ 37; M, whereP = PT(U, M) is theprobability that the set of transitions
U fires in M defined as
PF(U, M)

> PF(V, M)

{VCEna(M)|*VCM}

PT(U,M) =

Observe that in the cagé = () andtang(M) we haveM = M. Note that for all markings of an LDT-
SIPN N, the sum of outgoing probabilities is equallta.e. VM € N~ > (wcEnaanysucay PTU, M) =
1. This follows from the definition o7 (U, M) and guarantees that it defines a probability distribution.

We write M % M if IP, Mﬂm ]\i/fvandM—> M if U, M Y.

The probability to move from\/ to M by firing any set of transitionis

PM(M,M)= Y PI(UM).
(UM 5y

SincePM (M, ]\7) is the probability fomny(including the empty one) transition set to change marking

M to M, we use summation in the definition. Note thia € N., Z{M|M~>Ir\7} PM(M,M) =

D (AT M > BT) Z{UIMEMW} PT(U, M) = > vcpnamyevcany PTU, M) = 1.

Definition 4.2 Let N be an LDTSIPN. Theeachability sebf N, denoted byR.S(N), is the minimal set
of markings such that

e My € RS(N);
e if M € RS(N)andM — M thenM € RS(N).

Definition 4.3 Let N be an LDTSIPN. Theeachability graptof NV is a (labeled probabilistic) transition
systemRG(N) = (Sn, Ly, Tn, sn), Where

the set oftatess Sy = RS(N);

the set ofabelsis Ly = 27~ x (0;1];

the set otransitionsis Ty = {(M, (U, P), M) | M, M € RS(N), M Lr M},

o theinitial stateis sy = My.
Let RST(N) be the set oill tangible markings fronR.S(N) and RSy (IV) be the set oéll vanishing
markings fromRS (V). Obviously,RS(N) = RSt(N) W RSy(N).
4.2 Algebra of dtsi-boxes

We now introduce discrete time stochastic and immediate P&tes and algebraic operations to define
the net representation of dtsiPBC expressions.

Definition 4.4 A discrete time stochastic and immediate Petri box (dtsi}ixoa tuple
N = (PN, TN, WN, AN), where
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e Py and Ty are finite sets oplacesand transitions respectively, such thaty U Ty # () and
Py NTy = 0;

o Wy : (Pv xTn)U(Tn x Py) — Nis a function providing theveights of arcs
e Ay is theplace and transition labelirfgnction such that

— An|py : Py — {e,i,x} (it specifieentry, internabndexit places);

— An|7y : Tn — {o | 0 € 257F x SIL} (it associates transitions wittelabeling relationsn
activities).

Moreoveryt € Ty, *t # () # t*. Next, for the set aéntryplaces ofN, defined as N = {p € Py |
An(p) = e}, and for the set oéxit places ofN, defined asV°® = {p € Py | An(p) = x}, the following
holds:°N # () £ N°, *(°N) =0 = (N°)°.

A dtsi-box isplain if Vt € Ty, 3(a,k) € SIL, AN(t) = 0(a,x), Whereg, ) = {(0, (a,k))} is
a constant relabelingidentified with the activity(«, ). A marked plain dtsi-boxs a pair(N, My),
where N is a plain dtsi-box and/y € N}V is its marking. We denot& = (N,°N) andN =
(N, N°). Note that a marked plain dtsi-bd¥®y, T, Wx, An, My) could be interpreted as the LDT-
SIPN(Pyn, TN, Wn, Qn, Ln, M), where function$)y andL are defined as followstt € T,

On(t) = kif k€ (0;1), 0rQn(t) = 1if k =y, | € Rug; andLn(t) = a, whereAn (t) = 0¢a,x)-

Behaviour of the marked dtsi-boxes follows from the firingerof LDTSIPNs. A plain dtsi-boxV is

n-boundedn € N) if N isso,i.eYM € RS(N), Vp € Py, M(p) < n, and itissafeif it is 1-bounded.
A plain dtsi-boxN is cleanif VM € RS(N), °N C M = M =°NandN° C M = M = N°,i.e.

if there are tokens in all its entry (exit) places then no otilaces have tokens.

The structure of the plain dtsi-box corresponding to astpression is constructed like in PBC Best
and Koutny (1995); Best et al. (2001), i.e. we use simultaseefinement and relabeling meta-operator
(net refinement) in addition to theperator dtsi-boxesorresponding to the algebraic operations of dt-
siPBC and featuring transformational transition relaigsi Operator dtsi-boxes specifyary functions
from plain dtsi-boxes to plain dtsi-boxes (we have n < 3 in dtsiPBC). Thus, as we shall see in Theo-
rem 4.1, the resulting plain dtsi-boxes are safe and cleathe definition of the denotational semantics,
we shall apply standard constructions used for PBC.A.eéenoteoperator boxandu denotetransition
namefrom PBC setting.

The relabeling relations C 2574 x ST are defined as follows:

e 0ia = {({(e,K)}, (a, K)) | (o, k) € STLY} is theidentity relabeling

0(a.r) = {(0, (o, K))} is theconstant relabelingidentified with(c, k) € SZL;
o1 = {({(O" ’i)}v (f(a)v'%)) | (o, k) € SI‘C};
orsa = {{(a,K)}, (a,K)) | (o, k) € STL, a,a & a};

0sy o 1S the least relabeling containing; such thatifl Y, (a, )), (2, (5, A)) € 0sy a; a € v, @ € B,
then

- (YH+E (a®a B,k N) € 0syalf kK, A€ (0;1);
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Fig. 2: The plain and operator dtsi-boxes.

- (T—f—E, (a Da Bahl-&—m)) € Osy a if k= hl, A= hm, l,m € R>O-

The plain dtsi-boxesV(,, ),, N(a,q),,» Wherep € (0;1), I € R0, and operator dtsi-boxes are pre-
sented in Figure 2. The labiebf internal places is usually omitted.

In the case of the iteration, a decision that we must takeeisélection of the operator box that we
shall use for it, since we have two proposals in plain PBCHat purpose Best et al. (2001). One of them
provides us with a safe version with six transitions in therapor box, but there is also a simpler version,
which has only three transitions. In general, in PBC, with [dtter version we may genera&dounded
nets, which only occurs when a parallel behaviour appeahedtighest level of the body of the iteration.
Nevertheless, in our case, and due to the syntacticaleisirintroduced for regular terms, this particular
situation cannot occur, so that the net obtained will be psafe.

To construct a semantic function assigning a plain dtsidoosvery static expression of dtsiPBC, we
define theenumeratiorfunction Enu : T — Nwum, which associates the numberings with transitions
of a plain dtsi-boxV = (P, T, W, A) according to those of activities. For synchronization,ftirection
associates with the resulting new transition the conctitamaf the parenthesized numberings of the
transitions it comes from.

We now define the enumeration functi@mu for every operator of dtsiPBC. L& oz i (E) =
(Pg,Tr, Wg, Ag) be the plain dtsi-box corresponding to a static expresBiamdEnug : Tp — Num
be the enumeration function f@oz 4. (F). We use the similar notation for static expressiéhand K .

o Bowasi((a, k).) = N(a,x),- Since a single transitioh) corresponds to the activityy, ), € SZL,
their numberings coincideEnu(t,) = ¢.

o Boxgisi(F o F) = ©o(Boxasi(F), Boxasi(F)), o € {;,][],||}- Since we do not introduce new
E?’LUE(t), if t € Tg;

transitions, we preserve the initial numberidguu(t) = { Enup(t), ifteT
F\Y), F-

o Bowawsi(E[f]) = Op(Bozaisi(F)). Since we only replace the labels of some multiactions by a
bijection, we preserve the initial numberingnu(t) = Enug(t), t € Tg.
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e Boxgisi(F rs a) = O o(Bozaisi(F)). Since we remove all transitions labeled with multiactions

containinga or a, the remaining transitions numbering is not changédu(t) = Enug(t),
teTE, CL,CAL g a, AE(t) = O(a,k)"

Boxdtsi(E sy CL) = @Sy a(BOIdtsi(E))- Note that\fv, w € Tg, such thaﬂE(’U) = O(a,r)> AE(U)):
2(3,») @anda € «, a € 3, the new transitiort resulting from synchronization of andw has the
label A(t) = o(aw.p.x-1) If t is @ stochastic transition (A € (0;1)); or A(t) = 0(aw.8,5..) If ¢
is an immediate one«(= f;, A =, [, m € Rsg); and the numbering
Enu(t) = (Enug(v))(Enug(w)). Thus, the enumeration function is defined as
EnuE(t), ift € Tg;

Enu(t) = ¢ (Enug(v))(Enug(w)), if t results

from synchronization of andw.

According to the definition ops, ., the synchronization is only possible when all the traosgiin
the set are stochastic or all of them are immediate. If we Isyomize the same set of transitions
in different orders, we obtain several resulting transgiovith the same label and probability or
weight, but with the different numberings having the sametent. Then we only consider a single
transition from the resulting ones in the plain dtsi-boxvoid introducing redundant transitions.

For example, if the transitionsand v are generated by synchronizimgandw in different or-
ders, we have\(t) = 0(aa.8,~n) = A(u) for stochastic transitionss(A € (0;1)) or A(t) =
O(a@aB ) = A(u) for immediate onesH = i, A = b, I,m € Ryg), but Enu(t) =
(Enug(v))(Enug(w)) # (Enug(w))(Enug(v)) = Enu(u) while Cont(Enu(t)) =
Cont(Enu(v)) U Cont(Enu(w)) = Cont(Enu(u)). Then only one transition (or, symmetri-
cally, ) will appear inBoz gssi (E sy a).

Bowgsi([E+ F* K]) = O, ) (Boxqssi(E), Boxqassi(F), Boxassi(K)). Since we do not introduce
Enug(t), ifte Tg;

new transitions, we preserve the initial numberifgiu(t) = < Enup(t), ift e Tr;
EnuK(t), ift € Tk.

We now can formally define the denotational semantics as ahwmphism.

Definition 4.5 Let(a, k) € SIL, a € ActandE, F, K € RegStat Expr. Thedenotational semantics
dtsiPBC is a mappin@ozqtsi from RegStat Expr into the domain of plain dtsi-boxes defined as follows:

1.

(
2. Boxgisi(
3. BOCL‘dtM(E[ ]) @[j](BO!TdtM(E )
4. (
5 (

Boxdtsl ) ) N(a,n)L;

(@,
Eo F) (Boxdtsi(E) Boxdt&( ))7 o€ {a P []’ ||}!
)

Boxdtsl Eo a) Oa(BO‘rdthl(E))7 o€ {FSaSY};

. Bozaisi([E * F' * K]) = O, ,(Borasi (E), Boxqssi(F), Boxqisi (K)).

The dtsi-boxes of dynamic expressions can be defined.EFer RegStat Expr, let Bozgisi(E) =
Bozgisi(F) and Boxgtsi (E) = Bozagsi(E). This definition is compositional in the sense that, for any
arbitrary dynamic expression, we may decompose it in someridynamic and static expressions, for
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which we may apply the definition, thus obtaining the coroegting plain dtsi-boxes, which can be
joined according to the term structure (by definition®dx4.s;), the resulting plain box being marked in
the places that were marked in the argument nets.

Theorem 4.1 For any static expressioR, Boxqsi(F) is safe and clean.

Proof: The structure of the net is obtained as in PBC Best and Kout997); Best et al. (2001), combin-
ing both refinement and relabeling. Hence, the dtsi-boxes dbtained will be safe and clean. O

Let ~ denote isomorphism between transition systems and regithgbaphs that binds their initial
states. The names of transitions of the dtsi-box correspgrtd a static expression could be identified
with the enumerated activities of the latter.

Theorem 4.2 For any static expressioR, T'S(E) ~ RG(Boxqsi(E)).

Proof: As for the qualitative behaviour, we have the same isomsmhas in PBC Best and Koutny
(1995); Best et al. (2001). The quantitative behaviour e&sghme by the following reasons. First, the
activities of an expression have the probability or weigitgcoinciding with the probabilities or weights
of the transitions belonging to the corresponding dtsi-t®econd, we use analogous probability or weight
functions to construct the corresponding transition systand reachability graphs. O

Example 4.1 Let E' be from Example 3.5. In Figure 3, the maLked dtsi-Box= Borqsi(F) and its
reachability graphRG(NV) are presented. It is easy to see th&t(E£) and RG(N) are isomorphic.

5 Performance evaluation

In this section we demonstrate how Markov chains corresipgrd the expressions and dtsi-boxes can
be constructed and then used for performance evaluation.

5.1 Analysis of the underlying SMC

For a dynamic expressio@¥, a discrete random variable is associated with every tdmgitates <
DRy (G). The variable captures a residence time in the state. Onéntempret staying in a state at
the next discrete time moment as a failure and leaving it aseess of some trial series. It is easy to see
that the random variables are geometrically distributeti thie parameter — PM (s, s), since the proba-
bility to stay ins for k— 1 time moments and leave it at the momént 1is PM (s, s)k~1(1—PM(s, s))
(the residence time i%& in this case, and this formula defines the probability masgtfan (PMF)
of residence time ins). Hence, the probability distribution function (PDF) ofsigence time ins is
1 — PM(s,s)* (k > 0) (the probability that the residence time dnis less than or equal th). The
mean value formula for the geometrical distribution allavgsto calculate the average sojourn timein
as#m. Clearly, the average sojourn time in a vanishing stateris.2eets € DR(G).

Theaverage sojourn time in the statds

— 1 ifse DRp(G);
— 1-PM(s,s)’ )
57(s) { 0, if s € DRy(G).

Theaverage sojourn time vectdiJ of G has the elementSJ(s), s € DR(G).
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TS(E) N RG(N)

(_{100000

0.1-p

Fig. 3: The transition system dt, marked dtsi-boXV = Boza:si (E) and its reachability graph fdt = [({a}, p) *
({03,203 ((({e}s ); ({d}, 0)) [ (({e} bm); ({£35 6)))) * Stop].

Thesojourn time variance in the statds

_PM(s,s) .
VAR(s) = { TPuGa I s€DRr(G);
0, if s € DRy(G).

Thesojourn time variance vectoVAR of G has the element84AR(s), s € DR(G).

To evaluate performance of the system specified by a dynafpiession, we should investigate the
stochastic process associated with it. The process is therlying SMC Ross (1996); Kulkarni (2009),
denoted bySMC'(G), which can be analyzed by extracting from it the embeddesbdding) discrete time
Markov chain (EDTMC) corresponding 1@, denoted byEDTMC'(G). The construction of the latter is
analogous to that applied in GSPNs Marsan (1990); Balbol(2B007), DTDSPNs Zimmermann et al.
(2001) and DDSPNs Zijal et al. (19973DTMC(G) only describes the state changesafC'(G) while
ignoring its time characteristics. Thus, to construct tBSEC, we should abstract from all time aspects
of behaviour of the SMC, i.e. from the sojourn time in its egatThe (local) sojourn time in every state
of the EDTMC is equal to one discrete time unit. Each SMC i/fdescribed by the EDTMC and the
state sojourn time distributions (the latter can be spetbigthe vector of PDFs of residence time in the
states) Haverkort (2001).

Let G be a dynamic expression ands € DR(G). The transition syster#'S(G) can have self-loops
from a state to itself with a non-zero probability. Cleathg current state remains unchanged in this case.

Let s — s. Theprobability to stay ins due tok (k > 1) self-loopss PM (s, s)*.

Let s — 5 ands # §. Theprobability to move frons to § by executing any set of activities after
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possible self-loops

~ 00 k_  PM(s,3) H .
PM*(s,5) = | TM5:8) 240 PM(s,8)" = mparteys s =5 U gr o par(s, 5),
PM(s,3), otherwise
1 i .
whereSL(s) = ¢ 1=PM(s:s)? s = >
1, otherwise

Here SL(s) is the self-loops abstraction factor in the state The self-loops abstraction vect@f G,
denoted bySL, has the elementSL(s), s € DR(G). The valuek = 0 in the summation above corre-
sponds to the case when no self-loops occur. Notesthat DRy (G), SL(s) = % = SJ(s),
henceVs € DRr(G), PM*(s,5) = SJ(s)PM(s,5), since we always have the empty loop (the self-

loop) s 2 s from every tangible state. Empty loops are not possible from vanishing states, hence,
Vs € DRy(G), PM*(s,3) = %, when there are non-empty self-loops (produced by itamatio
from s, or PM*(s,s) = PM(s, §), when there are no self-loops from

Notice thatPM*(s, §) defines a probability distribution, siné&s € DR(G), such thats is not a

terminal state, i.e. there are transitions to differentestafter possible self-loops from it, we have
> (5150, ssy PM(5.3) = 1=pargesy 2oqalsms, swsy PM(5,8) = mpray (1 — PM(s, ) = 1.

Definition 5.1 Let G be a dynamic expression. Tkenbedded (absorbing) discrete time Markov chain
(EDTMC) of G, denoted byEDTMC(G), has the state spacBR(G), the initial state[G]~ and the
transitionss —»p §if s — §ands # §, whereP = PM*(s, §).

Theunderlying SMCof G, denoted bySMC(G), has the EDTMGEDTMC(G) and the sojourn time
in everys € DRt (G) is geometrically distributed with the parameter- PM (s, s) while the sojourn
time in everys € DRy (G) is zero.

Let G be a dynamic expression. The elemeRfs (1 < 4,5 < n = |[DR(G))|) of the (one-step) transi-
. o . . « | PM*(s;s,s5), ifsi—sj, s #sj;
tion probability matrix (TPM)P* for EDTMC(G) areP;; = 0, otherwise

The transientk-step,k € N) PMFy*[k] = (¢*[k](s1), . - ., ¥*[k](sn)) for EDTMC(G) is calculated as
U [k] = ¢ [0)(P*)*,

wherey*[0] = (¢*[0](s1), - - ., ¥*[0](sx)) is the initial PMF defined a@*[O](si)_{ (1)’ i(ttl’sliGEVi[SGe]z;

Note also that)* [k + 1] = v*[k]P* (k € N).

The steady-state PM&* = (¢¥*(s1),...,9¥*(s,)) for EDTMC(G) is a solution of the equation system

P*P*-1)=0
ﬂJ*lT:l ’

wherel is the identity matrix of orden and0 (1) is a row vector of, values0 (1).

Note that the vectop™* exists and is unique IED TMC (G) is ergodic. TherEDTMC(G) has a single
steady state, and we hayé = limy,_, o, ¢¥*[k].

The steady-state PMF for the underlying semi-Markov ct$ifC' (&) is calculated via multiplication
of everyy*(s;) (1 < i < n) by the average sojourn tim#/ (s, ) in the states;, after which we normalize
the resulting values. Remember that for a vanishing stateD Ry (G) we haveSJ(s) = 0.
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Thus, the steady-state PMF= (p(s1), ..., ¢(s,)) for SMC(G) is

V(s:)SI(si) it g e DR(G);
o(s:) = Z i)SJ(s5)
0. if s, € DRv(G).

Thus, to calculate, we apply abstraction from self-loops to get and thery*, followed by weighting
by SJ and normalization. EDTMC(G) has no self-loops, unlik&éMC(G), hence, the behaviour of
EDTMC (G) stabilizes quicker than that 80/C (G) (if each of them has a single steady state), sifte
has only zero elements at the main diagonal.

Example 5.1 Let E be from Example 3.5. In Figure 4, the underlying SM@C (E) is presented. The
average sojourn times in the states of the underlying SMCnaitten next to them in bold font. The

average sojourn time vector & is SJ = (% %0, 5, é)

The sojourn time variance vector afis VAR = ( £,

P X2 bl 02 9 ¢2

01 0 0 0

0 0 1 0 0
The TPM forEDTMC(E)isP* = | 0 0 0 phbo 2

01 0 0 0

01 0 0 0
The steady-state PMF fdtDTMC (E) is * = (O, 1.5 3(lim), 3(le))-
The steady-state PME* weighted byS.J is (0, 50+ 0, —39(ll+m), 734)(;17”)).

It remains to normalize the steady-state weighted PMFddig it by the sum of its components

o 7T _ 0o(I+m)+x(dl+8m)
PSS = x0o(ltm)

The steady-state PMF f&iMC(E) is ¢ = 0¢(l+m)+1x(¢>l+9m) (0,09(L +m), 0, xol, xOm).

Let G be a dynamic expression ards € DR(G), S,5 C DR(G). The following standarger-
formance indices (measuresdn be calculated based on the steady-state PNst SMC(G) and the
average sojourn time vectSt/ of G Mudge and Al-Sadoun (1985); Katoen (1996).

e Theaverage recurrence (return) time in the states ﬁ.

Thefraction of residence time in the statés ¢(s).

Thefraction of residence time in the set of stafesr theprobability of the event determined by a
condition that is true for all states fromiis ) ¢ ¢(s).

e Therelative fraction of residence time in the set of sta$es.r.t. thatinS is %.
se
()
® gj](s)'

e Thesteady-state probability to perform a step with a set ofvdli#is= is
Ysenr(e) P(8) Xrizcry PT(T, 5).
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e Theprobability of the event determined by a reward functiam the states > .,z ©(s)7(s),
whereVs € DR(G), 0 <r(s) < 1.

Let N = (Pn,Tn,Wn,Qn, LN, My) be a LDTSIPN andV/, M e Nﬁr’j. Then the average sojourn
time SJ (M), the sojourn time varianc€A R(M), the probabilities? M * (M, M), the transition relation
M —»p M, the EDTMCEDTMC(N), the underlying SMCSMC(N) and the steady-state PMF for it
are defined like the corresponding notions for dynamic esgioms. Since every marked plain dtsi-box
could be interpreted as the LDTSIPN, we can evaluate peenomwith the LDTSIPNs corresponding to
dtsi-boxes and then transfer the results to the latter.

Let ~ denote isomorphism between SMCs that binds their inita&test where two SMCs are isomor-
phic if their EDTMCs are so and the sojourn times in the isquhar states are identically distributed.

Proposition 5.1 For any static expressioft, SMC(E) ~ SMC(Bozasi(E)).

Proof: By Theorem 4.2, definitions of underlying SMCs for dynamipesssions and LDTSIPNs, and
by the following. First, for the associated SMCs, the aversmjourn time in the states is the same, since
it is defined via the analogous probability functions. Sekdhe transition probabilities of the associated
SMCs are the sums of those belonging to transition systemesaghability graphs. ]

Example 5.2 Let E be from Example 3.5. In Figure 4, the underlying SM®@/C(N) is presented.
Clearly, SMC(E) and SMC(N) are isomorphic.

5.2 Analysis of the DTMC

Let us consider an alternative solution method, studyirgDAMCs of expressions based on the state
change probabilitie® M (s, 3).

Definition 5.2 Let G be a dynamic expression. THescrete time Markov chain (DTMQ)f GG, denoted
by DTMC(G), has the state spacBR(G), the initial state[G]~ and the transitions —» §, where
P = PM(s,5).

One can see th@&DTMC(G) is constructed fronD TMC(G) as follows. For each state &fTMC(G),
we remove a possible self-loop associated with it and themalize the probabilities of the remaining
transitions from the state. ThuBDTMC(G) and DTMC(G) differ only by existence of self-loops and
magnitudes of the probabilities of the remaining transgioHence EDTMC (G) and DTMC(G) have
the same communication classes of statesiaB @M/ C (G) is irreducible iff DTMC(G) is so. Since both
EDTMC(G) andDTMC(G) are finite, they are positive recurrent. Thus, in case oflirodility, each
of them has a single stationary PMF. Note t# TMC (G) and/orDTMC(G) may be periodic, thus
having a unique stationary distribution, but no steadyestiimiting) one. For example, it may happen
that EDTMC(G) is periodic whileDTMC (G) is aperiodic due to self-loops associated with some states
of the latter. The states #MC(G) are classified usinggDTMC(G), hence,SMC(G) is irreducible
(positive recurrent, aperiodic) iEDTMC(G) is so.

Let G be a dynamic expression. The elemeRts (1 < i,j < n = |[DR(G)|) of (one-step) transition

probability matrix (TPM)P for DTMC(G) are defined a®;; = { OPM(S“ 53); gti}ie;vizg
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The steady-state PM§ for DTMC(G) is defined like the corresponding notigri for EDTMC(G).
Let us determine a relationship between steady-state PBE3TMC(G) and EDTMC(G). The theo-
rem below proposes the required equation.

Let us introduce a helpful notation. For a vectot (vy, ..., v,), let Diag(v) be a diagonal matrix of
Vi, if i = j;

ordern with the elementDiag;; (v) (1 < i,j < n) defined adiag;;(v) = { 0. otherwise

Theorem 5.1 LetG be a dynamic expression ad be its self-loops abstraction vector. Then the steady-
state PMFs) for DTMC/(G) andy* for EDTMC(G) are related as followsYs € DR(G),

U()SUs)
S v (8)SLG)

5€DR(G)

¥(s) =

Proof: Let PSL be a vector with the elemenfaSL(s) = { PM(s,s), if s > 5

0, otherwise
PM*(s,3), we haveP* = Diag(SL)(P — Diag(PSL)). Furthery*(P* —I) = 0 andy*P* = *.
After replacement oP* by Diag(SL)(P — Diag(PSL)) we obtain*Diag(SL)(P — Diag(PSL)) =
¢* andy*Diag(SL)P = ¢*(Diag(SL)Diag(PSL) + I). Note thatvs € DR(G), we have

SL(S)PM(S,S)‘Fl:%‘i-l:WM, Ifs—>,.s; — SI(s).
SL(s)-0+1=1, otherwise
Hence,Diag(SL)Diag(PSL) + I = Diag(SL). Thus,¢*Diag(SL)P = ¢*Diag(SL). Then, for
v = Y*Diag(SL), we havevP = v andv(P — I) = 0. In order to calculate) on the basis ob,
we must normalize it, dividing its elements by their sumcsinve should have1™ = 1 as a result:

Y = rv = Ww*Diag(SL). Thus, the elements af are calculated as followsys €

By definition of

SL(s)PSL(s) + 1 =

_ " (5)SL(s) : - , Y(P-I)=0
DR(G), ¥(s) =  D— G IO Theny is a solution of the equation syst P17 = 1 ,
hence, it is the steady-state PMF T’V C(G). O

The next proposition relates the steady-state PMF§36€ (G) andDTMC(G).

Proposition 5.2 Let G be a dynamic expressiop, be the steady-state PMF f&ftMC(G) andy be the
steady-state PMF foDTMC(G). ThenVs € DR(G),

W) itse DRe(G):
A D DR 1

5€eDRr(G)

0, if s € DRy (G).

Proof: Lets € DR1(G). Rememberthats € DRy (G), SL(s) = SJ(s) and¥s € DRy (G), SJ(s) =

»* (3)SL(s)
1 Y(s) _ YsepR(G) VT SLE _ ¥*(s)SL(s) .
0. Then, by Theorem S'TgepRT(c)w@) - TS SrepniG, ¥ (5L
5€DRT(G) \ Tsepr(a) ¥* (HSLE)

Lsepnr) ¥ (5)SLE) 4" (s)SL(s) _ ¥ (5)SJ (s) _ ¥ (s)SJ(s) —p(s). O
EéeDRT(G) *(3)SL(3) ZseDRT(G)w*(g)SL(g) EéeDRT(G)w*(g)S‘](g) > sepr(c) ¥ (8)SI(3) LS
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DTMC (E)

1—6

Fig. 4: The underlying SMCs o andN = Bozasi(E) and DTMC of E for E = [({al];d)p) * ({0}, %);
(({e}, 10); ({d}, 0)[(({e}, m); ({1 ¢)))) * Stop).

Thus, to calculater, one can only apply normalization to some elements ¢€orresponding to the
tangible states), instead of abstracting from self-loopget P* and theny*, followed by weighting by
SJ and normalization. Hence, usidgTMC (G) instead of EDTMC (G) allows one to avoid multistage
analysis, but the payment for it is more time-consuming micakand more complex analytical calcu-
lation of ¢ w.r.t. ¢*. The reason is thaDbTMC(G) has self-loops, unlike#?DTMC (G), hence, the
behaviour of DTMC(G) stabilizes slower than that #DTMC(G) (if each of them has a single steady
state) and is denser matrix thaR*, sinceP may additionally have non-zero elements at the main diag-
onal. Nevertheless, Proposition 5.2 is very importantesihe relationship betweenandy it discovers
will be used in Section 8 to prove preservation of the statigitbehaviour by a stochastic equivalence.

Example 5.3 Let E be from Example 3.5. In Figure 4, the DTMEI'MC(E) is presented.

1-p p 0 0 0
0 1-x x 0 0

The TPM forDTMC(E) is P = 0 0 0 = &=
0 6 0 1-6 0

0 6 0 0 1-¢
The steady-state PMF f{@ TMC(E) is ¢ = goaroyaraymarramy (000 (1+m) x0(1+m) xol,x0m).
SinceDRr(E) = {s1, 52, 84,55} and DRy (E) = {s3}, we have
S senra(@ V(E) = $s1) +v(s2) + P(s2) + Y(55) = g oty - BY Proposition 5.2,

— 0. 220+ I+m)+x($l+6m)
wls1) = 0 =gt mrrertom = 0
o(s2) = 6 (14+m) 801X (IHm) +x(pl+0m) 6 (14+m)
061 x) (+m)+x(lFom) 0@ (I+m) T x(pl+0m) 96T m) T x (ol 0m)’

90(83) =0,

(s4) = x¢! L 080 Hx) (I+m)+x(Sl+0m) x¢l
PLse 0(1+x) (I+m)+x(Pl+0m) 06(l+m)+x(dl+0m) 0(+m)+x(pl+0m)’

(s5) = x0m 000+ (I+m)+x(dl40m) _ xbm
PI85) = GalT 0 Utm) Fx(@10m) 0G(I+m) T x(pl+0m) 06+ m) X (GI+0m) "

Thus, the steady-state PMF f6/C (E) is ¢ = 0¢(l+m)+1x(¢>l+9m) (0,09(L + m),0, x¢l, xfm). This
coincides with the result obtained in Example 5.1 with theafs)* and SJ.
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6 Stochastic equivalences

Consider the expressios = ({a}, %) andE’ = ({a}, 3)1[]({a}, §)2, for which E # E’, since
T'S(E) has only one transition from the initial to the final statettwprobability 1) while TS(E’) has
two such ones (with probabilitie§). On the other hand, all the mentioned transitions are ¢éabbly
activities with the same multiaction pdit}. Next, the overall probabilities of the mentioned tramsit

of TS(E) andT'S(E’) coincide:§ = 1 + 1. Further,T'S(E) (as well asI'S(E’)) has one empty loop
transition from the initial state to itself with probab}li% and one empty loop transition from the final
state to itself with probability. The empty loop transitions are labeled by the empty settofiges. For
calculating the transition probabilities 815 (E"), takep = x = % in Example 3.4. Then you will see that
the probability parts; and: of the activities({a}, 3)1 and({a}, %) are “splitted” among probabilities
andi of the corresponding transitions and the probabgityf the empty loop transition. Unlike s, most

of the probabilistic and stochastic equivalences propostte literature do not differentiate between the
processes such as those specifie®tandE’. In Figure 5(a), the marked dtsi-boxes corresponding to the
dynamic expressions andE’ are presented, i.8V = Boxgsi(F) andN’ = Boxgssi(E’).

Since the semantic equivaleneg, is too discriminating in many cases, we need weaker equiceale
notions. These equivalences should possess the folloveiogssary properties. First, any two equivalent
processes must have the same sequences of multisets adatiatts, which are the multiaction parts of
the activities executed in steps starting from the inittates of the processes. Second, for every such
sequence, its execution probabilities within both proesssust coincide. Third, the desired equivalence
should preserve the branching structure of computatiomsthe points of choice of an external observer
between several extensions of a particular computationldhze taken into account. In this section, we
define one such notion: step stochastic bisimulation etprica.

6.1 Step stochastic bisimulation equivalence

Bisimulation equivalences respect the particular poihtshoice in the behaviour of a system. To define
stochastic bisimulation equivalences, we consider a hiition as arequivalenceelation that partitions
the states of thenionof the transition systeni85(G) andT'S(G’) of two dynamic expressions and

G’ to be compared. FaF andG’ to be bisimulation equivalent, the initial stat€s]~. and[G’]~ of their
transition systems should be related by a bisimulationritpthie following transfer property: if two states
are related then in each of them the same multisets of mtittresccan occur, leading with the identical
overall probability from each of the two statesth® same equivalence clafs every such multiset.

Thus, we follow the approaches of Jou and Smolka (1990);draesd Skou (1991); Hermanns and
Rettelbach (1994); Hillston (1996); Bernardo and Gorr{@f98); Bernardo (2007, 2015), but we im-
plement step semantics instead of interleaving one coreside these papers. We use the generative
probabilistic transition systems, like in Jou and Smolk&9(), in contrast to the reactive model, treated
in Larsen and Skou (1991), and we take transition probasilinstead of transition rates from Hermanns
and Rettelbach (1994); Hillston (1996); Bernardo and @oir(iL998); Bernardo (2007, 2015). Hence,
step stochastic bisimulation equivalence that define éurith (in a probability sense) comparable only
with interleaving probabilistic bisimulation one from Jand Smolka (1990), and our equivalence is ob-
viously stronger.

In the definition below, we conside?(Y) € Ni for T € N84 je. (possibly empty) multisets of
multiactions. The multiactions can be empty as well. In taise £(T) contains the elemenfs but it is
not empty itself.
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Let G be a dynamic expression afiti C DR(G). For anys € DR(G) andA € NE , we write

s ip H, whereP = PM4(s,H) is theoverall probability to move from into the set of state®l via
steps with the multiaction part defined as

PMy(s,H) = > PT(Y,s).

{T|35eH, s55, £L(T)=A}

We writes 2 % if IP, s ip ‘H. Further, we writes —p H if A, s 4 H, whereP = PM (s, H)
is theoverall probability to move from into the set of state via any stepslefined as

PM(s,H) = > PT(Y,s).
{r|35eH, s 55}

To introduce a stochastic bisimulation between dynamicesgionss andG’, we should consider the
“composite” set of stateB R(G) U DR(G"), since we have to identify the probabilities to come from any
two equivalent states into the same “composite” equivaetess (w.r.t. the stochastic bisimulation). For
G # G, transitions starting from the states BR(G) (or DR(G")) always lead to those from the same

set, sinceDR(G) N DR(G’) = 0, allowing us to “mix” the sets of states in the definition ofchastic
bisimulation.

Definition 6.1 LetG andG’ be dynamic expressions. AguivalenceelationR C (DR(G)UDR(G"))?
is astep stochastic bisimulatidretweerG andG’, denoted byR : G+ G/, if:

1. ([Glx, [G']) € R.

2. (s1,50) €R = VH € (DR(G) UDR(G"))/r, VAENE, | s1 BpH & 53 5p H.
Two dynamic expressiorn$ and G’ are step stochastic bisimulation equivaledenoted byG« _G’, if
IR : Ge G

The following proposition states that every step stochdssimulation binds tangible states only with
tangible ones and the same is valid for vanishing states.

Proposition 6.1 LetG andG’ be dynamic expressions afd: G« G’. Then

R C (DRr(G) U DR (G"))* & (DRy(G) U DRy (G"))*.

Proof: By definition of transition systems of expressions, for gv@ngible state, there is an empty

loop from it, and no empty loop transitions are possible freamishing states. FurtheR preserves

empty loops. To verify this, first takd = 0 in its definition to getv(s1,s2) € R, VH € (DR(G) U

DR(G/))/R, S1 gp H &

89 gp ‘H, and then observe that the empty loop transition from a fatés only to the same state. O
Let Rs(G,G') = U{R | R : G, G’} be theunion of all step stochastic bisimulatiobgtween

G andG'. The following proposition proves th&.(G, G’) is also anequivalenceand R« (G, G’) :
Ge G
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Proposition 6.2 LetG andG’ be dynamic expressions at>_ G’. ThenR (G, G') is the largest step
stochastic bisimulation betweéhandG’.

Proof: See Appendix A.1. O

In Baier (1996), an algorithm for strong probabilistic isilation on labeled probabilistic transition
systems (a reformulation of probabilistic automata) wappsed with time complexit® (n2m), wheren
is the number of states amd is the number of transitions. In Baier et al. (2000), a decisilgorithm for
strong probabilistic bisimulation on generative labeledbabilistic transition systems was constructed
with time complexityO(m log n) and space complexi®(m + n). In Cattani and Segala (2002), a poly-
nomial algorithm for strong probabilistic bisimulation probabilistic automata was presented. The men-
tioned algorithms for interleaving probabilistic bisiratibn equivalence can be adapted4e, using the
method from Jategaonkar and Meyer (1996), applied to gedéhilability results for step bisimulation
equivalence. The method respects that transition systenmserleaving and step semantics differ only
by availability of the additional transitions correspamgiito parallel execution of activities in the latter
(which is our case).

6.2 Interrelations of the stochastic equivalences
We now compare the discrimination power of the stochastinvedgnces.

Theorem 6.1 For dynamic expressions, G’ the nexistrictimplications hold:

GrG = G=G = G G

Proof: Let us check the validity of the implications.

e The implication=s= <+, is proved as follows. Lep : G =i G'. Then itis easy to see that
R : G, G, whereR = {(s,8(s)) | s € DR(G)}.

e The implication~=-=, is valid, since the transition system of a dynamic formuldgfned based
on its structural equivalence class.

Let us see that that the implications are strict, by the ¥aithg counterexamples.

(@) LetE = ({a}, 1) andE’ = ({a}, $)1[]({a}, 1)2. ThenEw F’, butE # E’, sinceT'S(E) has
only one transition from the initial to the final state while&f(£’) has two such ones.

(b) LetE = ({a}, 3); ({a}, 3) andE’ = (({a}, 3); ({a}, 3)) sy a. ThenE = E’, butE # E’, since
E andFE’ cannot be reached from each other by inaction rules.
O

Example 6.1 In Figure 5, the marked dtsi-boxes corresponding to the dyin@xpressions from examples
of Theorem 6.1 are presented, i/.= Boxqsi(E) and N’ = Boxa.si (E') for each picture (a)—(b).
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Fig. 5: Dtsi-boxes of the dynamic expressions from equivalencengies of Theorem 6.1.

({a},3)

7 Reduction modulo equivalences

The proposed equivalences can be used to reduce transistams and SMCs of expressions (reachabil-
ity graphs and SMCs of dtsi-boxes). Reductions of grapledasodels, like transition systems, reach-
ability graphs and SMCs, result in those with less states ditaph nodes). The goal of the reduction
is to decrease the number of states in the semantic repagisenf the modeled system while preserv-
ing its important qualitative and quantitative propertidus, the reduction allows one to simplify the

behavioural and performance analysis of systems.

An autobisimulationis a bisimulation between an expression and itself. For aohya expressioldr
and a step stochastic autobisimulation oRit G« G, letK € DR(G)/r andsi,s2 € K. We have
= DR(G)/wr, VA € N | 81 é)p K < sy é)p K. The previous equality is valid for adl, s> € K,
hence, we can rewrite |t ds 35 K, whereP = PMA(IC K) = PMa(s1,K) = PMa(s2,K). We
write K —> K if 3P, K —>p IC andK — K if 34, K A IC The similar arguments allow us to write
K —p K, whereP = PM(K, K) = PM(sl,IC) PM(SQ,IC)

By Proposition 6.1R C (DRt(G))?* & (DRy(G))?. HenceVK € DR(G)/x, all states froniC are
tangible if € DR+(G)/x, or vanishing ifilC € DRy (G)/r.

Theaverage sojourn time in the equivalence class (WR).of statesC is
if e DRT(G)/R,
if € DRv(G)/x.

Theaverage sojourn time vector for the equivalence classes.(R) of statesSJz of G has the elements

SJR(IC), K e DR(G)/R
Thesojourn time variance in the equivalence class (WR}.of statesC is

PM(K,K . '
VARR(K) = PR if K € DR1(G)/r;
if K € DRv(G)/x.

)

)

1
SIR(K) = { PR

The sojourn time variance vector for the equivalence classest(WR) of statesVARzr of G has the
elementsVARR (K), K € DR(G)/x.

Let R:(G) = U{R | R : GG} be theunion of all step stochastic autobisimulatioms G. By
Proposition 6.2R(G) is the largest step stochastic autobisimulatiorconBased on the equivalence
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classes w.r.t.Rs(G), the quotient (by~_,) transition systems and the quotient (by,.) underlying
SMCs of expressions can be defined. The mentioned equieatdseses become the quotient states. The
average sojourn time in a quotient state is that in the cpomgding equivalence class. Every quotient
transition between two such composite states represdrgtepk (having the same multiaction part in
case of the transition system quotient) from the first staté¢ second one.

Definition 7.1 Let G be a dynamic expression. Theotient (by«.) (labeled probabilistic) transition
systemof G is a quadruplel’S,, (G) = (S, Lo, Tes s 8 ), Where

* So, =DR(G)/r.(c);

® Lﬁss = Ngn X (O’ 1]'
e Too. = {(K, (4, PMA(K,K)),K) | K,K € DR(G)/r..cc)» K3 K};

¢ 5o = [[Glx]r.(c)

—Lss

The transition(iC, (4, P), K) € Te,__ will be written asiC 25 K.

Example 7.1 Let I’ be an abstraction of the static expressibrirom Example 3.5, with = ¢, d = f,

0 = ¢ ie. F = [({a},p) = ({0}, x): (e}, ) ({d}, 0))[[(({c}, im); ({d}, 6)))) * Stop]. Then

DR(F) = {s1,52,53,54,55} is obtained fromDR(E) via substitution of the symbols f, ¢ by

¢, d, 6, respectively, in the specifications of the corresponditages from the latter set. We have
DRT(F) = {81, S9, 84, 85} andDRV(F) = {83} Further,DR(F)/Rss(f) = {Kl, ICQ, IC3, IC4}, where
K1 = {81}, Ko = {SQ}, ’Cg = {83}, K4 = {54,85}. We also haV@RT(F)/RSS(F) = {Kl,’CQ,IC4}
and DRy (F)/RSS(F) = {Ks}. In Figure 6, the quotient transition systefit., (F') is presented.

Thequotient (by,) average sojourn time vectof G is defined a$/ ., = SJx,, (@) Thequotient
(by 24) sojourn time variance vectaf G is defined aVAR., = VARz_ (q)-

Let X — K andK # K. Theprobability to move fronkC to K by executing any set of activities after
possible self-loopis

PM(K,K) Y52, PM(K,K)k = % if I — K;

PM*(K,K) = = _
PM (K, K), otherwise

The valuek = 0 in the summation above corresponds to the case with noagtll Note that/k <

DRr(G)/r..(q), PM*(K,K) = SJ_(K)PM(K,K), since we always have the empty loop (self-

loop) K % K from every equivalence class of tangible states Empty loops are not possible from

equivalence classes of vanishing states, hevikec DRv(G)/x..(a); PM*(IC,IE) = %,

when there are non-empty self-loops (produced by iterafiamm /C, or PM*(IC,IE) = PM(IC,IE),

when there are no self-loops frofh

Definition 7.2 LetG be a dynamic expression. Thaotient (by«..) EDTMC of G, denoted by

EDTMC,_(G), has the state spad@R(G)/ .. (), the initial state[[G]~] .. ) and the transitions

K —p Kif K — KandK # K, whereP = PM*(K,K). Thequotient (by<..) underlying SMC
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of G, denoted bySMC', (G), has the EDTMCEDTMC.,_(G) and the sojourn time in everl €
DRr(G)/r.. () is geometrically distributed with the parameter— PM (K, K) while that in every
K € DRv(G)/r..(c) is zero.

The steady-state PMRs;, for EDTMC ., (G)andye, for SMC, (G) are defined like the cor-
responding notiong* for EDTMC(G) andyp for SMC(G).

Example 7.2 Let F' be from Example 7.1. In Figure 6, the quotient underlying SMZC', _ (F) is
presented.

The quotients of both transition systems and underlying S&I@ their minimal reductions modulo step
stochastic bisimulations. The quotients simplify anaysfi system properties, preserved by, since
less states should be examined for it. Such reduction meédsanbles that from Autant and Schnoebelen
(1992), based on place bisimulation equivalence for PNstheuformer method merges states, while the
latter one merges places.

Moreover, there exist algorithms to construct the quosientransition systems by an equivalence (like
bisimulation one) Paige and Tarjan (1987) and those of (glis@mr continuous time) Markov chains by
ordinary lumping Derisavi et al. (2003). These algorithraséntime complexityO(m logn) and space
complexityO(m + n), wheren is the number of states amad is the number of transitions. As mentioned
in Wimmer et al. (2010), the algorithm from Derisavi et alO(8) can be easily adjusted to produce
quotients of labeled probabilistic transition systems Iy probabilistic bisimulation equivalence. In
Wimmer et al. (2010), the symbolic partition refinement aidpon on the state space of CTMCs was
proposed. The algorithm can be applied to DTMCs and labeleldabilistic transition systems. Such a
symbolic lumping is memory efficient due to compact représi@n of the state space partition. It is time
efficient, since fast algorithm of the partition represéintaand refinement is applied. In Eisentraut et al.
(2013), a polynomial-time algorithm for minimizing behaur of probabilistic automata by probabilistic
bisimulation equivalence was outlined that results in theonical quotient structures. One could adapt
the above algorithms for our framework. _

Let us define quotient (by»..) DTMCs of expressions based on probabilitied/ (I, K).

Definition 7.3 LetG be a dynamic expression. Thaotient (by«..) DTMC of G, denoted by
DTMC,_(G), has the state spacBR(G)/x.. (), the initial state[[G]x]x..(c) and the transitions

K —p K, whereP = PM(K,K).
The steady-state PMF., for DTMC ., (G) is defined like the corresponding notigrfor DTMC(G).
Example 7.3 Let I be from Example 7.1. In Figure 6, the quotient DTMII'MC ., __ (F) is presented.

Clearly, the relationships between the steady-state PMFEs andv;, , as well asp,, andv.,_,
are the same as those between their “non-quotient” vergichiseorem 5.1 and Proposition 5.2.

The detailed illustrative quotient example will be presehin Section 9.

In Buchholz (1994b), it is proved that irreducibility is gegved by aggregation w.r.t. any partition
(or equivalence relation) on the states of finite DTMCs (®ythre also positive recurrent). Aggregation
decreases the number of states, hence, the aggregated Dangl@tso finite and positive recurrence is
preserved by every aggregation. It is known Ross (1996 )k&mi (2009) that irreducible and positive
recurrent DTMCs have a single stationary PMF. Note that tigéral and/or aggregated DTMCs may be
periodic, thus having a unique stationary distributiort, i steady-state (limiting) one. For example, it
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Fig. 6: The quotient transition system, quotient underlying SM@ auotient DTMC ofF for F' = [({a}, p) *
({6}, x); (e}, b); (), 0))[(({e}, bm); ({3, 6)))) * Stop).

may happen that the original DTMC is aperiodic while the agated DTMC is periodic due to merging
some states of the former. Thus, both finite irreducible DBV their arbitrary aggregates have a
single stationary PMF. It is also shown in Buchholz (1994} for every DTMC aggregated by ordinary
lumpability, the stationary probability of each aggregsitee is a sum of the stationary probabilities of all
its constituent states from the original DTMC. The inforiaatabout individual stationary probabilities
of the original DTMC is lost after such a summation, but in meases, the stationary probabilities of the
aggregated DTMC are enough to calculate performance mesasfithe high-level model, from which
the original DTMC is extracted. As mentioned in Buchholz44B), in some applications, the aggregated
DTMC can be extracted directly from the high-level model.ushthe aggregation techniques based on
lumping are of practical importance, since they allow onethice the state space of the modeled systems,
hence, the computational costs for evaluating their peréorce.

Let G be a dynamic expression. By definition@f, the relatioriR(G) onT'S(G) induces ordinary
lumping onSMC(G), i.e. if the states of'S(G) are related byR(G) then the same states #/C(G)
are related by ordinary lumping. The quotient (maximal aggte) of SMC(G) by such an induced
ordinary lumping isSMC, (G). Since we consider only finite SMCs, irreducibility S8/C(G) will
imply irreducibility of SMCQSS (@) and they are positive recurrent. Then a unique quotieribseaty
PMF of SMC., (G) can be calculated from a unique original stationary PME®IC (G) by summing
some elements of the latter, as described in Buchholz ()9%imilar arguments demonstrate that the
same holds foDTMC(G) andDTMC,_(G).

8 Stationary behaviour

Let us examine how the proposed equivalences can be usedfmace the behaviour of stochastic pro-
cesses in their steady states. We shall consider only faisraglecifying stochastic processes with infinite
behaviour, i.e. expressions with the iteration operatoteNhat the iteration operator does not guarantee
infiniteness of behaviour, since there can exist a deadloldcKing) within the body (the second argu-
ment) of iteration when the corresponding subprocess doeeach its final state by some reasons. In
particular, if the body of iteration contains tBeop expression then the iteration will be “broken”. On the
other hand, the iteration body can be left after a finite nunolbeepeated executions and perform the it-
eration termination. To avoid executing activities afte iteration body, we tak&top as the termination
argument of iteration.
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Like in the framework of SMCs, in LDTSIPNs the most commontsyss for performance analysis
areergodic(irreducible, positive recurrent and aperiodic) ones. érgodic LDTSIPNS, the steady-state
marking probabilities exist and can be determined. In Mol@981, 1985), the following sufficient
(but not necessary) conditions for ergodicity of DTSPNs steged: liveness(for each transition and
any reachable marking there exists a sequence of markiogsifieading to the marking enabling that
transition),boundednesfor any reachable marking the number of tokens in everyeplaqot greater
than some fixed number) amibndeterminisnithe transition probabilities are strictly less thgn

Consider dtsi-box of a dynamic expressi@n= [E * F' x Stop] specifying a process, which we assume
has no deadlocks while performirg If, starting in[[E * F' = Stop]]~ and ending if{[E * F * Stop]]~,
only tangible states are passed through, then the thredieityaonditions are satisfied: the subnet cor-
responding to the looping of the iteration bo#yis live, safe {-bounded) and nondeterministic (since all
markings of the subnet are tangible and non-terminal, thatilities of transitions from them are strictly
less tharl). Hence, according to Molloy (1981, 1985), for the dtsi-bitscunderlying SMC, restricted to
the markings of the mentioned subnet, is ergodic. The isphism between SMCs of expressions and
those of the corresponding dtsi-boxes, which is stated bpd&ition 5.1, guarantees th&f/ C(G) is
ergodic, if restricted to the states betwédh = F  Stop]]~ and[[E * F  Stop]]~.

The ergodicity conditions above are not necessary, i.eethgist dynamic expressions with vanish-
ing states traversed while executing their iteration bedgeich that the properly restricted underlying
SMCs are nevertheless ergodic, as Example 5.1 demonsttategtver, it has been shown in Bause and
Kritzinger (2002) that even live, safe and nondetermiaBff SPNs (as well as live and safe CTSPNs and
GSPNSs) may be non-ergodic.

In this section, we consider only the process expressiatts that their underlying SMCs contain ex-
actly one closed communication class of states, and thss slaould also be ergodic to ensure uniqueness
of the stationary distribution, which is also the limitingea The states not belonging to that class do not
disturb the uniqueness, since the closed communicatiss iEdaingle, hence, they all are transient. Then,
for each transient state, the steady-state probabilityetmbit is zero while the steady-state probability
to enter into the ergodic class starting from that state imktp one. A communication class of states is
their equivalence class w.r.t. communication relatiog, a maximal subset of communicating states. A
communication class of states is closed if only the statEséng to it are accessible from every its state.

8.1 Steady state, residence time and equivalences

The following proposition demonstrates that, for two dyi@expressions related by, the steady-state
probabilities to enter into an equivalence class coinaidéhe mean recurrence time for an equivalence
class is the same for both expressions.

Proposition 8.1 Let G, G’ be dynamic expressions wilk : G+, G’, ¢ be the steady-state PMF for
SMC(G) andy¢’ be the steady-state PMF fétM/C(G’). ThenvH € (DR(G) U DR(G"))/®.

Yoooels = > dE),

s€HNDR(G) s'€HNDR(G)

Proof: See Appendix A.2. |
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Let G be a dynamic expressiop,be the steady-state PMF f6/C(G) andy,, _ be the steady-state
PMF for SMC., (G). By Proposition 8.1, we havéC € DR(G)/r.. (), ¥ (K) = > cxc o(s).
Hence, usingSMC.,_(G) instead ofSMC(G) simplifies the analytical solution, since we have less
states, but constructing the TPM f&DTMC, (G), denoted bij;SS, also requires some efforts,
including determiningRss(G) and calculating the probabilities to move from one equivedeclass to
other. The behaviour cEDTMC ., (G) stabilizes quicker than that adiDTMC(G) (if each of them
has a single steady state), sirieg, is denser matrix thal* (the TPM for EDTMC(G)) due to the
fact that the former matrix is smaller and the transitiontsveen the equivalence classes “include” all the
transitions between the states belonging to these eqonoaldasses.

By Proposition 8.1, preserves the quantitative properties of the stationamaWieur (the level of
SMCs). We now demonstrate that the qualitative propertset on the multiaction labels are preserved
as well (the transition systems level).

Definition 8.1 Aderived step tracef a dynamic expressia@ is a chain = A; - -- A,, € (N5,)*, where

ds € DR(QG), s 4 $1 Lo L sn, L(T;) = A; (1 < i < n). Then theprobability to execute the
derived step trac® in s is

PT(S,s) = > ﬁ PT (Y, si-1).

(T Cnls=so b1 2. 06, £(T)=A, (1<i<n)} ™}

The following theorem demonstrates that, for two dynamjiregsions related by, the steady-state
probabilities to enter into an equivalence class and steriaed step trace from it coincide.

Theorem 8.1 Let G, G’ be dynamic expressions wilR : G+ G, ¢ be the steady-state PMF for
SMC(G), ¢ be the steady-state PMF f&tMC(G’) and X be a derived step trace ¢f andG’. Then
VH € (DR(G)UDR(G"))/w,

Y es)PT(S,s)= Y. (PT(S,S).

SEHNDR(G) s’€HNDR(G")

Proof: See Appendix A.3. |

Let G be a dynamic expressiop be the steady-state PMF f80/C (G), ¢, be the steady-state PMF
for SMC,_(G) andX be a derived step trace 6f. By Theorem 8.1, we havek ¢ DR(G)/r..(c)s
Yo (K)PT(E,K) =3 cxc p(s)PT(E, s), whereVs € K, PT(X,K) = PT(X,s).

We now present a result not concerning the steady-statabpildles, but revealing important properties
of residence time in the equivalence classes. The next pitigno demonstrates that, for two dynamic
expressions related by, the sojourn time averages (and variances) in an equivaleass coincide.

Ss?

Proposition 8.2 LetG, G’ be dynamic expressions wiih: G« ,G’'. ThenvH € (DR(G)UDR(G"))/r,

SIrar@G)2(HN DR(G)) = SIra(DR(@))2(HNDR(G")),
VARRQ(DR(G))z (H n DR(G)) = VARRQ(DR(G’)V (7‘[ n DR(GI))
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Proof: See Appendix A.4. O

EXﬁmFJ'e 8.1LetE = [({a}, 5) * ({0}, 3); ({c}, 1ll({c}, 3)2)) * Stop], o
[({a}, 3) = (({b}, )1 (e} )N}, 3)2; ({c}, 3)2)) = Stop]. It holds thatE e .

DR(F) consists of the equivalence classes

s1= [[(fa}, 3) = ({6}, 3); (e}, 1111} 3)2)) = Stop]l=,

s2 = [[({a}, 3) = ({6}, ); (({eh, 2l {e} 3)2)) = Stop]l=,

ss = [[({a}, 3) = ({b}, 3): (({c}, 3)1({c}, 3)2)) * Stop]]~.
DR(E") consists of the equivalence classes
s = [[({a}, 3) = ({6}, )1 ({eh, )N}, 3)2: ({e}, 3)2)) * Stop]]~,
sy = [[({a}, 5) = ({6}, 3)1: ({e}, 3)0) ({8}, 3)2: ({e}, 5)2)) * Stopllx,
s = [[({a}, 5) * ({6}, 3)u: ({ehs HDNABY $z2: ({e}, §)2)) = Stop]J=,
si = [[(fa}, 5) = ({0} 5)u: (ed, 30D §)2: (e}, 3)2) * Stop]]

The steady-state PMRsfor SMC(E) andy’ for SMC(E") arep = (0,
Let us consider the equivalence class (WRL, (E, E')) H = {s3, 55, 5} }.
state probabilities for} coincide: Y- 4 prm) ©(5) = ¢(s3) = 5 = 3
Y sennpr@) ¥ (). LetX = {{c}}. The steady-state probabilities
cIassH and start the derlved step tracE from |t c0|nC|de as well: p(s3
PT({({c}. 5)2}:83) =5 (3 +3) =1=17"3+1 3 =¢(s5)PT{({c},
¢’ (s2) PT({({c}, %)2}752)-
Further, the sojourn time averages in the equivalence c}aswincide:
SJR&(E F)m( p2(HN DR(G)) SJ Reo(B,E) m(DR(E )2 ({s3}) = W

- PM(SS,SS) 71 =2= 1 = 1= PM(SS,SS) — PM(sg,sg) = 1= PM({33,34} I

ST R..(BE)N(DRE)) ({33754}) SJR&(E E)N(DR(E)) 2(HN DR(G)).
Finally, the solourn time variances in the equwalence slHscoincide:
VAR &5 )n(pr(E)2(H N DR(G)) = VAR, & 5n(prE): {s3}) = PM({s3},{ss})

(A1-=PM({ss},{s3}))*
P M (s3,53) i 9 3 PM(S.g,sg) PM(s;,s;)

(1—PM (s3,53))% (1,2%)2 = (1,1)2 = (=PM(sy,s5)? — (I—PM(s},5,)%

PM({sh,s,},{sh,s
= szﬁ{ﬁ 4'}}{{2' 3/};))2:VARRSS(E #)nor@E)2 ({88 S1=VARy &5 )n(prE))2 (HNDR(G)).

In Figure 7, the marked dtsi-boxes corresponding to the dyinaxpressions above are presented, i.e.
N = Bozgisi(E) and N’ = Bozgisi (E').

1 1 1 1
3), ¢ =1(0,3,1,7)-
One can see that the steady-
+1=¢(s5) F P (sh) =
enter into the equivede

to
sa)(PT({({c} Db sa) +

\,,dw

1}, s3) +

8.2 Preservation of performance and simplification of its analysis

Many performance indices are based on the steady-statalglities to enter into a set of similar states
or, after coming in it, to start a derived step trace from #igis The similarity of states is usually captured
by an equivalence relation, hence, the sets are often theadepce classes. Proposition 8.1, Theorem 8.1
and Proposition 8.2 guarantee coincidence of the mentiomices for the expressions related by,.
Thus, <, (hence, all the stronger equivalences considered) presprrformance of stochastic systems
modeled by expressions of dtsiPBC.
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Fig. 7: &, preserves steady-state behaviour and sojourn time piepértthe equivalence classes.
Itis also easier to evaluate performance using an SMC wsthdeates, since in this case the size of the

transition probability matrix is smaller, and we solve gyss of less equations to calculate the steady-state

probabilities. The reasoning above validates the follgwrethod of performance analysis simplification.

1. Theinvestigated system is specified by a static express$idtsiPBC.
2. The transition system of the expression is constructed.

3. Aftertreating the transition system for self-similgr step stochastic autobisimulation equivalence
for the expression is determined.

4. The quotient underlying SMC is derived from the quotieahsition system.
5. Stationary probabilities and performance indices atainbd using the SMC.

The limitation of the method above is its applicability otdpthe expressions such that their underlying
SMCs contain exactly one closed communication class oéstand this class should also be ergodic
to ensure uniqueness of the stationary distribution. If BfCSontains several closed communication
classes of states that are all ergodic then several stafidigributions may exist, which depend on the
initial PMF. There is an analytical method to determineistatry probabilities for SMCs of this kind
as well Kulkarni (2009). Note that the underlying SMC of gvprocess expression has only one initial
PMF (that at the time mome#), hence, the stationary distribution will be unique in tbése too. The
general steady-state probabilities are then calculatébdeasum of the stationary probabilities of all the
ergodic subsets of states, weighted by the probabilitiesiter into these subsets, starting from the initial
state and passing through some transient states. It is wpplying the method only to the systems with
similar subprocesses.

Before calculating stationary probabilities, we can fertreduce the quotient underlying SMC, using
the algorithm from Marsan et al. (1995); Balbo (2001, 20M& teliminates vanishing states from the
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Fig. 8: The diagram of the shared memory system.

corresponding EDTMC and thereby decreases the size of k& FBr SMCs reduction we can also apply

an analogue of the deterministic barrier partitioning médtfrom Guenther et al. (2011) for semi-Markov

processes (SMPs), which allows one to perform quicker teedassage-time analysis. Another option is
the method of stochastic state classes Horvath et al. j20dgeneralized SMPs (GSMPs) reduction that
simplifies the transient performance analysis.

9 Generalized shared memory system

Let us consider a model of two processors accessing a comhaadsmemory described in Marsan
et al. (1995); Balbo (2001, 2007) in the continuous timersgtbn GSPNs. We shall analyze this shared
memory system in the discrete time stochastic setting @PB(S, where concurrent execution of activ-
ities is possible, while no two transitions of a GSPN may firewtaneously (in parallel). Our model
parameterizes that from Tarasyuk et al. (2013). The moded\es as follows. After activation of the
system (turning the computer on), two processors are aetingthe common memory is available. Each
processor can request an access to the memory after whichst@taneous decision is made. When
the decision is made in favour of a processor, it starts aiepn of the memory and the other processor
should wait until the former one ends its memory operatiand,the system returns to the state with both
active processors and available common memory. The diagféme system is depicted in Figure 8.

9.1 The concrete system

The meaning of actions from the dtsiPBC expressions whi¢hspécify the system modules is as fol-
lows. The actioru corresponds to the system activation. The actiongl < i < 2) represent the
common memory request of processorThe actionsd; correspond to the instantaneous decision on
the memory allocation in favour of the processoiThe actionsn; represent the common memory ac-
cess of processat The other actions are used for communication purposeswalgynchronization,
and we abstract from them later using restriction. &qr...,a, € Act (n € N), we shall abbreviate
Sy ay- - Syaprsay--- rsapto sr(ay,...,a,).

We take general values for all multiaction probabilitied areights in the specification. Let all stochas-
tic multiactions have the same generalized probahiity0; 1) and all immediate ones have the same gen-
eralized weighteR - . The resulting specificatiof” of the generalized shared memory system is below.

The static expression of the first processor is
Ky = [({z1}, p) * ({1}, p); {dr, w1} 0); ({ma, 21}, p)) = Stop.

The static expression of the second processor is

Ko = [({z2}, p) * ({72}, p); ({d2, y2}, 11); ({m2, 22}, p)) * Stop].
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Fig. 9: The transition system of the generalized shared memorgmsyst

The static expression of the shared memory is
Ky = [({a, 21,22}, p) = ({71}, 00); ({21} o)) ({22}, 10); ({221, p))) = Stop].

The static expression of the generalized shared memorgrayist
K = (K| K2||K3) sr (z1,22, Y1, Y2, 21, 22).

As a result of the synchronization of immediate multiacsiofd;, v; }, o) and({7:}, ;) we get
({di},b2) (1 < ¢ < 2). The synchronization of stochastic multiactiof{sn;, z; }, p) and ({Z:}, p)
produces({m;},p?) (1 < i < 2). The result of synchronization dfa, 77,75}, p) with ({21}, p)
is ({a, 72}, p?), and that of synchronization af{a, 77,72}, p) with ({z2},p) is ({a, 71}, p?). After
applying synchronization t6{a, 72}, p?) and({z2}, p), as well as tq{a, 71}, p?) and({z1 }, p), we get
the same activity{a}, p3).

We haveDRT(F) = {51, S9, S5, S5, S8, §9} andDRv(f) = {53, S4, 56}-

The interpretation of the states i§;j is the initial states,: the system is activated and the memory
is not requestedss: the memory is requested by the first proces&arthe memory is requested by the
second processaf;: the memory is allocated to the first processgr,the memory is requested by two
processorss;: the memory is allocated to the second procesgorthe memory is allocated to the first
processor and the memory is requested by the second prodgssbe memory is allocated to the second
processor and the memory is requested by the first processor.

In Figure 9, the transition systefS(K) is presented. In Figure 10, the underlying SM@C (K) is
depicted. Note that, in step semantics, we may execute togvfog activities in parallel:({r }, p),
({r2},p), as well ag{r1}, p), ({m2}, p?), and({r2}, p), ({m1}, p?). Therefore, the staté; only exists
in step semantics, since it is reachable exclusively bywi@g({r1 }, p) and({r2}, p) in parallel.

1 1
7 om0 0

The average sojourn time vector Bfis SJ = ( s 20T = O ST 570 22 )
The sojourn time variance vector &f is

— 3 Ry N2 N2 2 2 — .
VAR:(l p(}p 9 pgl(2f)p)2 I Oa 07 fg;(li)p(j;’;% Y 07 ;E;(lszp(j;’;%’ lpf ’ 1pf ) . The TPM fOI‘EDTMC(K) IS
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Fig. 10: The underlying SMC of the generalized shared memory system.

0 1 0 o 0 0 0 0 0
1— 1—
0 0 52 =2 0 &= 0 0 0
0 0 0 o 1 0 0 0 0
0 0 0 o 0 0 1 0 0
P = p(1=p) 2 1-p?
Pr=| 0 £ 0 e 00 0 0
0 0 0 o o0 0 o0 % 1
p(1—p) 2 1-p2
0 &2 0 o 0 0 0 0 ol
0 0 0 1 0 0 0 0 0
0 0 1 o 0 0 0 0 0

The steady-state PMF f@#D TMC (K) is¢* = sErs—o ey (0 20(2—3p—p%), 2+ p—3p% + p,
2+p=3p>+p%2+p—3p" + 0 20*(L = p), 2+ p=3p° +p°, 2= p—p*, 2 —p— p).
The steady-state PME* weighted bySJ is
p2(6+3p19p2+2p3) (07 2/)2(1 - p)v 0,0, p(2 - p)v 0, p(2 - p)a 2- pP— p2’ 2- p— p2)'
We normalize the steady-state weighted PMF, dividing iti®ysum of its components

~ ~T
U*SJ = W The steady-state PMF foiMC(K) is

¢ = s (0,20%(1 = p),0,0,p(2 = p),0,p(2 = p),2 = p = p*,2 = p = p*).
We can now calculate the main performance indices.

e The average recurrence time in the st&fewhere no processor requests the memory, called the

R ig L — 2+p—p®—p?
average system run-througis % = A

e The common memory is available only in the staigeSss, 54, $6. The steady-state probability that

the memory is available i8s + @3 + @4+ @ = % +04+040= # The steady-
state probability that the memory is used (i.e. not avadphlalled theshared memory utilizatign
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is]— £0-p) _ _2+p-2p°
2+p—p*=p® T 2+p—p*—p3"

e After activation of the system, we leave the statefor ever, and the common memory is either
requested or allocated in every remaining state, with ei@memf 5,. Therate with which the
~ 2
necessity of shared memory emergesicides with the rate of leaving,, 5172 = £2d-p)
2

2+p—p2—p°
p(2=p) _ p*(1=p)(2—p)
1 2+p—p2—p3 *

e The parallel common memory request of two procesgd{s, }, p), ({r2},p)} is only possible
from the states,. In this state, the request probability is the sum of the etien probabilities
for all multisets of activities containing bot{r }, p) and({r2}, p). Thesteady-state probability
of the shared memory request from two processf® > v |((({r1.p).({ra}.p3cry PL (L, 52) =

p>(1=p) 0% = p*(1=p)
2+p—p*—p? 2+p—p*—p3"

e The common memory request of the first proceg$er}, p) is only possible from the statés, s;.
In each of the states, the request probability is the sumeoéxiecution probabilities for all sets of
activities containind{r1 }, p). Thesteady-state probability of the shared memory request frem
first processofs Ga > 1y (3 mery PT (X, 52) + @7 3 ixy((my.pery PT(Y,57) =

(1 2— 2(24p—2p>
ot (0= p) %)+ et i (1 = %)+ %) = S 2k

In Figure 11, the marked dtsi-boxes corresponding to thaayoexpressions of two processors, shared

memory and the generalized shared memory system are pdseat N; = Boxqgsi(K;) (1 < i < 3)

andN = Bozqsi (K).

9.2 The abstract system

Consider a modification of the generalized shared memotgsywith abstraction from the identifiers of
the processors that makes them indistinguishable, céltedlistract generalized shared memory one. For
the abstraction, we replace the actiensi;, m; (1 < i < 2) in the system specification byd, m.

The static expression of the first processor is

Ly =[({z1}, p) + (({r}s p); ({d wa )5 )5 ({m, 211, p)) + Stop).

The static expression of the second processor is

Ly = [({1‘2}, p) * (({T‘}, P); ({da y2}7 hl); ({m7 22}1 P)) * StOp].
The static expression of the shared memory is
Ly = [({a, 71,73}, 0) * ({71}, 1) ({2, ) ({523, 10); ({22}, p))) * Stop].
The static expression of the abstract generalized sharatbnyesystem is
L:(LLHLQHL3) sr (x1,x&y1,y2,217221 . . .
DR(L) resemblesDR(K), andT'S(L) is similar to T'S(K). We haveSMC(L) ~ SMC(K).
Thus, the average sojourn time vectorslofind &, as well as the TPMs and the steady-state PMFs
for EDTMC (L) andEDTMC (K ), coincide.
The first, second and third performance indices are the santled generalized system and its abstrac-
tion. The next performance index is specific to the abstigstesn.

e The common memory request of a procegget, p) is only possible from the statés, 55, 57. In
each of the states, the request probability is the sum ofsteeution probabilities for all sets of
activities containing{r}, p). The steady-state probability of the shared memory request iom
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Fig. 11: The marked dtsi-boxes of two processors, shared memonhargenheralized shared memory system.

Processols @2 3 vy pery PL(Y, 82) + &5 2 vy pery PT(Y, 35) +
p>(1—p)

G712 iri(gry.pyery PT(Y,37) = o255 (p(1 = p) + p(1 = p) + p?) +
%(P(l — ) +p%) + %(P(l —p*)+p%) = %

We haveDR(L)/r. 1) = {K1,K2,Ks, K4, K5, Ks}, whereK; = {5} (the initial state)C, = {32}
(the system is activated and the memory is not requesif@dé; {83, 84} (the memory is requested by one
processork, = {85, 57} (the memory is allocated to a processd), = {3¢} (the memory is requested
by two processors)C6 = {33, 59} (the memory is allocated to a processor and the memory |semae|d|

by another processor). Furth@ Ry (L) /5. (D)= = {K1,K2,K4,Ks} andDRy (L )/ =T

= {K3, K5}

In Figure 12, the quotient transition systefit,, (L) is presented. In Figure 13, the quotient un-

derlying SMCSMC', _ (L) is depicted. Note that, in step semantics, we may executéottosving

multiactions in parallel{r}, {r}, as well ag{r}, {m}. Again, the stat&; only exists in step semantics,
since it is reachable exclusively by executing and{r} in parallel.

11 1 0. L
P27 p(2=p)? 2 p(1+p—p)7 70 p% )

1-p? _(1-p) (- p)*(1+p) 0, 1=
p® 7 p2(2—p)?7 7 p?(14p—p?)??

The quotient average sojourn time vectorrofs SJ = ( 0

— —/
The quotient sojourn time variance vectorfofs VAR = (

).
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Fig. 12: The quotient transition system of the abstract generakbaged memory system.

0 1 0 0 O 0
2(1—p)
0 0 2_pp 0 ﬁ 0
The TPM forEDTMC ., (L) is P’* = 0 ~ o 10 Y,
Fss 0 p(1—p) 0 0 1-p
1+p—p?  14+p—p? 1+p—p?
0 0 0 0 O 1
0 0 1 0 O 0

The steady-state PMF f&##DTMC, (L) is

V= g (002 =30+ 7). 24+ p = 3p% + 0%, 2+ p = 3p> + p*, p*(1 = p), 2 — p— p?).

~ . —~ 1,
The steady-state PM#* weighted byS.J is m (0, p?(1—p),0,p(2—p),0,2—p—p?).
We normalize the steady-state weighted PMF, dividing iti®ygum of its components

~ *~/T 2t p—p2— 3

VST = 92(6+3pp—p992i293) ) .
The steady-state PMF &M C o, (L) iS¢’ = 55— (0, p*(1 = p), 0, p(2 = p), 0,2 — p — p?).
We can now calculate the main performance indices.

e The average recurrence time in the stiite where no processor requests the memory, called the
_ 2+4p—p*—p°

average system run-througis @L; = = ri=
e The common memory is available only in the statgés K3, Ks. The steady-state probability that

the memory is available 8} + ¢ + @5 = #’;97;2’1)/)3 +0+0= 2597’;”3/)3. The steady-state
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Fig. 13: The quotient underlying SMC of the abstract generalizedeshmemory system.

Ry

probability that the memory is used (i.e. not available)lecathe shared memory utilizatignis

1— P20=p) _ _24p-2p°
2+p—p*—p® T 24p—p*—p*"

o After activation of the system, we leave the stitefor ever, and the common memory is either
requested or allocated in every remaining state, with ei@epf ;. The rate with which the

necessity of shared memory emergesicides with the rate of IeaV|ng2, 7 = #’,j(_lip;p_)pg .
2
p(2=p) _ p*(1-p)(2—p)
L 7 2+p—p?—p*

e The parallel common memory request of two proces$ors, {r}} is only possible from the state
KC2. In this state, the request probability is the sum of the etien probabilities for all multisets of
multiactions containingr} twice. Thesteady-state probability of the shared memory request from

two processorss ¢ > PMa(K»,K) = pr(lp ’i)pep = zfp(lp li)p

{ARI{{r}.{r}}CA, 23K}

e The common memory request of a proceskdris only possible from the statés,, K. In each
of the states, the request probability is the sum of the di@tprobabilities for all multisets of
multiactions containingr}. The steady-state probability of the shared memory request fiom

T .1 =/ ) —
processois @) Z{Aﬁ‘{r}e& R ARy PM4(K2,K) + ¢ Z{A,i&\{r}eA R AR PM4(K4,K) =

201 _ _
T2 (20(1 = p) + p7) + 52 (p(1 — P) + pP) = R,

The performance indices are the same for the complete anguthtéent abstract generalized shared
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Fig. 14: Steady-state probabilities,, @}, @5 as functions of the parameter

memory systems. The coincidence of the first, second aripleiformance indices obviously illustrates
the results of Proposition 8.1 and Proposition 8.2. Thegidence of the fourth performance index is due
to Theorem 8.1: one should just apply this result to the éerstep tracé{r}, {r}} of the expressiod
and itself. The coincidence of the fifth performance indedus to Theorem 8.1: one should just apply
this result to the derived step traceg'}}, {{r}, {r}}, {{r}, {m}} of the expressio and itself, and
then sum the left and right parts of the three resulting eties

Let us consider what is the effect of quantitative changah@fparametep upon performance of the
quotient abstract generalized shared memory system iteasly state. Remember that (0;1) is the
probability of every stochastic multiaction in the specifion of the system. The closer jsto 0, the
less is the probability to execute some activities at evésgrdte time tick, hence, the system will most
probablystand idle The closer is to 1, the greater is the probability to execute some activittesrary
discrete time tick, hence, the system will most probaiggrate

Sinceg| = ¢} = ¢4 = 0, only @’2 = wf’,jﬁip’p_)pg, @) = %, @k = pr_ﬁ depend on
p. In Figure 14, the plots of,, @}, @5 as functions op are depicted. Remember that we do not allow
p=0orp=1.

One can see that),, @) tend to0 and gj tends tol whenp approache$. Thus, wherp is closer
to 0, the probability that the memory is allocated to a proceasorthe memory is requested by another
processor increases, hence, we haege unsatisfied memory requests

Next, 25, ¢ tend to0 andg), tends tol whenp approaches. Whenp is closer tol, the probability
that the memory is allocated to a processor (and not requibgtanother one) increases, hence, we have
less unsatisfied memory requests

The maximal valu®.0797 of @) is reached whep ~ 0.7433. The probability that the system is acti-
vated and the memory is not requested is maximalgrthgimal shared memory availabiljtis aboui’%.

In Figure 15, the plot of the average system run-througlkepdaied asv, as a function op is depicted.
The run-through tends teo when p approache$ or 1. Its minimal value12 5516 is reached when
p ~ 0.7433. To speed up operation of the system, one should take thenpter closer t00.7433.

The first curve in Figure 16 represents the shared memoiygatidn, calculated as — ¢}, — @4 — &%,
as a function ofp. The utilization tends td both whenp approache$ and whenp approaches. The
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Fig. 15: Average system run-througi}g as a function of the parameter

p

minimal value0.9203 of the utilization is reached whem~ 0.7433. Thus, theminimal shared memory
utilizationis aboutd2%. To increase the utilization, one should take the paramettrser to0 or 1.

The second curve in Figure 16 represents the rate with whizghécessity of shared memory emerges,
calculated asi’i—%, as afunction op. The rate tends t0 both whery approache8 and wherp approaches

1. The maX|maI valu®.0751 of the rate is reached when~ 0.7743. Themaximal rate with which the
necessity of shared memory emergBabout . To decrease the rate, one must take the pararpeter
closer to0 or 1.

The third curve in Figure 16 represents the steady-statbapility of the shared memory request
from two processors, calculated @sPj;, wherePs, = Z{A,)C\{{r},{r}}gA, R AR PMa(K2,K) =

PM(ICQ, IC5), as function ofp. One can see that the probability tend9)tboth whenp approache$
and wherp approache$. The maximal valu®.0517 of the probability is reached when= 0.8484. To
decrease the mentioned probability, one should take theter closer to0 or 1.

The fourth curve in Figure 16 represents the steady-stateapility of the shared memory request from
aprocessor, calculated @, +,5, as a function of, wheres/= Z{A,iq{r}eA, ’Ci_ﬂc}PMA(ICZ, K),

i € {2,4}. One can see that the probability tend$ twhenp approaches and it tends td whenp ap-
proached. To increase the probability, one should take the parametkrser tol.

10 Related work

Let us consider differences and similarities between &&iAnd other well-known SPAs.

10.1 Continuous time and interleaving semantics

Let us compare dtsiPBC with the classical interleaving SPAs

Markovian Timed Processes for Performance Evaluation @P)IHermanns and Rettelbach (1994)
specifies every activity as a pair consisting of the actian@éincluding the symbat for theinternal, in-
visible action) and the parameter of exponential distidsuof the action delay (theate). The interleaving
operational semantics is defined on the basis of Markovian €xtended with the specification of rates)
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Fig. 16: Some performance indices as functions of the parameter

labeled transition systems. The interleaving behaviobere because the exponential PDF is a continu-
ous one and simultaneous execution of any two activitiezbasprobability according to the properties
of continuous distributions. CTMCs can be derived from th@sition systems to analyze performance.

Performance Evaluation Process Algebra (PEPA) Hillst@9€) treats the activities as pairs consisting
of action types (including thenknowntype 7) and activity rates. The rate is either the parameter of
exponential distribution of the activity duration or itismspecified An activity with unspecified rate is
passiveby its action type. The operational semantics is interlegyit is defined via the extension of
labeled transition systems with a possibility to specifihty rates. Based on the transition systems, the
continuous time Markov processes (CTMPs) are generatechwdrie used for performance evaluation
with the help of the embedded continuous time Markov chafGTMCs). In Gilmore et al. (2003),
a denotational semantics of PEPA has been proposed via PERAlat are high-level CTSPNs with
coloured tokens (coloured CTSPNS), from which the undeg¥@ TMCs can be retrieved.

Extended Markovian Process Algebra (EMPA) Bernardo andi€oi(1998) interprets each action
as a pair consisting of its type and rate. Actions carexternalor internal (denoted byr) according
to types. There are three kinds of actions according to rditeed ones with exponentially distributed
durations (essentially, the actions from MTIPP and PERAnediateones with priorities and weights
(the actions analogous to immediate transitions of GSPNdpassiveones (similar to passive actions
of PEPA). The operational semantics is interleaving anédas the labeled transition systems enriched
with the information about action rates. For the expondtianed kernel of the algebra (the sublanguage
including only exponentially timed and passive actions)sipossible to construct CTMCs from the
transition systems of the process terms to analyze thenpeaftce. In Bernardo et al. (1998); Bernardo
(1999), a denotational semantics of EMPA based on GSPNsdwsdefined, from which one can also
extract the underlying SMCs and CTMCs (when both immediatd tamed transitions are present) or
DTMCs (but when there are only immediate transitions).

dtsiPBC considers every activity as a pair consisting ofrthatiaction (not just an action, as in the
classical SPASs) as a first element. The second element ir efth probability (not the rate, as in the
classical SPASs) to execute the multiaction independetitly 4ctivity is called a stochastic multiaction in
this case) or the weight expressing how important is thewgi@tof this multiaction (then the activity is
called an immediate multiaction). Immediate multiactiondtsiPBC are similar to immediate actions in
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EMPA, but all the immediate multiactions in dtsiPBC haveshme high priority (with the goal to execute
them always before stochastic multiactions, all havingsdme low priority), whereas the immediate ac-
tions in EMPA can have different priorities. Associating game priority with all immediate multiactions
in dtsiPBC results in the simplified specification and analyand such a decision is appropriate to the
calculus, since weights (assigned also to immediate actioEMPA) are enough to denote preferences
among immediate multiactions and to produce the conforenptmbabilistic behaviours. There are no
immediate actions in MTIPP and PEPA. Immediate actions eadadble only in iPEPA Hayden et al.
(2013), where they are analogous to immediate multiaction#siPBC, and in a variant of TIPP Gotz
et al. (1993) discussed while constructing the calculus RRP Rettelbach (1995), but there immediate
activities are used just to specify probabilistic branghémd they cannot be synchronized. dtsiPBC has
a discrete time semantics, and residence time in the tangthtes is geometrically distributed, unlike
the classical SPAs with continuous time semantics and exg@lly distributed activity delays. As a
consequence, dtsiPBC has a step operational semanticatiasicto interleaving operational semantics
of the classical SPAs. The performance in dtsiPBC is andlyiethe underlying SMCs and (reduced)
DTMCs Tarasyuk et al. (2015) extracted from the labeled phdlstic transition systems associated with
the expressions. In the classical SPAs, CTMCs are usualy iss performance evaluation. dtsiPBC has
a denotational semantics based on LDTSIPNs from which tlenying SMCs and (reduced) DTMCs
are derived, unlike (reduced) CTMCs in PEPA and EMPA. MTIRB ho denotational semantics.

10.2 Continuous time and non-interleaving semantics

A few non-interleaving SPAs were considered among non-bh\ddn ones Katoen and D’Argenio (2001);
Bravetti and D’Argenio (2004).

Generalized Stochastic Process Algebra (GSPA) Brinksnaad. €¢1995) is a stochastic extension of
Simple Process Algebra Brinksma et al. (1995). GSPA has mwatipnal semantics. GSPA has a
true-concurrent denotational semantics via generalitechastic event structures (GSESs) with non-
Markovian stochastic delays of events. In Katoen et al. §)98eneralized semi-Markov processes
(GSMPs) were extracted from GSESs to analyze performance.

Generalized Stochastic-calculus (&) Priami (1996, 2002) extends-calculus Milner et al. (1992).
Sr allows for general continuous distributions of activitylales. It has a proved operational semantics
with transitions labeled by encodings of their deductiae$. The transition labels encode the action
causality information and allow one to derive the enablielgtions and the firing distributions of con-
current transitions from the transition sequences. Nbee&ss, abstracting from stochastic delays leads
to the classical early interleaving semanticsredalculus. No well-established underlying performance
model for this version of B exists.

Generalized Semi-Markovian Process Algebra (GSMPA) Btageal. (1998); Bravetti (2002) is an
enrichment of EMPA. GSMPA has an ST-operational semantidsr@n-Markovian action delays. The
ST-operational semantics of GSMPA is based on decoratesitian systems governed by transition rules
with rather complex preconditions. There are two typesanditions: the choice (action beginning) and
the termination (action ending) ones. The choice transitiare labeled by weights of single actions
chosen for execution while the termination transitionsehaw labels. Only single actions can begin,
but several actions can end in parallel. Thus, the choicssitians happen just sequentially while the
termination transitions can happen simultaneously. Asaltghe decorated interleaving / step transition
systems are obtained. The performance analysis in GSMR&@@plished via GSMPs.

dtsiPBC has immediate multiactions while GSPA, & d GSMPA do not specify instantaneous events
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or activities. Geometrically distributed or zero delays associated with process states in dtsiPBC, unlike
generally distributed delays assigned to events in GSPA activities in S and GSMPA. dtsiPBC has

a discrete time operational semantics allowing for corentrexecution of activities in steps. GSPA has
no operational semantics whiler&nd GSMPA have continuous time ones. In continuous time sema
tics, concurrency is simulated by interleaving, since $siameous occurrence of any two events has zero
probability according to the properties of continuous ptaibity distributions. Therefore, interleaving
transitions should be annotated with an additional infdiromato keep the concurrency. dtsiPBC has an
SPN-based denotational semantics. In comparison witht esterctures, PNs are more expressive and
visually tractable formalism, capable of finitely spedifgian infinite behaviour. Recursion in GSPA pro-
duces infinite GSESs while dtsiPBC has iteration operatiiim a/finite SPN semantics. Identification of
infinite GSESs that can be finitely represented in GSPA wasdeh future research.

10.3 Discrete time

Much fewer SPAs with discrete time semantics were consdict

Dts-nets van der Aalst et al. (2000) are a class of compaositiDTSPNs with generally distributed
discrete time transition delays. The denotational serosuofi a stochastic extension (we call it stochastic
ACP or sACP) of a subset of Algebra of Communicating Proce@S€P) Bergstra and Klop (1985) can be
constructed via dts-nets. There are two types of transitiommediate (timeless) ones, with zero delays,
and time ones, whose delays are random variables with dediscaete distributions. The top-down
synthesis of dts-nets consists in the substitution of thansitions by blocks (dts-subnets) corresponding
to some composition operators. It was explained how to tatiethe throughput time of dts-nets using
the service time (holding time or delay) of their transiBofor this, the notions of service distribution for
the transitions and throughput distribution for the buitgiblocks were defined. Since the throughputtime
of the parallelism block was calculated as the maximal sertime for its two constituting transitions,
the analogue of the step semantics was implemented.

Theory of Communicating Processes with discrete stoahtiste (I'C Pt) Markovski and de Vink
(2008, 2009), later called Theory of Communicating Proegssith discrete real and stochastic time
(T'C PIt) Markovski et al. (2012), is another stochastic extensibA®P. TC P4 has discrete real
time (deterministic) delays (including zero time delays}l aliscrete stochastic time delays. The alge-
bra generalizes real time processes to discrete stochimséicones by applying real time properties to
stochastic time and imposing race condition to real timeas#ivs. 7C' Pt has an interleaving opera-
tional semantics in terms of stochastic transition systerhe performance is analyzed via discrete time
probabilistic reward graphs which are essentially the rdviansition systems with probabilistic states
having finite number of outgoing probabilistic transiticarl timed states having a single outgoing timed
transition. The mentioned graphs can be transformed byldinfpor geometrization into discrete time
Markov reward chains (DTMRCSs) appropriate for transiergtationary analysis.

dtsiPBC, SACP and’'C P, all have zero delays. However, discrete time delays ifP@Si are zeros
or geometrically distributed and associated with proctses. The zero delays are possible just in van-
ishing states while geometrically distributed delays argsible only in tangible states. For each tangible
state, the parameter of geometric distribution governirgdelay in the state is completely determined
by the probabilities of all stochastic multiactions exedié from it. In SACP and’C P%t, delays are
generally distributed, but they are assigned to transtiaorsACP and separated from actions (excepting
zero delays) ifl’'C' P4st. Moreover, a special attention is given to zero delays inRA@d deterministic
delays inTC P, In SACP, immediate (timeless) transitions with zero delsgrve as source and sink
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Tab. 5: Classification of stochastic process algebras.

Time Immediate Interleaving Non-interleaving
(multi)actions semantics semantics
Continuous No MTIPP (CTMC),PEPA (CTMP), GSPA (GSMP), &,
sPBC(CTMC) GSMPA (GSMP)
Yes EMPA (SMC, CTMC), —
gsPBC(SMC)
Discrete No — dtsPBC (DTMC)
Yes TCP™" (DTMRC) SACP,
dtsiPBC (SMC, DTMC)

transitions of the dts-subnets corresponding to the chpamllelism and iteration operators. Ti¢ P4st,
zero delays of actions are specified by undelayable actigfixps while positive deterministic delays of
processes are specified with timed delay prefixes. Neithrardbsyntax nor operational semantics for
sACP were defined and it was not explained how to derive Mackains from the algebraic expressions
or the corresponding dts-nets to analyze performance. dtneastated explicitly, which type of seman-
tics (interleaving or step) is accommodated in SACP. Inespftthe discrete time approach, operational
semantics of 'C P4t is still interleaving, unlike that of dtsiPB@.C P%** has no denotational semantics.

Table 5 summarizes the SPAs comparison above and that frotio®€, by classifying the SPAs
according to the concept of time, the presence of immedmatdtijactions and the type of operational
semantics. The names of SPAs, whose denotational semariased on SPNs, are printed in bold font.
The underlying stochastic process (if defined) is specifest the name of the corresponding SPA.

11 Discussion

Let us now discuss which advantages has dtsiPBC in compasigh the SPAs described in Section 10.

11.1 Analytical solution

An important aspect is the analytical tractability of thedarlying stochastic process, used for perfor-
mance evaluation in SPAs. The underlying CTMCs in MTIPP aBBA, as well as SMCs in EMPA, are
treated analytically, but these continuous time SPAs hatezleaving semantics. GSPAr &and GSMPA
are the continuous time models, for which a non-interlegg@mantics is constructed, but for the un-
derlying GSMPs in GSPA and GSMPA, only simulation and nunamnethods are applied, whereas no
performance model for/Sis defined. SACP an@C P4 are the discrete time models with the associated
analytical methods for the throughput calculation in sACRoothe performance evaluation based on the
underlying DTMRCs ifll’C' P?5*, but both models have interleaving semantics. dtsiPBC isaete time
model with a non-interleaving semantics, where analytizalhods are applied to the underlying SMCs.
Hence, if an interleaving model is appropriate as a framkvarthe analytical solution towards perfor-
mance evaluation then one has a choice between the consitinariSPAs MTIPP, PEPA, EMPA and the
discrete time ones SACP,C P, Otherwise, if one needs a non-interleaving model with Seoeiated
analytical methods for performance evaluation and therelisdcime approach is feasible then dtsiPBC is
the right choice.

The existence of an analytical solution also permits torpreg quantitative values (rates, probabilities,
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weights etc.) from the system specifications as parametdrish can be adjusted to optimize the sys-
tem performance, like in dtsPBC, dtsiPBC and parametribgpdistic transition systems (i.e. DTMCs
whose transition probabilities may be real-value paramgieanotte et al. (2007). Note that DTMCs
whose transition probabilities are parameters were imited in Daws (2005). Parametric CTMCs with
the transition rates treated as parameters were investigatHan et al. (2008). On the other hand, no
parameters in formulas of SPAs were considered in the fitezaso far. In dtsiPBC we can easily con-
struct examples with more parameters than we did in our dasky.sThe performance indices will be
then interpreted as functions of several variables. Thamtage of our approach is that, unlike of the
method from Lanotte et al. (2007), we should not impose tgp#drameters any special conditions needed
to guarantee that the real values, interpreted as thefti@nprobabilities, always lie in the intervil; 1].

To be convinced of this fact, just remember that, as we haweodstrated, the positive probability func-
tions PF, PT, PM, PM* define probability distributions, hence, they always netualues belonging

to (0; 1] for any probability parameters froif®; 1) and weight parameters frof®-,. In addition, the
transition constraints (their probabilities, rates andrds), calculated using the parameters, in our case
should not always be polynomials over variables-paramgser often required in the mentioned papers,
but they may also be fractions of polynomials, like in ourecatudy.

11.2 Application area

From the application viewpoint, MTIPP and PEPA are welkedifor interleaving continuous time sys-
tems, in which the activity rates or the average sojourn fiméhe states are known in advance and
exponential distribution approximates well the activiglaly distributions. EMPA, however, can be used
to model the mentioned systems with the activity delays fiédint duration order or the extended sys-
tems, in which purely probabilistic choices or urgent dtidé must be implemented. GSPA and GSMPA
fit well for modeling continuous time systems with a capapiid keep the activity causality information,
and with known activity delay distributions, which cannetdpproximated accurately by exponential dis-
tributions. Sr can additionally model mobility in such systemi3C P! is a good choice for interleaving
discrete time systems with deterministic (fixed) and gdimya stochastic delays, whereas sACP is ca-
pable to model non-interleaving systems as well, but itrsffot enough performance analysis methods.
dtsiPBC is consistent for the step discrete time systents that the independent execution probabilities
of activities are known and geometrical distribution apqimates well the state residence time distribu-
tions. In addition, dtsiPBC can model these systems fesjwery scattered activity delays or even more
complex systems with instantaneous probabilistic chorcergency, hence, dtsiPBC can be taken as a
non-interleaving discrete time counterpart of EMPA.

11.3 Concurrency interpretation

The stochastic process calculi proposed in the literattedbased on interleaving, as a rule, and paral-
lelism is simulated by synchronous or asynchronous exatutAs a semantic domain, the interleaving
formalism of transition systems is often used. However,rapprly support intuition of the behaviour
of concurrent and distributed systems, their semanticsldticeat parallelism as a primitive concept that
cannot be reduced to nondeterminism. Moreover, in inteihgesemantics, some important properties of
these systems cannot be expressed, such as simultaneatrence of concurrent transitions Degano and
Priami (1999) or local deadlock in the spatially distritifrocesses Montanari et al. (1996). Therefore,
investigation of stochastic extensions for more expresaid powerful algebraic calculi is an important
issue. The development of step or “true concurrency” (shel parallelism is considered as a causal
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independence) SPAs is an interesting and nontrivial propihich has attracted special attention in the
last years. Nevertheless, not so many formal stochastietead parallel systems were defined whose
underlying stochastic processes were based on DTMCs. Asioned in Fourneau (2010), such mod-

els are more difficult to analyze, since a lot of events camositnultaneously in discrete time systems
(the models have a step semantics) and the probability of ef ®ents cannot be easily related to the
probability of the single ones. As observed in Horvath et(2012), even for stochastic models with

generally distributed time delays, some restrictions @encibncurrency degree were imposed to simplify
their analysis techniques. In particular, the enablingrict®n requires that no two generally distributed

transitions are enabled in any reachable marking. Heneg dbtivity periods do not intersect and no two

such transitions can fire simultaneously, this resultst@riaaving semantics of the model.

Stochastic models with discrete time and step semantics thavfollowing important advantage over
those having just an interleaving semantics. The undeyliarkov chains of parallel stochastic pro-
cesses have the additional transitions correspondingecithultaneous execution of concurrent (i.e.
non-synchronized) activities. These additional traosiiallow us one to bypass a lot of intermediate
states, which otherwise should be visited when interlgasgmantics is accommodated. When step se-
mantics is used, the intermediate states can also be visittdsome probability (this is an advantage,
since some alternative system’s behaviour may start fr@setistates), but this probability is not greater
than the corresponding one in case of interleaving sengriiithile in interleaving semantics, only the
empty or singleton (multi)sets of activities can be exedute step semantics, generally, the (multi)sets
of activities with more than one element can be executed #ls Wence, in step semantics, there are
more variants of execution from each state than in the maighg case and the executions probabilities,
whose sum must be equaltpare distributed among more possibilities. Thereforeststems with par-
allel stochastic processes usually have smaller averagthraugh. Thus, when the underlying Markov
chains of the processes are ergodic, they will take lessedestime units to stabilize the behaviour, since
their TPMs will be denser because of additional non-zermelgs outside the main diagonal. Hence,
both the first passage-time performance indices based dratigient probabilities and the steady-state
performance indices based on the stationary probabilitesbe computed quicker, resulting in faster
gquantitative analysis of the systems. On the other hand,s&mantics, induced by simultaneous firing
several transitions at each step, is natural for Petri metsalows one to exploit full power of the model.
Therefore, it is important to respect the probabilities afgllel executions of activities in discrete time
SPAs, especially in those with a Petri net denotational s¢icg

11.4 Advantages of dtsiPBC

The advantages of dtsiPBC are the flexible multiaction lBheimediate multiactions, powerful opera-
tions, as well as a step operational and a Petri net denogdemantics allowing for concurrent execution
of activities (transitions), together with an ability fanalytical and parametric performance evaluation.

12 Conclusion

In this paper, we have proposed a discrete time stochasBogrn dtsiPBC of a finite part of PBC en-
riched with iteration and immediate multiactions. The chis has a concurrent step operational semantics
based on labeled probabilistic transition systems and atdgonal semantics in terms of a subclass of
LDTSIPNs. A method of performance evaluation in the framewaf the calculus has been presented.
Step stochastic bisimulation equivalence of process ssfes has been defined and its interrelations
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with other equivalences of the calculus have been investigaVe have explained how to reduce transi-
tion systems and underlying SMCs of expressions w.r.t.ntreduced equivalence. We have proved that
the mentioned equivalence guarantees identity of theogtaty behaviour and the sojourn time properties,
and thus preserves performance measures. A case study éatigation of the shared memory system
by allowing for variable probabilities in its specificatibas been presented. The case study is an example
of modeling, performance evaluation and performance pvasgreduction within the calculus.

The advantage of our framework is twofold. First, one carcépén it concurrent composition and
synchronization of (multi)actions, whereas this is notgilolg in classical Markov chains. Second, alge-
braic formulas represent processes in a more compact waygta nets and allow one to apply syntactic
transformations and comparisons. Process algebras aigostional by definition and their operations
naturally correspond to operators of programming langsiagence, it is much easier to construct a com-
plex model in the algebraic setting than in PNs. The complexfiPNs generated for practical models
in the literature demonstrates that it is not straightfadita construct such PNs directly from the system
specifications. dtsiPBC is well suited for the discrete tapplications, whose discrete states change with
a global time tick, such as business processes, neuralampwrtation networks, computer and commu-
nication systems, timed web services, and in which theildigtd architecture or the concurrency level
should be preserved since in step semantics, we have additiansitions due to concurrent executions).

Future work will consist in constructing a congruence f@BC, i.e. the equivalence that withstands
application of all its operations. A possible candidate &ranger version of>, defined via transition
systems equipped with two extra transitiahsp andredo, like those from Macia et al. (2008a). We also
plan to extend the calculus with deterministically timedltiagtions having a fixed discrete time delay
(including the zero one which is the case of immediate metitas) to enhance expressiveness of the
calculus and extend application area of the associategsisdtchniques. The resulting SPA will be a
concurrent discrete time analogue of SM-PEPA Bradley (200Bose underlying stochastic model is a
semi-Markov chain. Finally, recursion could be added téRB€ to increase its specification power.
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A Proofs
A.1 Proof of Proposition 6.2

Like for strong equivalence in Proposition 8.2.1 from Huls (1996), we shall prove the following fact
about step stochastic bisimulation. Let us heyes 7, R; : GG’ for some index sef/. Then the
transitive closure of the union of all relatio®s= (U;c R ;)" is also an equivalence aritl: G« G-



66 Igor V. Tarasyuk, Hermenegilda M&giValentn Valero

SinceVj € J, R; is an equivalence, by definition &, we get thatR is also an equivalence. Let
j € J, then, by definition ofR, (s1,s2) € R; implies (s1,s2) € R. HenceVH;, € (DR(G) U
DR(G"))/r;» FH € (DR(G) UDR(G"))/r, Hjx € H. MoreoverdJ’, H = Ukes H k.

We denotéR (n) = (UjesR;)". Let(s1,s2) € R, then, by definition ofR, 3n > 0, (s1, s2) € R(n).
We shall prove thaR : G+ G’ by induction onn. It is clear thatVj € J, R; : GG implies
Vi e J, (|Glx, [G']x) € R; and we havé[G]~, [G']~) € R by definition ofR. It remains to prove that
(s1,52) € RimpliesVH € (DR(G) U DR(G"))/r, VA € Nf,, PMa(s1,H) = PMa(s2, H).

en=1
In this case(s1, s2) € R implies3j € J, (s1,s2) € R;. SinceR,; : G, G, we get
VH € (DR(G) U DR(G"))/r, VA € N& |

PMA(Sl,H) == Z PMA(Sl,ij) - Z PMA(SQ,Hj]g) = PMA(SQ,H).
keJ’ keJ’

en—n+1
Suppose thatm < n, (s1, s2) € R(m) impliesvYH € (DR(G) U DR(G"))/r, VA € Nk |
PMa(s1,H) = PMa(s2,H). Then(s1,s2) € R(n + 1) implies3j € J, (s1,82) € Rj o
R(n), i.e. 3s3 € (DR(G) U DR(G")), such thaf(s1, s3) € R; and(ss, s2) € R(n). Then, like
for the casen = 1, we getPM(s1,H) = PMa(ss, H). By the induction hypothesis, we get
PMA(S3,H) = PMA(SQ,H). Thus,VH € (DR(G) @] DR(G/))/R, VA € Nén,

PMA(Sl,H) = PMA(S3,H) = PMA(SQ,H).

By definition, R« (G, G’) is at least as large as the largest step stochastic bisionulatweerz and
G'. It follows from above thaR (G, G') is an equivalence ari@y (G, G') : G, G, hence, itis the
largest step stochastic bisimulation betwégandG’. O

A.2 Proof of Proposition 8.1

By Proposition 61(DR(G)UDR(GI))/R:((DRT(G)UDRT(GI))/R)L‘H((DRV (G)UDR\/(GI))/R)

HenceVH € (DR(G) U DR(G"))/r., all states fron#{ are tangible, when

H € (DRt(G) U DRt (G"))/®, or all of them are vanishing, wheél € (DRy(G) U DRy (G"))/ -
By definition of the steady-state PMFs for SM@s,€ DRy (G), ¢(s) = 0andVs’ € DRy (G'),

¢'(s") = 0. ThusVH € (DRv(G)UDRvV(G'))/R: DX sennpric) P(S) = 2sennpry(c) P(s) = 0=

ZS/GHODRV(G/) ¢'(s') = Zs/eHmDR(G/) ¢'(s").

By Proposition 5.2¥s € DR (G), ¢(s) = % andvs' € DRy (@),
O'(s) = % wherey andy)’ are the steady-state PMFs T'MC(G) andDTMC (G'),

B Z§/€DRT(G/) W(j,
respectively. ThustH, H € (DRt (G) U DR1(G')) /R, X sennpric) P(8) = 2seunpre(c) P(8) =
) ( p(s) )  Zeennprp@ %) Xiennprype) ¥(5) and

s€HNDR1(G) ZEEDRT(G) 6] ZEEDRT(G) ¥ T Xy ZéeﬂmDRT(G) ¥(3)

_ _ (s _
ZS’GHODR(G’) ¢'(s") = Zs'eHmDRT(G’) ¢'(s) = Zs’eHmDRT(G') (z - ) =

s’eprypch) ¥ (5)

Es’eHmDRT(G/) 1//(5/) _ Zs’eHﬁDRT(G’) 1//(3/)
ZgleoRT(G/)d/(g’) ZﬂZg/eﬂnDRT(c/)W(gl)'
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It remains to prove that¥ € (DRr(G) U DR1(G')) /R, Y sennprr(c) V(S) =
S vernpre(e) V'(s)- Since(DR(G) U DR(G"))/= = ((DRx(G) UDRx(G))/r) & (DRv(G) U
DRy (G"))/=), the previous equality is a consequence of the followirld:e (DR(G) U DR(G")) /%,
ZseHﬁDR(G) U(s) = Zs’eHﬂDR(G’) V'(s').

It is sufficient to prove the previous statement for transRMFs only, since) = limy_, . 1[k] and
' = limy_, o0 ¢'[k]. We proceed by induction on

e k=0
The only nonzero values of the initial PMFs BfTMC (G) and DTMC(G") are[0]([G]~) and
¥[0]([G']~). LetH, be the equivalence class contain[ig~ and[G’]~. Then

Yseronpr(c) V10l(s) = Y[0)([Glx) = 1 = V' [0[([G']x) = Xy eponpricn ¥'[01(s'). As for
other equivalence classe#i € (DR(G)UDR(G"))/r)\ Ho, We have) /- pr(q) ¥[0](s) =

0= ES’GHHDR(G’) Y'[0](s").

o k—>k+1 ~
LetHe (DR(G)UDR(G’))/R ands, s2 € H. We haverH € (DR(G)UDR(G’))/R, VAENE |
5150 H & 53 5p H. Therefore PM (s1,H) = E{T\asleﬂ W55 PT(Y,s1) =
2 aeng, Z{ma;le@ 51551, £L(T)=A} PT(Y,51) = > seng, PMa(s1,7) =
ZAeNfCin PMa(s2, M) = ZAeNgn Z{T\Eézeﬁ, 5258, £(1)=A} PT(Y,s2) =
Zm%eﬁ 255} PT(NT,SQ) = PMESQ,H). SinceNthis equality is valid for alf;, sy € H,
we can denot® M (H,H) = PM(s1,H) = PM(s2,H). Transitions from the states &1 R(G)
always lead to those from the same set, heviges DR(G), PM(s,H) = PM(s,H N DR(Q)).
The same holds fabR(G").
By induction hypothesiy -, - pr(a) YIK(s) = X g cunpricn W[k]~(8’)- Further,
deﬁﬁDR(G) Uk +1](35) = ZseHmDR(G) ZseDR(G) Y[k](s)PM(s,35) =
2seDR(G) 2osefinpr(c) YIFI(s)PM (s, 3) = Zs~eDR(G)'/’[k](S) Y sefinpric) PM(s,8) =
23 2seHADR @) Yk (s )de”ﬁmDR(G) PM(s,5) =

]
E’H ESGHHDR [k]( )deﬁﬂDR(G) Z{T\ IV} PT(T 8)
2 2asennpre) VIF)(s) Z{TB%?%DR(G% PR PT(T,s) = )
2n ZseHmDR PlE](s)PM (s, H) = 32y ZseHﬁDR(G) Y[k (s)PM(H,H) =

EH PM(H, H) ESE'HF]DR(G) 1/)[k](s)~: EH PM(H, ﬁ) Es/eHﬂDR(G/) 7/}/[k](5/)~:
> ou Es’e’HﬂDR(G’ V'RV PM(H,H) =3y Es’eﬂ'mDR(G/) Y'E](s)PM(s', H) =
PRTDIN GHﬂDR(G’ V'k PT(Y,s') =

PT(T,s') =

I(s) Z{T\ag/eﬁmDR(G/), PR
E’H Es '€HNDR(G’) 1/} [ ]( /) Zg/g;meR(G/) Z{T\Es s ag’}
>ou s ennprc VKIS Zg«eﬁﬂDR(G,) PM(s',3) =
> seprc) V' kI(S) Xsciinpray PM(s,5) =
Yowepr(cr) 2oveqinpricn VKIS ) PM(s', §) =

Y setinprar 2seprc) VRISV PM (s, 8) = 3 0 ciinprian ¥’k + (). O
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A.3 Proof of Theorem 8.1

Let? € (DR(G) UDR(G'))/ ands, s € H. We havevH € (DR(G) UDR(G'))/x, VA € N& |

s ip H e 5 ﬁgvp H. Since this equality is valid for al, s € #, we can rewrite it ag{ ip H and
denotePMa(H,H) = PMa(s,H) = PMa(5, H). The transitions from the states BfR(G) always
lead to those from the same set, hentec DR(G), PMa(s,H) = PM (s, N DR(G)). The same
holds forDR(G').

LetX = A, --- A, be aderived step trace 6fandG’. Then3H,, ..., H, € (DR(G)UDR(G"))/r,

Ho A—ﬁpl Hy A#pz Aﬁpn ‘H.,. Let us prove that the sum of probabilities of all the patlastistg in
everysy € Hy and going through the states froi, . . ., H,, is equal to the product @?y, ..., Py:

> [1 P70 si-1) = [[ PMa,(Hi—1, Ho).
=1

(1, Tlso 3o Ds,, L(T)=As, sieH; (1<i<n)} =t
We prove this equality by induction on the derived step ttangthn.

en=1

2

en—>n—+1

{T1|50T451, L=y, 31 €41} PT(Tl, 80) = PMAI(SQ,Hl) = PMAI(Ho,Hl).

n+1
r T PT(Y,8-1) =
{Tl7~~~7’rn7’rn+1|503"'&8n S i1, L(T)=Aq, si€M; (1<i<n+1)} HZ*I (T3, 5i-1)

(Y1, Talso 2 s, £(T)=A;, sieH; (1<i<n)}

1 MM

H?:l PT(TZ, Si_l)PT(Tn+1, Sn) =

Thi1
{Trtilsn = snt1, L(Tn41)=Ant1, $n€Hn, Sny1€Hn 11}

[H?zl PT(Y;,si-1)

\g|

{C1,enlso e Do, L(T)=As, s;€H; (1<i<n)}

\g|

PT(Yyt1,54)| =
{Tn+1‘sn'rn—¢lsn+1, £(Tn+1):An+1, $n€Hn, 571+1€Hn+1} ( 1 ):|

[1imy PT(Yi,8i-1)PMa, (50, Hny1) =
(T1roTolso 2 T0s L(T)=As, s;€H; (1<i<n)} I1iza PT(Ts, 8i-1) PMa,, s (s Hngr) =
PManis (s Hons) Z{Tl ..... Yolso be s, L(T)=As, si €M, (1<i<n)} [Tiea PT(Ts, 8i-1) =
PMa, ., (Hu, Host) TTfoy PMa,(Hi1, Ha) = [T PMa, (i1, Ha).

{1, Tnlso e Do, L(T)=As, s;€H; (1<i<n)}

1 ]

Letsg, 59 € Ho. We have
PT(Al s 'An,So) = Z

D Z{Tl,...,rn\sﬁ»»&sm L(T)=A;, s;€H; (1<i<n)}
n

E'th-,ﬂn Hi:l PMA1 (Hiflvﬂi) =

E’Hl,.n,ﬂn Z o e E Yo _

= PT Tiv _if =
{T1,...,Thlso— 5., L(T:)=As, 5:€H; (1<i<n)} HZ:l ( s 1)
- - " PT(Y;,5-1) = PT(Ay--- Ay, 50).
{Th.“)Tnlgog'”&gn) [:(TZ):A“ (1§1Sn)} Hz:l ( 75 1) ( 1 750)
Since we have the previous equality for &Jl 5o € Ho, we can denot@T' (A --- A, Ho) =
PT(A1 N 'An, 80) = PT(Al N 'An, 50).

(1, Tnlso 306 £(T)=As, (1<i<n)} [Tiey PT (T, 8i-1) =
H?:l PT‘(T}7 Sifl) =
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By Proposition 8.13 3/ pr(c) #(5) = Xy eunpr(ar) ¢ (). We now can complete the proof:
ZseHmDR(G) o(s)PT (X, s) = ZseHmDR(G) @(s)PT(X,H) = PT(X,H) ZseHﬂDR(G) o(s) =
PT(E,H) Y vennprcn € (8) = Xoennprien ¥ (8 PT(E,H) =
> sennpria) ¢ (8)PT(Z,s"). O

A.4  Proof of Proposition 8.2
Let us present two facts, which will be used in the proof.

1. By Proposition 6.1(DR(G) U DR(G"))/r = ((DRt(G) U DRr(G"))/r) W (DRv(G) U
DRvy(G"))/=). Hence¥YH € (DR(G) U DR(G"))/ =, all states fron¥{ are tangible, whef{
(DRt(G)U DR1(G"))/x, or all of them are vanishing, whé € (DRy(G) U DRy (G'))/%.

2. LetH e (D (G) U DR(G’))/R ands,, s, € H. We havevH € (DR(G) U DR(G"))/x,

VA eNL | s ArH o s 5pH. Hence,PM (s, H) = Zmas A 0 D) PT(Y,s1) =

ZAGNfEin Z{TIH%E@ 81351, L(T)=A} PT(T7 81) = ZAGNfEin PMA(S:L?H) -

2 aeng, PMals2, H) =2 aene, Z{T\Eggeﬁ, 5255, £(T)=A} PT(T,52) =

Z{TB" AL 32 55) PT(Y,s9) = PM(SQ,Q). Since we have the previous equality for all
S2 s S2—7>S2

s1,55 € H, we can denoté®M (H,H) = PM(sy,H) = PM(sy,H). The transitions from the
states ofD R(G) always lead to those from the same set, hevigees DR(G),

PM (s, H) = PM(s, HNDR(G ))- The same is true fab 2(G"). Hence, for alls € HNDR(G),
we obtainP M (H,H) = PM(s,H) = PM(s, N DR(G)) = PM(# N DR(G),H N DR(G)).
The same is true fab R(G’). Finally, PM(H N DR(G),H N DR(G)) = PM(H,H) =

PM(H N DR(G'),H N DR(G")).

Let us now prove the proposition statement for the sojoune tverages.

o LetH € (DR\/(G) @] DR\/(GI))/R
We haveH N DR(G) = HN DRy (G) € DRy(G)/r andH N DR(G') = H N DRy(G') €
DRy (G")/r. By definition of the average sojourn time in an equivaleres<of states, we get
SIrn(pR(G)2(HNDR(G)) = SIrA(DR(G)2(HN DRy(G)) =0 =
SJRF](DR(G”)P (H N DRV(G/)) = SJRO(DR(G’)P (H N DR(G/))

e Let#H € (DRr(G) U DR (G"))/x.

We have{ N DR(G) = HN DRt (G) € DRr(G)/r andH N DR(G') = H N DRt (G) €
DR~1(G")/%. By definition of the average sojourn time in an equivaleriaescof states, we get

SJRN(DR(G)V(HQDR(G)) SJRﬂ(DR(G))z(HﬁDRT(G))_l PM(HF]DRT%G),HODRT(G)):

- PM(HmDR(G) HNDR(G))  1— PM(H H) — 1- PM(HmDR(G/) HNDR(G")) —
- PM(’HﬂDRT(G/) HNADR+(G") )_S‘]RN(DR(G/)P(HQDRT(G )=8TrA(DR(G"))?>(HNDR(G')).

Thus,VH € (DR(G) U DR(G/))/R we haVGSJRﬁ(DR(G))z (H N DR(G)) =
SJRQ(DR(G/))2 (HN DR(G")).
The proposition statement for the sojourn time variancesdsed similarly. O



