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Abstract

We propose an extension with immediate multiactions of discrete time stochastic Petri box calculus (dtsPBC), pre-
sented by I.V. Tarasyuk. The resulting algebra dtsiPBC is a discrete time analogue of stochastic Petri box calculus
(sPBC) with immediate multiactions, proposed by H. Macia, V. Valero and others within a continuous time domain.
In this version of dtsiPBC, we use positive reals (instead of the previously used positive integers) as the weights of
immediate multiactions to provide more flexibility in specification. The step operational semantics is constructed via
labeled probabilistic transition systems. The denotational semantics is defined on the basis of a subclass of labeled
discrete time stochastic Petri nets with immediate transitions. The consistency of the both semantics is demonstrated.
In order to evaluate performance, the corresponding semi-Markov chains and (reduced) discrete time Markov chains
are analyzed. We define step stochastic bisimulation equivalence of expressions and prove that it can be applied to
reduce their transition systems and underlying semi-Markov chains while preserving the functionality and perfor-
mance characteristics. We explain how this equivalence may help to simplify performance analysis of the algebraic
processes. In a case study, a method of modeling, performance evaluation and behaviour preserving reduction of
concurrent systems is outlined and applied to the shared memory system. We also determine the main advantages of
dtsiPBC by comparing it with other well-known or similar SPAs.
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1. Introduction

Algebraic process calculi like CSP [53], ACP [8] and CCS [77] are a well-known formal model for the specifi-
cation of computing systems and analysis of their behaviour. In such process algebras (PAs), systems and processes
are specified by formulas, and verification of their properties is accomplished at a syntactic level via equivalences,
axioms and inference rules. In the last decades, stochastic extensions of PAs were proposed, such as MTIPP [50],
PEPA [52] and EMPA [14, 13, 9]. Stochastic process algebras (SPAs) do not just specify actions which can occur as
usual process algebras (qualitative features), but they associate some quantitative parameters with actions (quantitative
characteristics).
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1.1. Petri box calculus

PAs specify concurrent systems in a compositional way via an expressive formal syntax. On the other hand, Petri
nets (PNs) provide a graphical representation of such systems and capture explicit asynchrony in their behaviour. To
combine advantages of both models, a semantics of algebraic formulas in terms of PNs has been defined. Petri box
calculus (PBC) [15, 17, 16] is a flexible and expressive process algebra developed as a tool for specification of the
PN structure and their interrelations. Its goal was also to propose a compositional semantics for high level constructs
of concurrent programming languages in terms of elementary PNs. Formulas of PBC are combined not from single
(visible or invisible) actions and variables, like in CCS, but from multisets of elementary actions and their conjugates,
called multiactions (basic formulas). The empty multiset of actions is interpreted as the silent multiaction specifying
some invisible activity. In contrast to CCS, synchronization is separated from parallelism (concurrent constructs).
Synchronization is a unary multi-way stepwise operation based on communication of actions and their conjugates.
This extends the CCS approach with conjugate matching labels. Synchronization in PBC is asynchronous, unlike that
in Synchronous CCS (SCCS) [77]. Other operations are sequence and choice (sequential constructs). The calculus
includes also restriction and relabeling (abstraction constructs). To specify infinite processes, refinement, recursion
and iteration operations were added (hierarchical constructs). Thus, unlike CCS, PBC has an additional iteration
construction to specify infinite behaviour when the semantic interpretation in finite PNs is possible. PBC has a step
operational semantics in terms of labeled transition systems, based on the rules of structural operational semantics
(SOS) [86]. The operational semantics of PBC is of step type, since its SOS rules have transitions with (multi)sets of
activities, corresponding to simultaneous executions of activities (steps). Note that we do not reason in terms of a big-
step (natural) [57] or small-step (structural) [86] operational semantics here, and that PBC (and all its extensions to be
mentioned further) have a small-step operational semantics, in that terminology. A denotational semantics of PBC was
proposed via a subclass of PNs equipped with an interface and considered up to isomorphism, called Petri boxes. For
more detailed comparison of PBC with other process algebras and the reasoning about importance of non-interleaving
semantics see [15, 16]. In the last years, several extensions of PBC with a deterministic, a nondeterministic or a
stochastic model of time were presented.

1.2. Time extensions of Petri box calculus

To specify systems with time constraints, such as real time systems, deterministic (fixed) or nondeterministic
(interval) time delays are used. A time extension of PBC with a nondeterministic time model, called time Petri box
calculus (tPBC), was proposed in [61]. In tPBC, timing information is added by associating time intervals (the earliest
and the latest firing time) with instantaneous actions. tPBC has a step time operational semantics in terms of labeled
transition systems. Its denotational semantics was defined in terms of a subclass of labeled time Petri nets (LtPNs),
based on tPNs [76] and called time Petri boxes (ct-boxes).

Another time enrichment of PBC, called Timed Petri box calculus (TPBC), was defined in [73], it accommodates a
deterministic model of time. In contrast to tPBC, multiactions of TPBC are not instantaneous, but have time durations.
Additionally, in TPBC there exist no “illegal” multiaction occurrences, unlike tPBC. The complexity of “illegal”
occurrences mechanism was one of the main intentions to construct TPBC though this calculus appeared to be more
complicated than tPBC. TPBC has a step timed operational semantics in terms of labeled transition systems. The
denotational semantics of TPBC was defined in terms of a subclass of labeled Timed Petri nets (LTPNs), based on
TPNs [89] and called Timed Petri boxes (T-boxes). Note that tPBC and TPBC differ in ways they capture time
information, and they are not in competition but complement each other.

The third time extension of PBC, called arc time Petri box calculus (atPBC), was constructed in [84], and it
implements a nondeterministic time. In atPBC, multiactions are associated with time delay intervals. atPBC possesses
a step time operational semantics in terms of labeled transition systems. Its denotational semantics was defined on a
subclass of labeled arc time Petri nets (atPNs), where time restrictions are associated with the arcs, called arc time
Petri boxes (at-boxes). Further, all the calculi tPBC, TPBC and atPBC apply the discrete time approach, but only
tPBC and atPBC have immediate (multi)actions.

1.3. Stochastic extensions of Petri box calculus

The set of states for the systems with deterministic or nondeterministic delays often differs drastically from that
for the timeless systems, hence, the analysis results for untimed systems may be not valid for the time ones. To
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solve this problem, stochastic delays are considered, which are the random variables with a (discrete or continuous)
probability distribution. If the random variables governing delays have an infinite support then the corresponding SPA
can exhibit all the same behaviour as its underlying untimed PA. A stochastic extension of PBC, called stochastic
Petri box calculus (sPBC), was proposed in [68]. In sPBC, multiactions have stochastic delays that follow negative
exponential distribution. Each multiaction is equipped with a rate that is a parameter of the corresponding exponential
distribution. The instantaneous execution of a stochastic multiaction is possible only after the corresponding stochastic
time delay. Just a finite part of PBC was initially used for the stochastic enrichment, i.e. in its former version sPBC
has neither refinement nor recursion nor iteration operations. The calculus has an interleaving operational semantics
defined via transition systems labeled with multiactions and their rates. Its denotational semantics was defined in terms
of a subclass of labeled continuous time stochastic PNs (LCTSPNs), based on CTSPNs [74, 5] and called stochastic
Petri boxes (s-boxes). In [65], the iteration operator was added to sSPBC. In sPBC with iteration, performance of the
processes is evaluated by analyzing their underlying continuous time Markov chains (CTMCs). In [66], a number of
new equivalence relations were proposed for regular terms of sPBC with iteration to choose later a suitable candidate
for a congruence. sSPBC with iteration was enriched further with immediate multiactions having zero delay in [67]. We
call such an extension generalized sPBC (gsPBC). An interleaving operational semantics of gsPBC was constructed
via transition systems labeled with stochastic or immediate multiactions together with their rates or probabilities. A
denotational semantics of gsPBC was defined via a subclass of labeled generalized stochastic PNs (LGSPNs), based
on GSPNs [74, 5, 6] and called generalized stochastic Petri boxes (gs-boxes). The performance analysis in gsPBC is
based on the underlying semi-Markov chains (SMCs).

PBC has a step operational semantics, whereas sPBC has an interleaving one. Remember that in step semantics,
parallel executions of activities (steps) are permitted while in interleaving semantics, we can execute only single ac-
tivities. Hence, a stochastic extension of PBC with a step semantics is needed to keep the concurrency degree of
behavioural analysis at the same level as in PBC. As mentioned in [80, 81], in contrast to continuous time approach
(used in sPBC), discrete time approach allows for constructing models of common clock systems and clocked de-
vices. In such models, multiple transition firings (or executions of multiple activities) at time moments (ticks of the
central clock) are possible, resulting in a step semantics. Moreover, employment of discrete stochastic time fills the
gap between the models with deterministic (fixed) time delays and those with continuous stochastic time delays. As
argued in [1], arbitrary delay distributions are much easier to handle in a discrete time domain. In [71, 72, 69], discrete
stochastic time was preferred to enable simultaneous expiration of multiple delays. In [92, 94], a discrete time stochas-
tic extension dtsPBC of finite PBC was presented. In dtsPBC, the residence time in the process states is geometrically
distributed. A step operational semantics of dtsPBC was constructed via labeled probabilistic transition systems. Its
denotational semantics was defined in terms of a subclass of labeled discrete time stochastic PNs (LDTSPNs), based
on DTSPNs [80, 81] and called discrete time stochastic Petri boxes (dts-boxes). A variety of stochastic equivalences
were proposed to identify stochastic processes with similar behaviour which are differentiated by the semantic equiv-
alence. The interrelations of all the introduced equivalences were studied. In [93, 95], we constructed an enrichment
of dtsPBC with the iteration operator used to specify infinite processes. The performance evaluation in dtsPBC with
iteration is accomplished via the underlying discrete time Markov chains (DTMCs) of the algebraic processes. Since
dtsPBC has a discrete time semantics and geometrically distributed sojourn time in the process states, unlike sSPBC
with continuous time semantics and exponentially distributed delays, the calculi apply two different approaches to
the stochastic extension of PBC, in spite of some similarity of their syntax and semantics inherited from PBC. The
main advantage of dtsPBC is that concurrency is treated like in PBC having step semantics, whereas in sPBC paral-
lelism is simulated by interleaving, obliging one to collect the information on causal independence of activities before
constructing the semantics. In [96, 97], we presented the extension dtsiPBC of the latter calculus with immediate
multiactions. Immediate multiactions increase the specification capability: they can model logical conditions, prob-
abilistic branching, instantaneous probabilistic choices and activities whose durations are negligible in comparison
with those of others. They are also used to specify urgent activities and the ones not relevant for performance eval-
uation. Thus, immediate multiactions can be considered as a kind of instantaneous dynamic state adjustment and, in
many cases, they result in a simpler and more clear system representation.

1.4. Equivalence relations
A notion of equivalence is important in theory of computing systems. Equivalences are applied both to compare
behaviour of systems and reduce their structure. There is a wide diversity of behavioural equivalences, and their
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interrelations are well explored in the literature. The best-known and widely used one is bisimulation. Typically,
the mentioned equivalences take into account only functional (qualitative) but not performance (quantitative) aspects.
Additionally, the equivalences are usually interleaving ones, i.e. they interpret concurrency as sequential nondeter-
minism. Interleaving equivalences permit to imitate parallel execution of actions via all possible occurrence sequences
(interleavings) of them. Step equivalences require instead simulating such a parallel execution by simultaneous oc-
currence (step) of all the involved actions. To respect quantitative features of behaviour, probabilistic equivalences
have additional requirement on execution probabilities. Two equivalent processes must be able to execute the same
sequences of actions, and for every such sequence, its execution probabilities within both processes should coincide.
In case of probabilistic bisimulation equivalence, the states from which similar future behaviours start are grouped into
equivalence classes that form elements of the aggregated state space. From every two bisimilar states, the same ac-
tions can be executed, and the subsequent states resulting from execution of an action belong to the same equivalence
class. In addition, for both states, the cumulative probabilities to move to the same equivalence class by executing
the same action coincide. A different kind of quantitative relations is called Markovian equivalences, which take rate
(the parameter of exponential distribution that governs time delays) instead of probability. Note that the probabilis-
tic equivalences can be seen as discrete time analogues of the Markovian ones, since the latter are defined as the
continuous time relations.

Interleaving probabilistic weak trace equivalence was introduced in [32] on labeled probabilistic transition sys-
tems. Interleaving probabilistic strong bisimulation equivalence was proposed in [64] on the same model. Interleaving
probabilistic equivalences were defined for probabilistic processes in [56, 42]. Interleaving Markovian strong bisim-
ulation equivalence was constructed in [S0] for MTIPP, in [52] for PEPA and in [14, 13, 9] for EMPA. Some variants
of interleaving Markovian weak bisimulation equivalence were considered in [27] on Markovian process algebras, in
[28] on labeled CTSPNs and in [29] on labeled GSPNs. In [10, 11], a comparison of interleaving Markovian trace, test,
strong and weak bisimulation equivalences was carried out on sequential and concurrent Markovian process calculi.
Nevertheless, no appropriate equivalence notion was defined for concurrent SPAs. The non-interleaving bisimulation
equivalence in GSMPA [21, 20] uses ST-semantics for action particles while in Sr [88] it is based on a sophisticated
labeling.

1.5. Our contributions

In this paper, we present dtsPBC with iteration extended with immediate multiactions, called discrete time stochas-
tic and immediate Petri box calculus (dtsiPBC), which is a discrete time analog of sPBC. The latter calculus has
iteration and immediate multiactions within the context of a continuous time domain. In the current version of dt-
siPBC, we use positive reals (instead of positive integers, used in the previous versions) as the weights of immediate
multiactions, to allow for more flexibile and convenient specification of systems. The step operational semantics is
constructed with the use of labeled probabilistic transition systems. The denotational semantics is defined in terms of
a subclass of labeled discrete time stochastic and immediate PNs (LDTSPNs with immediate transitions, LDTSIPNSs),
based on the extension of DTSPNs with transition labeling and immediate transitions, called dtsi-boxes. LDTSIPNs
possess some features of discrete time deterministic and stochastic PNs (DTDSPNs) [105] and discrete deterministic
and stochastic PNs (DDSPNs) [104], but in LDTSIPNs simultaneous transition firings are possible while in DTDSPNs
and DDSPNSs only firings of single transitions are allowed. The consistency of both semantics is demonstrated. The
corresponding stochastic process, the underlying SMC, is constructed and investigated, with the purpose of perfor-
mance evaluation, which is the same for both semantics. In addition, the alternative solution methods are developed,
based on the underlying DTMC and its reduction (RDTMC) by eliminating vanishing states. Further, we propose step
stochastic bisimulation equivalence allowing one to identify algebraic processes with similar behaviour that are how-
ever differentiated by the semantics of the calculus. We examine the interrelations of the proposed notion with other
equivalences of the algebra. We describe how step stochastic bisimulation equivalence can be used to reduce transition
systems of expressions and their underlying SMCs while preserving the qualitative and quantitative characteristics.
We prove that the mentioned equivalence guarantees identity of the stationary behaviour and residence time proper-
ties in the equivalence classes. This implies coincidence of performance indices based on steady-state probabilities
of the modeled stochastic systems. The equivalences possessing the property can be used to reduce the state space
of a system and thus simplify its performance evaluation, what is usually a complex problem due to the state space
explosion. We present a case study of a system with two processors and a common shared memory explaining how
to model concurrent systems within the calculus and analyze their performance, as well as in which way to reduce
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the systems while preserving their performance indices and making simpler the performance evaluation. Finally, we
consider differences and similarities between dtsiPBC and other SPAs to determine the advantages of our calculus.
We discuss the SPAs approaches to the analytical solution, concurrency interpretation and application area.

The first results on this subject can be found in [96]. Concerning differences from our previous journal papers about
dtsiPBC [97, 98, 99], the present text is much more detailed and many new results have been added. In particular,
all the used notions (such as numbering, functions collecting executable activities, probability functions) are formally
defined and completely explained with examples; the operational and denotational semantics are given in full detail
(the inaction, action rules, LDTSPNs and dtsi-boxes are extensively described and discussed); compact illustrative
examples (of standard and alternative solution methods) are presented; keeping properties of original Markov chains
(irreducibility, positive recurrence and aperiodicity) in their embedded and state-aggregated versions is studied. The
main new contribution of the paper, step stochastic bisimulation equivalence of the process expressions, is introduced
and checked for stationary behaviour and sojourn time features preservation in the equivalence classes; quotienting
the transition systems, SMCs and DTMCs by the equivalence, as well as the resulting simplification of performance
evaluation, are considered. As an application example, the standard and generalized variants of the shared memory
system, quotients of their behaviour (represented by the transition systems, SMCs and DTMCs) by the equivalence
and reductions of the quotients by removing vanishing states are constructed; the generalized probabilities of the
reduced quotient DTMC are treated as parameters to be adjusted for performance optimization. In the enhanced
related work overview, strong points of dtsiPBC with respect to other SPAs are detected; in the extensive discussion,
analytical solution, concurrency interpretation, application area and general advantages of dtsiPBC are explained.

If we compare dtsiPBC with the classical SPAs MTIPP, PEPA and EMPA, the first main difference between them
comes from PBC, since dtsiPBC is based on this calculus: all algebraic operations and a notion of multiaction are
inherited from PBC. The second main difference is discrete probabilities of activities induced by the discrete time
approach, whereas action rates are used in the standard SPAs with continuous time. As a consequence, dtsiPBC has a
non-interleaving step operational semantics. This is in contrast to the classical SPAs, where concurrency is modeled
by interleaving because of the continuous probability distributions of action delays and the race condition applied
when several actions can be executed in a state. The third main difference is immediate multiactions. There are no
instantaneous activities in MTIPP and PEPA while the immediate actions in EMPA can have different priority levels.
All immediate multiactions in dtsiPBC have the same priority level, with the intention to simplify the specification
and analysis, since weights (assigned also to immediate actions in EMPA) are enough to denote preferences among
immediate multiactions and to produce the conformable probabilistic behaviours. The salient point of dtsiPBC is a
combination of immediate multiactions, discrete stochastic time and step semantics in an SPA.

Thus, the main contributions of the paper are the following.

e Powerful and expressive discrete time SPA with immediate activities called dtsiPBC in its final form.

Step operational semantics of dtsiPBC in terms of labeled probabilistic transition systems.

Petri net denotational semantics of dtsiPBC based on discrete time stochastic and immediate Petri nets.

Performance analysis via underlying semi-Markov chains and (reduced) discrete time Markov chains.

Stochastic equivalence used for behaviour-preserving reduction that simplifies the performance evaluation.

o Extended case study illustrating how to apply the obtained theoretical results in practice.

1.6. Structure of the paper

The paper is organized as follows. In Section 2, the syntax of the extended calculus dtsiPBC is presented. In
Section 3, we construct the operational semantics of the algebra in terms of labeled probabilistic transition systems. In
Section 4, we propose the denotational semantics based on a subclass of LDTSIPNs. In Section 5, the corresponding
stochastic process is defined and analyzed. Step stochastic bisimulation equivalence is defined and investigated in
Section 6. In Section 7, we explain how to reduce transition systems and underlying SMCs of process expressions
modulo the equivalence. In Section 8, the introduced equivalence is applied to the stationary behaviour comparison to
verify the performance preservation. In Section 9, a shared memory system is presented as a case study. The difference
between dtsiPBC and other well-known or similar SPAs is considered in Section 10. The advantages of dtsiPBC are
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explained in Section 11. Finally, Section 12 summarizes the results obtained and outlines the research perspectives.
The long and complex proofs are moved to Appendix A.

2. Syntax

In this section, we propose the syntax of dtsiPBC. First, we recall a definition of multiset that is an extension of
the set notion by allowing several identical elements.

Definition 2.1. Let X be a set. A finite multiset (bag) M over X is a mapping M : X — N such that [{x € X | M(x) >
0}| < o0, i.e. it can contain a finite number of elements only.

We denote the set of all finite multisets over a set X by N;(m Let MM’ € N;(m The cardinality of M is defined
as |M| = 3 .ex M(x). We write x € M if M(x) >0and M C M’ if Vx € X, M(x) < M'(x). We define (M + M")(x) =
M(x) + M’(x) and (M — M")(x) = max{0, M(x) — M’(x)}. When Vx € X, M(x) < 1, M can be interpreted as a proper
set and denoted by M C X. The set of all subsets (powerset) of X is denoted by 2*.

Let Act = {a,b,...} be the set of elementary actions. Then Act = {a, B, ...} is the set of conjugated actions
(conjugates) such that & # a and & = a. Let A = Act U Act be the set of all actions, and £ = N}f}n be the set of all
multiactions. Note that () € L, this corresponds to an internal move, i.e. the execution of a multiaction that contains
no visible action names. The alphabet of a € L is defined as A(a) = {x € A | a(x) > 0}.

A stochastic multiaction is a pair (@, p), where @ € L and p € (0;1) is the probability of the multiaction «.
This probability is interpreted as that of independent execution of the stochastic multiaction at the next discrete time
moment. Such probabilities are used to calculate those to execute (possibly empty) sets of stochastic multiactions
after one time unit delay. The probabilities of stochastic multiactions are required not to be equal to 1 to avoid extra
model complexity, since in this case one should assign with them weights, needed to make a choice when several
stochastic multiactions with probability 1 can be executed from a state. The difficulty is that when the stochastic
multiactions with probability 1 occur in a step (parallel execution), all other with the less probabilities do not. In this
case, some problems appear with conflicts resolving. See [80, 81] for the discussion on SPNs. This decision also
allows us to avoid technical difficulties related to conditioning events with probability 0. Another reason is that not
allowing probability 1 for stochastic multiactions excludes a potential source of periodicity (hence, non-ergodicity)
in the underlying SMCs of the algebraic expressions. On the other hand, there is no sense to allow zero probabilities
of stochastic multiactions, since they would never be performed in this case. Let SL be the set of all stochastic
multiactions.

An immediate multiaction is a pair (a, ), where @ € £ and is the [ € R,y = (0; +o0) positive real-valued weight
of the multiaction @. This weight is interpreted as a measure of importance (urgency, interest) or a bonus reward
associated with execution of the immediate multiaction at the current discrete time moment. Such weights are used to
calculate the probabilities to execute sets of immediate multiactions instantly. Immediate multiactions have a priority
over stochastic ones. One can assume that all immediate multiactions have priority 1, whereas all stochastic ones have
priority 0. This means that in a state where both kinds of multiactions can occur, immediate multiactions always occur
before stochastic ones. Stochastic and immediate multiactions cannot participate together in some step (concurrent
execution), i.e. the steps consisting only of immediate multiactions or those including only stochastic multiactions are
allowed. Let 7L be the set of all immediate multiactions.

Note that the same multiaction @ € £ may have different probabilities and weights in the same specification. An
activity is a stochastic or an immediate multiaction. Let STL = SL U I L be the set of all activities. The alphabet
of a multiset of activities T € Nfl‘; £ is defined as A(Y) = U erA(a). For an activity (a,«x) € SIL, we define
its multiaction part as L(a, k) = «a and its probability or weight part as Q(a, «) = k if k € (0;1); or Q(a, k) = [ if
k =ly, [ € Rog. The multiaction part of a multiset of activities Y € N%L is defined as L(Y) = 34 per @-

Activities are combined into formulas (process expressions) by the following operations: sequence ;, choice [],
parallelism ||, relabeling [f] of actions, restriction rs over a single action, synchronization Sy on an action and its
conjugate, and iteration [ * * ] with three arguments: initialization, body and termination.

Sequence (sequential composition) and choice (choice composition) have a standard interpretation, like in other
process algebras, but parallelism (parallel composition) does not include synchronization, unlike the corresponding
operation in CCS [77].



Relabeling functions f : A — A are bijections preserving conjugates, i.e. Vx € A, f(X) = f(x). Relabeling
is extended to multiactions in the usual way: for @ € £, we define f(a) = Y, f(x). Relabeling is extended to the
multisets of activities as follows: for Y € N}Sl‘; £, we define f(T) = Dewer(f(@), ©).

Restriction over an elementary action a € Act means that, for a given expression, any process behaviour containing
a or its conjugate a is not allowed.

Let @, B8 € £ be two multiactions such that for some elementary action a € Act we havea € e anda € B,ora € «
and a € 8. Then, synchronization of @ and 8 by a is defined as a &, 8 = y, where

ax)+pB(x)—-1, x=aorx=a;
v = { a(x) + B(x), otherwise.

In other words, we require that o &, 8 = @ + 8 — {a, a}, i.e. we remove one exemplar of a and one exemplar of a from
the multiset sum « + 3, since the synchronization of a and a produces ). Activities are synchronized with the use of
their multiaction parts, i.e. the synchronization by a of two activities, whose multiaction parts a and 8 possess the
properties mentioned above, results in the activity with the multiaction part @ &, . We may synchronize activities of
the same type only: either both stochastic multiactions or both immediate ones, since immediate multiactions have a
priority over stochastic ones, hence, stochastic and immediate multiactions cannot be executed together (note also that
the execution of immediate multiactions takes no time, unlike that of stochastic ones). Synchronization by @ means
that, for a given expression with a process behaviour containing two concurrent activities that can be synchronized by
a, there exists also the process behaviour that differs from the former only in that the two activities are replaced by the
result of their synchronization.

In the iteration, the initialization subprocess is executed first, then the body is performed zero or more times, and,
finally, the termination subprocess is executed.

Static expressions specify the structure of processes. As we shall see, the expressions correspond to unmarked
LDTSIPNSs (note that LDTSIPNs are marked by definition).

Definition 2.2. Let (a, k) € ST L and a € Act. A static expression of dtsiPBC is defined as

E:= (a.,x) | E;E|E[E | E|E | E[f] |Ersa|Esya|[E «E * E].

Let S tatExpr denote the set of all static expressions of dtsiPBC.

To make the grammar above unambiguous, one can add parentheses in the productions with binary operations:
(E; E), (E[1E), (E|IE). However, we prefer the PBC approach and add them to resolve ambiguities only.

To avoid technical difficulties with the iteration operator, we should not allow any concurrency at the highest
level of the second argument of iteration. This is not a severe restriction though, since we can always prefix parallel
expressions by an activity with the empty multiaction part. Later on, in Example 4.2, we shall demonstrate that
relaxing the restriction can result in nets which are not safe. Alternatively, we can use a different, safe, version of the
iteration operator, but its net translation has six arguments. See also [16] for discussion on this subject.

Definition 2.3. Let (a, k) € ST L and a € Act. A regular static expression of dtsiPBC is defined as

E:= (ao,c) | E;E|E[IE | E|E | E[f]1|Ersal|Esya|lE*DxE],
where D ::= (a,k) | D;E | D[ID | D[f] | Drsa|Dsya|[D*D=xE].

Let RegS tatExpr denote the set of all regular static expressions of dtsiPBC.

Dynamic expressions specify the states of processes. As we shall see, the expressions correspond to LDTSIPNs
(which are marked by default). Dynamic expressions are obtained from static ones, by annotating them with upper or
lower bars which specify the active components of the system at the current moment of time. The dynamic expression
with upper bar (the overlined one) E denotes the initial, and that with lower bar (the underlined one) E denotes the
final state of the process specified by a static expression E. The underlying static expression of a dynamic one is
obtained by removing all upper and lower bars from it.

Definition 2.4. Let E € StatExpr and a € Act. A dynamic expression of dtsiPBC is defined as

G:= E|E|G;E|E;G|G[IE | E[IG|GIG | Glf]|Grsa|Gsya|[G+E=E]|[E+GxE]|[E*E xG].
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Let DynExpr denote the set of all dynamic expressions of dtsiPBC.
Note that if the underlying static expression of a dynamic one is not regular, the corresponding LDTSIPN can be
non-safe (though, it is 2-bounded in the worst case [16]).

Definition 2.5. A dynamic expression is regular if its underlying static expression is regular.

Let RegDynExpr denote the set of all regular dynamic expressions of dtsiPBC.

3. Operational semantics

In this section, we define the step operational semantics in terms of labeled transition systems.

3.1. Inaction rules

The inaction rules for dynamic expressions describe their structural transformations in the form of G = G which
do not change the states of the specified processes. The goal of these syntactic transformations is to obtain the well-
structured resulting expressions called operative ones to which no inaction rules can be further applied. As we shall
see, the application of an inaction rule to a dynamic expression does not lead to any discrete time tick or any transition
firing in the corresponding LDTSIPN, hence, its current marking remains unchanged.

Thus, an application of every inaction rule does not require any discrete time delay, i.e. the dynamic expression
transformation described by the rule is accomplished instantly.

First, in Table 1, we define inaction rules for regular dynamic expressions in the form of overlined and underlined
static ones. In this table, E, F, K € RegStatExpr and a € Act.

Table 1: Inaction rules for overlined and underlined regular static expressions.

E.F > E,F E:F = E;F E;F = E;F E[JF = E[IF

E[F = E[IF E[IF = E[IF E[F = EQF E|F = E|F

E|F = E|F E[f] = E[f] E[f] = E[f] Ersa=Ersa
Ersa=Ersa Esya=Esya Esya:@ [ExF*K]= [ExFxK]

[ExF+«K]|=>[ExF+K|] [ExF+«K|=>[E+«xF+K| [ExF+«K|=>[ExF+K| [ExFxK]|=[Ex*Fx*K]

Second, in Table 2, we introduce inaction rules for regular dynamic expressions in the arbitrary form. In this table,
E,F € RegStatExpr, G,H,G,H € RegDynExpr and a € Act. By reason of brevity, two distinct inaction rules with
the same premises are collated in some cases, resulting in the inaction rules with double conclusion.

Table 2: Inaction rules for arbitrary regular dynamic expressions.

G=G,ocf,[} G=G G=G G = G, o € {rs,sy}
GoE=GoE, EocG=EoG G|H= G|H, H|G= H|G G[f]= G[f] Goa=Goa
G=>G G=>G G=>G
[G+E*F]= [G*ExF] [E+G*F]= [E =G xF] [E+F+G]= [E*F =G]

Definition 3.1. A regular dynamic expression G is operative if no inaction rule can be applied to it.



Let OpRegDynExpr denote the set of all operative regular dynamic expressions of dtsiPBC.
Note that any dynamic expression can be always transformed into a (not necessarily unique) operative one by
using the inaction rules. In the following, we consider regular expressions only and omit the word “regular”.

Definition 3.2. The relation ~ = (= U &)* is a structural equivalence of dynamic expressions in dtsiPBC. Thus, two
dynamic expressions G and G’ are structurally equivalent, denoted by G = G’, if they can be reached from each other
by applying the inaction rules in a forward or backward direction.

3.2. Action and empty loop rules

The action rules are applied when some activities are executed. With these rules we capture the prioritization of
immediate multiactions with respect to stochastic ones. We also have the empty loop rule which is used to capture
a delay of one discrete time unit in the same state when no immediate multiactions are executable. In this case, the
empty multiset of activities is executed. The action and empty loop rules will be used later to determine all multisets
of activities which can be executed from the structural equivalence class of every dynamic expression (i.e. from the
state of the corresponding process). This information together with that about probabilities or weights of the activities
to be executed from the current process state will be used to calculate the probabilities of such executions.

The action rules with stochastic (or immediate, otherwise) multiactions describe dynamic expression transforma-

tions in the form of G 5 G (or G 4 G) due to execution of non-empty multisets I" of stochastic (or I of immediate)
multiactions. The rules represent possible state changes of the specified processes when some non-empty multisets of
stochastic (or immediate) multiactions are executed. As we shall see, the application of an action rule with stochastic
(or immediate) multiactions to a dynamic expression leads in the corresponding LDTSIPN to a discrete time tick
at which some stochastic transitions fire (or to the instantaneous firing of some immediate transitions) and possible
change of the current marking. The current marking remains unchanged only if there is a self-loop produced by the
iterative execution of a non-empty multiset, which must be one-element, i.e. the single stochastic (or immediate)
multiaction. The reason is the regularity requirement that allows no concurrency at the highest level of the second
argument of iteration.

The empty loop rule (applicable only when no immediate multiactions can be executed from the current state)

describes dynamic expression transformations in the form of G LA G due to execution of the empty multiset of
activities at a discrete time tick. The rule reflects a non-zero probability to stay in the current state at the next time
moment, which is an essential feature of discrete time stochastic processes. As we shall see, the application of the
empty loop rule to a dynamic expression leads to a discrete time tick in the corresponding LDTSIPN at which no
transitions fire and the current marking is not changed. This is a new rule that has no prototype among inaction rules

of PBC, since it represents a time delay, but no notion of time exists in PBC. The PBC rule G LA G from [17, 16]
in our setting would correspond to the rule G = G that describes staying in the current state when no time elapses.
Since we do not need the latter rule to transform dynamic expressions into operative ones and it can even destroy the
definition of operative expressions, we do not introduce it in dtsiPBC.

Thus, an application of every action rule with stochastic multiactions or the empty loop rule requires one discrete
time unit delay, i.e. the execution of a (possibly empty) multiset of stochastic multiactions leading to the dynamic
expression transformation described by the rule is accomplished instantly after one time unit. An application of
every action rule with immediate multiactions does not take any time, i.e. the execution of a (non-empty) multiset of
immediate multiactions is accomplished instantly at the current moment of time.

Note that expressions of dtsiPBC can contain identical activities. To avoid technical difficulties, such as the proper
calculation of the state change probabilities for multiple transitions, we can always enumerate coinciding activities
from left to right in the syntax of expressions. The new activities resulted from synchronization will be annotated
with concatenation of numberings of the activities they come from, hence, the numbering should have a tree structure
to reflect the effect of multiple synchronizations. We now define the numbering which encodes a binary tree with the
leaves labeled by natural numbers.

Definition 3.3. The numbering of expressions is defined as ¢ ::= n | (t)(¢), where n € N.
Let Num denote the set of all numberings of expressions.
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Figure 1: The binary trees encoded with the numberings 1, (1)(2) and (1)((2)(3)).

Example 3.1. The numbering 1 encodes the binary tree depicted in Figure 1(a) with the root labeled by 1. The
numbering (1)(2) corresponds to the binary tree depicted in Figure 1(b) without internal nodes and with two leaves
labeled by 1 and 2. The numbering (1)((2)(3)) represents the binary tree depicted in Figure I(c) with one internal
node, which is the root for the subtree (2)(3), and three leaves labeled by 1,2 and 3.

The new activities resulting from synchronizations in different orders should be considered up to permutation of
their numbering. In this way, we shall recognize different instances of the same activity. If we compare the contents
of different numberings, i.e. the sets of natural numbers in them, we shall be able to identify the mentioned instances.

The content of a numbering ¢ € Num is

{e}, L€ N;

Cont() = { Cont(ty) U Cont(tp), = (t1)(t2).

After the enumeration, the multisets of activities from the expressions will become the proper sets. Suppose that
the identical activities are enumerated when needed to avoid ambiguity. This enumeration is considered to be implicit.

Let X be some set. We denote the Cartesian product X x X by X2. Let & C X be an equivalence relation on X.
Then the equivalence class (with respect to &) of an element x € X is defined by [x]g = {y € X | (x,y) € &}. The
equivalence & partitions X into the set of equivalence classes X/g = {[x]g | x € X}.

Let G be a dynamic expression. Then [G]. = {H | G ~ H} is the equivalence class of G with respect to the
structural equivalence. G is an initial dynamic expression, denoted by init(G), if AE € RegStatExpr, G € [El.. G is
a final dynamic expression, denoted by final(G), if AE € RegS tatExpr, G € [E]x.

Definition 3.4. Let G € OpRegDynExpr. We define the set of all non-empty sets of activities which can be potentially
executed from G, denoted by Can(G). Let (a,k) € SI.L, E,F € RegStatExpr, H € OpRegDynExpr and a € Act.

1. If final(G) then Can(G) = 0.
2. If G = (a, «) then Can(G) = {{(a, k)}}.
3. If T € Can(G) then Y € Can(Go E), T € Can(E o G) (o € {;,[1}), T € Can(G||H), Y € Can(H||G),
(") € Can(G[f]), Y € Can(G rs a) (when a,a ¢ A(T)), T € Can(G sy a), T € Can([G * E * F]),
T € Can([E « G % F]), T € Can([E = F = G]).
4. If Y € Can(G) and E € Can(H) then Y + E € Can(G| H).
5. If T € Can(G sy a) and (a, k), (B8, 1) € T are different activities such that a € a, @ € B, then
@ T—-{(a,0),B,D}+{(@®,B,k- D} € Can(G sy a), if k, 1 € (0; 1);
() T —{(a,x), (B, D} + {(a & B, biem)} € Can(G sy a) if k =, A =bu, ,m € Rso.
When we synchronize the same set of activities in different orders, we obtain several activities with the same
multiaction and probability or weight parts, but with different numberings having the same content. Then we
only consider a single one of the resulting activities to avoid introducing redundant ones.
For example, the synchronization of stochastic multiactions (@, p); and (8, x)» in different orders generates the
activities (@ @, B, - Y)1y2) and (B @, a, x - p))1)- Similarly, the synchronization of immediate multiactions
(a, )1 and (B, b)), in different orders generates the activities (& ®, B, Hi+m)1)2) and (8 &, @, bn+)2)1y- Since
Cont((1)(2)) = {1,2} = Cont((2)(1)), in both cases, only the first activity (or, symmetrically, the second one)
resulting from synchronization will appear in a set from Can(G sy a).
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Note that if T € Can(G) then by definition of Can(G), YE C Y, & # 0, we have = € Can(G).

Let G € OpRegDynExprand Can(G) # 0. Obviously, if there are only stochastic (or only immediate) multiactions
in the sets from Can(G) then these stochastic (or immediate) multiactions can be executed from G. Otherwise, besides
stochastic ones, there are also immediate multiactions in the sets from Can(G). By the note above, there are non-
empty sets of immediate multiactions in Can(G) as well, i.e. AT € Can(G), T € N fin \ {0}. In this case, no
stochastic multiactions can be executed from G, even if Can(G) contains non-empty sets of stochastic multiactions,
since immediate multiactions have a priority over stochastic ones, and should be executed first.

Definition 3.5. Let G € OpRegDynExpr. The set of all non-empty sets of activities which can be executed from G is

Can(G), (Can(G) € NSE\{0)) v (Can(G) € NEE\ {0);

fin fin
Can(G) N NZL otherwise.

Now(G) = {
fin?

An operative dynamic expression expression G € OpRegDynExpr is tangible, denoted by tang(G), if Now(G) C

N}Slf \ {0}. In particular, we have tang(G), ift Now(G) = 0. Otherwise, the expression G is vanishing, denoted by

vanish(G), and in this case @ # Now(G) C N;Tlf \ {0}. Note that the operative dynamic expressions from [G]. may
have different types in general. The following example demonstrates two operative dynamic expressions H and H’
with H =~ H’, such that vanish(H), but tang(H’).

Example 3.2. Let G = (({a}, 5[1({6}, R2))lI({c ,z)andG’ = (({a hl) ]( hz))ll( ,2)- Then G ~ G, since

G=G6"= G f0r G" = (( hl)[]( L)), ), but Can(G) = {{({a}, )}, (e}, ) ((Hal, ), (feh, DI,
Can(G') = {({b}, i)}, {({c), )} b ), (fe ,2)}} and Now(G) = {{({a}’hl)}}» Now(G") = {{({b}. )}}. Clearly, we
have vanish(G) and vamsh(G ). The executions like that of {({c}, %)} (and all sets including it) from G and G’ must be
disabled using preconditions in the action rules, since immediate multiactions have a priority over stochastic ones,
hence, the former are always executed first.

Let H = ({a}, b)[1({b )andH'—( Lenndp ) Then H ~ H’, since H& H"” = H' for H' =({a}, 1)[1({b ,2),
but Can(H) = Now(H) al,b)}} and Can(H') = Now(H") = {{({b}, 2)}}. We have vanish(H), but tang(H"). To
make the action rules correct under structural equivalence, the executions like that of {({b}, %)} from H' must be
disabled using preconditions in the action rules, since immediate multiactions have a priority over stochastic ones,
hence, the choices between them are always resolved in favour of the former.

Let G € RegDynExpr. We write tang([G]~), if VH € [G]s N OpRegDynExpr tang(H). Otherwise, we write
vanish([G]~), and in this case AH € [G]. N OpRegDynExpr vanish(H).

Now, in Table 3, we define the action and empty loop rules. In this table, (@,p), (B.x) € SL, (a,b), (B, b)) € IL
and (a,k) € SIL. Further, E F € RegStatExpr, G,H e OpRegDynExpr, G,H € RegDynExpr and a € Act.
MoreoverrAeNfl\{} NSL IJGNM\{} N]{LandTeN}SM\{}

We use the following abbrev1at10ns in the names of the rules from the table: “El” for “Empty loop”, “B” for “Basis
case”, “S” for “Sequence”, “C” for “Choice”, “P” for “Parallel”, “L” for “reLabeling”, “Rs” for “Restriction”, “I”” for
“Iteraton” and “Sy” for “Synchronization”. The first rule in the table is the empty loop rule El. The other rules are the
action rules, describing transformations of dynamic expressions, which are built using particular algebraic operations.
If we cannot merge a rule with stochastic multiactions and a rule with immediate multiactions for some operation then
we get the coupled action rules. In such cases, the names of the action rules with immediate multiactions have a suffix
‘i’. To make presentation more compact, the action rules with double conclusion are combined from two distinct
action rules with the same premises.

Almost all the rules in Table 3 (excepting El, P2, P2i, Sy2 and Sy2i) resemble those of gsPBC [67], but the former
correspond to execution of sets of activities, not of single activities, as in the latter, and our rules have simpler precon-
ditions (if any), since all immediate multiactions in dtsiPBC have the same priority level, unlike those of gsPBC. The
preconditions in rules El, C, P1, I2 and I3 are needed to ensure that (possibly empty) sets of stochastic multiactions
are executed only from tangible operative dynamic expressions, such that all operative dynamic expressions struc-
turally equivalent to them are tangible as well. For example, assuming that tang([G]) in rule C, if init(G) then G = F
for some static expression F and G[]E ~ F[1E ~ F[1E ~ F[)E. Hence, it should be guaranteed that tang([F[]E]x),
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Table 3

: Action and empty loop rules.

T ~
11 Gl — {(ax G G
El —“”g(w[ 1) B @ o8 () S 7
¢>c G:E5G.E, E:G S E:G
e 5 G, =init(G) V (init(G) A tang((E].)) Gi ¢LG p1_ G 5 G, tang(H).)
GIE < G[IE, E[IG - E[IG GIE 5 GE, EIGS ENG  G||H = Gl|H, HIG > HIG
I = r ~ A~ I = J =
G5G GLG HAH LG HLH
Pi— P2 T P2 -
GIH 5 G|H, H|G 5> H|G GIH 55 G\a GlH 5 G\E
T —~ T —~ T —~
o ¢ ACY
GfZ)G~ RSG—)G, a; fﬂ( ) i G;)G~
G[f1 — GIf] Grsa—Grsa [G+xE+«F]—> [G+ExF]
r ~ .. .. - I ~
IZ G — G, —init(G) V (init(G) A tang([F1x)) i G —I> G

[ExG*F]5 [ExG x*F]

e L G, —initG) v (rim't(G) A tafg([f]:)) i G —} G P % f}:
[ExF*G]—> [Ex*F =G| [ExFxG] - [E*F*G] Gsya—Gsya
I +{(a, 5 — I +{(a, B —
SstyaMGsya,aEa,&eﬁ Sz,Gsya—wGsya,aem&eﬂ
y I'+{(a®B.o X)) ~ ya I'+{(a®afliem)} =
Gsya—— Gsya Gsya——— Gsya

which holds iff tang([E]~). The case E[]G is treated similarly. Further, assuming that tang([G]-) in rule P1, it should
be guaranteed that tang([Gl|H]~) and tang([H||G]~), which holds iff tang([H]~). The preconditions in rules I2 and I3
are analogous to that in rule C.

Rule El corresponds to one discrete time unit delay while executing no activities and therefore it has no analogues
among the rules of gsPBC that adapts the continuous time model.

Rules P2 and P2i have no similar rules in gsPBC, since interleaving semantics of the algebra allows no simul-
taneous execution of activities. On the other hand, P2 and P2i have in PBC the analogous rule PAR that is used to
construct step semantics of the calculus, but the former two rules correspond to execution of sets of activities, unlike
that of multisets of multiactions in the latter rule. Rules P2 and P2i cannot be merged, since otherwise simultaneous
execution of stochastic and immediate multiactions would be allowed.

Rules Sy2 and Sy2i differ from the corresponding synchronization rules in gsPBC, since the probability or the
weight of synchronization in the former rules and the rate or the weight of synchronization in the latter rules are
calculated in two distinct ways.

Rule Sy2 establishes that the synchronization of two stochastic multiactions is made by taking the product of their
probabilities, since we are considering that both must occur for the synchronization to happen, so this corresponds,
in some sense, to the probability of the independent event intersection, but the real situation is more complex, since
these stochastic multiactions can also be executed in parallel. Nevertheless, when scoping (the combined operation
consisting of synchronization followed by restriction over the same action [16]) is applied over a parallel execution, we
get as final result just the simple product of the probabilities, since no normalization is needed there. Multiplication is
an associative and commutative binary operation that is distributive over addition, i.e. it fulfills all practical conditions
imposed on the synchronization operator in [51]. Further, if both arguments of multiplication are from (0; 1) then
the result belongs to the same interval, hence, multiplication naturally maintains probabilistic compositionality in our
model. Our approach is similar to the multiplication of rates of the synchronized actions in MTIPP [50] in the case
when the rates are less than 1. Moreover, for the probabilities p and y of two stochastic multiactions to be synchronized
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we have p - y < min{p, x}, i.e. multiplication meets the performance requirement stating that the probability of the
resulting synchronized stochastic multiaction should be less than the probabilities of the two ones to be synchronized.
While performance evaluation, it is usually supposed that the execution of two components together require more
system resources and time than the execution of each single one. This resembles the bounded capacity assumption
from [51]. Thus, multiplication is easy to handle with and it satisfies the algebraic, probabilistic, time and performance
requirements. Therefore, we have chosen the product of the probabilities for the synchronization. See also [24, 23]
for a discussion about binary operations producing the rates of synchronization in the continuous time setting.

In rule Sy2i, we sum the weights of two synchronized immediate multiactions, since the weights can be interpreted
as the rewards [91], thus, we collect the rewards. Next, we express that the synchronized execution of immediate
multiactions has more importance than that of every single one. The weights of immediate multiactions can also be
seen as bonus rewards associated with transitions [12]. The rewards are summed during synchronized execution of
immediate multiactions, since in this case all the synchronized activities can be seen as participated in the execution.
We prefer to collect more rewards, thus, the transitions providing greater rewards will have a preference and they will
be executed with a greater probability. Since execution of immediate multiactions takes no time, we prefer to execute
in a step as many synchronized immediate multiactions as possible to get more significant progress in behaviour.
Under behavioural progress we understand an advance in executing activities, which does not always imply a progress
in time, as in the case when the activities are immediate multiactions. This aspect will be used later, while evaluating
performance via analysis of the embedded discrete time Markov chains (EDTMCs) of expressions. Since every state
change in EDTMC takes one unit of (local) time, greater advance in operation of the EDTMC allows one to calculate
quicker performance indices.

Example 3.3. In the following cases, the weights of immediate multiactions are interpreted as bonus rewards to be
summed while synchronous or parallel execution of the immediate multiactions specifying instantaneous probabilistic
choice.

e A customer in a shop considers which products to purchase. He will get a bonus (pay points) | when he decides
({a}, by) to buy the product A and, for the deciding ({@}, b,) to buy the product B, he will have the bonus m. Thus,
on every decision to buy both products A and B (first A, and next time B; or first B, then A; or on the decision
{({a}, b)), {a}, b))} to buy A and B together, in one visit to the shop, i.e. in parallel; or on the decision (0,4,
to buy a kit with A and B, which corresponds to their synchronized composition), the customer will get a bonus
1 + m, this is a standard and well-accepted practice.

e A cook in a fast-food restaurant plans his everyday work (cooking a two-component dinner dish of vegetables
and meat), that consists in the decision ({a}, ;) to perform work A (boil vegetables), for which he will get a
payment [, and the decision ({a}, b,) to perform work B (fry meat), with the payment m. The works A and B
are independent, and they can be even done together, since there are several (at least, two) free rings on the
electric cooker in the kitchen. Then, on every decision to perform both works A and B (first A, then B; or first
B, then A; or on the decision {({a}, ), {a}, b))} to perform A and B in parallel; or on the decision (0, b1,) to do
a work including both A and B, for example, to warm up a frozen combined (two-in-one) product (consisting of
vegetables and meat), prepared by the cook ahead of time, which corresponds to the synchronized composition
of works A and B), the cook will get a payment [ + m, this is logical and fair.

In the both situations above, more successful customer or cook spends less resources (power, electricity, water, etc.) to
get his bonus or payment l+m. Thus, the preferred and encouraged way of doing (the ideal behaviour or work) consists
in the parallel or the synchronized executing of actions. Since we prefer to collect more bonus rewards, clearly, the
decisions providing more rewards must have a preference and should be executed with a greater probability.

The standard approach while system modeling within dtsiPBC is to split the system operations into the probabilis-
tic decision, specified by an immediate multiaction, and the time-consuming work followed, that is specified by one
or more stochastic multiactions. It is more natural to interpret weights of immediate multiactions as bonus rewards,
subsequently used to determine the decision probabilities, since probabilities of stochastic multiactions are intended
to calculate the duration of work.
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Table 4: Comparison of inaction, action and empty loop rules.

| Rules || State change | Time progress | Activities execution

Inaction rules - - -
Action rules + + +
(stochastic multiactions)
Action rules + - +
(immediate multiactions)
Empty loop rule - + —

Observe also that we do not have self-synchronization, i.e. synchronization of an activity with itself, since all the
(enumerated) activities executed together are considered to be different. This allows us to avoid rather cumbersome
and unexpected behaviour, as well as many technical difficulties [16].

In Table 4, inaction rules, action rules (with stochastic or immediate multiactions) and empty loop rule are com-
pared according to the three questions about their application: whether it changes the current state, whether it leads to
a time progress, and whether it results in execution of some activities. Positive answers to the questions are denoted
by the plus sign while negative ones are specified by the minus sign. If both positive and negative answers can be
given to some of the questions in different cases then the plus-minus sign is written. The process states are considered
up to structural equivalence of the corresponding expressions, and time progress is not regarded as a state change.

3.3. Transition systems

We now construct labeled probabilistic transition systems associated with dynamic expressions. The transition
systems are used to define the operational semantics of dynamic expressions.
Let G be a dynamic expression. The set of all sets of activities executable in a state s = [G]. is defined as

Exec(s)={Y|AH € s, IH, H > H).

It can be proved by induction on the structure of expressions that T’ € Exec(s) \ {0} implies AH € s, T € Now(H).
The reverse statement does not hold in general, since the preconditions in the action rules disable executions of the
activities with the lower-priority types from every H € s, as the next example shows.

Example 3.4. Let H, H' be from Example 3.2 and s = [H]~ = [H']~. We have Now(H) = {{({a},41)}} and Now(H") =
{{b}, %)}}. Since only rules Ci and B can be applied to H while no action rule can be applied to H', we get Exec(s) =
{{({a), b)Y} Then, for H' € s and Y = {({b}, 1)} € Now(H"), we obtain (' & Exec(s).

The state s is tangible, if Exec(s) C Nﬁf For tangible states we always have 0 € Exec(s), and we may have

Exec(s) = {0}. Otherwise, the state s is vanishing, and in this case Exec(s) C Nﬁf \ {0}.

Since for every H € s, Now(H) containing the multisets of activities with the lower-priority types is not included
into Exec(s), and the types of states are determined from the highest-priority types of the executable activities, the
state type definitions based on Now(H), H € s, and on Exec(s) are consistent.

Note that if T € Exec(s) then by rules P2, P2i, Sy2, Sy2i and definition of Exec(s), YE C T, E # 0, we have
= € Exec(s), i.e. 27\ {0} C Exec(s).

Since the inaction rules only distribute and move upper and lower bars along the syntax of dynamic expressions,
all H € s have the same underlying static expression F. Process expressions always have a finite length, hence, the
number of all (enumerated) activities and the number of all operations in the syntax of F are finite as well. The action
rules Sy2 and Sy2i are the only ones that generate new activities. They result from the handshake synchronization of
actions and their conjugates belonging to the multiaction parts of the first and second constituent activity, respectively.
Since we have a finite number of operators sy in F and all the multiaction parts of the activities are finite multisets,
the number of the new synchronized activities is also finite. The action rules contribute to Exec(s) (in addition to the
empty set, if rule El is applicable) only the sets consisting both of activities from F and the new activities, produced by
Sy2 and Sy2i. Since we have a finite number n of all such activities, we get |Exec(s)| < 2" < co. Thus, summation and
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multiplication by elements from the finite set Exec(s) are well-defined. Similar reasoning can be used to demonstrate
that for all dynamic expressions H (not just for those from s), Now(H) is a finite set.

Definition 3.6. The derivation set of a dynamic expression G, denoted by DR(G), is the minimal set such that

¢ [Gl. € DR(G);
e if [H]~ € DR(G) and AT, H - H then [H]. € DR(G).

The set of all tangible states from DR(G) is denoted by DR (G), and the set of all vanishing states from DR(G) is
denoted by DRy (G). Clearly, DR(G) = DR7(G) ¥ DRy(G) (& denotes disjoint union).

Let now G be a dynamic expression and s, § € DR(G).

Let T € Exec(s) \ {0}. The probability that the set of stochastic multiactions Y is ready for execution in s or the
weight of the set of immediate multiactions U’ which is ready for execution in s is

P 1_[ (1-x), s€DRr(G);
PF(Y,s) =] @5  HBaeEreckl@0en
2k s € DRy(G).
(ah)er

In the case Y = 0 and s € DRy (G) we define

H (1-x), Exec(s)# {0};
PF(0, 5) = {(B.x)}eExec(s)
1, Exec(s) = {0}.

If s € DR7(G) and Exec(s) # {0} then PF (T, s) can be interpreted as a joint probability of independent events (in
a probability sense, i.e. the probability of intersection of these events is equal to the product of their probabilities).
Each such an event consists in the positive or negative decision to be executed of a particular stochastic multiaction.
Every executable stochastic multiaction decides probabilistically (using its probabilistic part) and independently (from
others), if it wants to be executed in s. If Y is a set of all executable stochastic multiactions which have decided to
be executed in s and T € Exec(s) then Y is ready for execution in s. The multiplication in the definition is used
because it reflects the probability of the independent event intersection. Alternatively, when T # 0, PF(Y, s) can be
interpreted as the probability to execute exclusively the set of stochastic multiactions T in s, i.e. the probability of
intersection of two events calculated using the conditional probability formula in the form P(X N Y) = P(X|Y)P(Y).
The event X consists in the execution of T in s. The event Y consists in the non-execution in s of all the executable
stochastic multiactions not belonging to T'. Since the mentioned non-executions are obviously independent events,
the probability of Y is a product of the probabilities of the non-executions: P(Y) = [T etrecsigpner(1 — x)- The
conditioning of X by Y makes the executions of the stochastic multiactions from T independent, since all of them
can be executed in parallel in s by definition of Exec(s). Hence, the probability to execute Y under condition that no
executable stochastic multiactions not belonging to I’ are executed in s is a product of probabilities of these stochastic
multiactions: P(X|Y) = [[ (4 per p- Thus, the probability that I is executed and no executable stochastic multiactions
not belonging to Y are executed in s is the probability of X conditioned by Y multiplied by the probability of Y:
PXNY) =PXINPY) = [Taperp * [igieerecsignery(1 —x). When T = 0, PF(, s) can be interpreted as the
probability not to execute in s any executable stochastic multiactions, thus, PF(0, s) = [](g,)cerecs)(1 = x). When
only the empty set of activities can be executed in s, i.e. Exec(s) = {0}, we take PF (0, s) = 1, since we stay in s in
this case. Note that for s € DR (G) we have PF (0, s) € (0; 1], hence, we can stay in s at the next time moment with a
certain positive probability.

If s € DRy(G) then PF (7, s) can be interpreted as the overall (cumulative) weight of the immediate multiactions
from 7, i.e. the sum of all their weights. The summation here is used since the weights can be seen as the rewards
which are collected [91]. In addition, this means that concurrent execution of the immediate multiactions has more
importance than that of every single one. The weights of immediate multiactions can also be interpreted as bonus
rewards of transitions [12]. The rewards are summed when immediate multiactions are executed in parallel, because
all of them participated in the execution. Since execution of immediate multiactions takes no time, we prefer to
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execute in a step as many parallel immediate multiactions as possible to get more progress in behaviour. This aspect
will be used later, while evaluating performance on the basis of the EDTMCs of expressions. Note that this reasoning
is the same as that used to define the weight of synchronized immediate multiactions in the rule Sy2i.

Note that the definition of PF(T, s) (as well as the definitions of other probability functions which we shall present)
is based on the enumeration of activities which is considered implicit.

Let T € Exec(s). Besides Y, some other sets of activities may be ready for execution in s, hence, a kind of
conditioning or normalization is needed to calculate the execution probability. The probability to execute the set of
activities I in s is

PF(Y,s)

> PFEs)
HeExec(s)

If s € DRy (G) then PT (Y, s) can be interpreted as the conditional probability to execute Y in s calculated using
the conditional probability formula in the form P(Z|W) = %. The event Z consists in the exclusive execution of
T in s, hence, P(Z) = PF(T, s). The event W consists in the exclusive execution of any set (including the empty one)
E € Exec(s)in s. Thus, W = U;Z;, where V¥ j, Z; are mutually exclusive events (in a probability sense, i.e. intersection
of these events is the empty event) and i, Z = Z;. We have P(W) = 3 ;P(Z)) = Yzcprecsy PF(E, 5), because
summation reflects the probability of the mutually exclusive event union. Since ZN'W = Z; N (U,;Z;) = Z; = Z,
we have P(Z|W) = % = % One can also treat PT(Y, s) and PF((,s) as the actual and potential
probabilities to execute T in 5, réspectively, since we have PT((,s) = PF(Y,s) only when all sets (including the
empty one) consisting of the executable stochastic multiactions can be executed in s. In this case, all the mentioned
stochastic multiactions can be executed in parallel in s and we have 3 zcpyecs) PF(E, s) = 1, since this sum collects
the products of all combinations of the probability parts of the stochastic multiactions and the negations of these parts.
But in general, for example, for two stochastic multiactions (@, p) and (8, y) executable in s, it may happen that they
cannot be executed in s together, in parallel, i.e. 0, {(a, p)}, {(B, x)} € Exec(s), but {(a, p), (B, x)} ¢ Exec(s). Note that
for s € DR (G) we have PT (0, s) € (0; 1], hence, there is a non-zero probability to stay in the state s at the next time
moment. Then the residence time in s is at least 1 discrete time unit, being 1 when s is left with the next time tick.

If s € DRy(G) then PT(T, s) can be interpreted as the weight of the set of immediate multiactions Y which is
ready for execution in s normalized by the weights of all the sets executable in s. This approach is analogous to that
used in the EMPA definition of the probabilities of immediate actions executable from the same process state [14]
(inspired by way in which the probabilities of conflicting immediate transitions in GSPNs are calculated [6]). The
only difference is that we have a step semantics and, for every set of immediate multiactions executed in parallel, we
use its cumulative weight. To get the analogy with EMPA possessing interleaving semantics, we should interpret the
weights of immediate actions of EMPA as the cumulative weights of the sets of immediate multiactions of dtsiPBC.

The advantage of our two-stage approach to definition of the probability to execute a set of activities is that the
resulting probability formula PT (Y, s) is valid both for (sets of) stochastic and immediate multiactions. It allows one
to unify the notation used later while constructing the operational semantics and analyzing performance.

Note that the sum of outgoing probabilities for the expressions belonging to the derivations of G is equal to 1.
More formally, Vs € DR(G), Y.yegrecsy PT(Y,s) = 1. This, obviously, follows from the definition of PT (Y, s), and
guarantees that it always defines a probability distribution.

The probability to move from s to § by executing any set of activities is

PT(Y,s) =

PM(s, 5) = Z PT(Y, 5).
{T[AHes, AHes, HSH)
The summation in the definition above reflects the probability of the mutually exclusive event union, since

R S i -
Z’TBHES’ Ses. 1) PT(Y,s) = P Z’TBHES’ es, O PF (Y, s), where for each ', PF(, s) is the prob
ability of the exclusive execution of T in 5. Note that Vs € DR(G), Y, _ — v~ PM(s,5) =
2 2 {§|AHes, AHes, AT, H—H}

i PT (Y, 8) = Yiveprecs) PT(T, s) = 1.

(83Hes, Afes, A7, HSH) “(Y[AHes, AHes, HHH

Example 3.5. Let E = ({a},pl]({a},)(), where p,x € (0;1). DR(E) consists of the equivalence classes s; = [E]~
and s, = [E]~. We have DRy (E) = {s1, s2}. The execution probabilities are calculated as follows. Since Exec(s)) =
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Table 5: Calculation of the probability functions PF, PT, PM for s; € DR(E) and E = ({a}, p)[1({a}, x)

[s\T ]| 0 [ {{ah.p)} [{dal )} ]| = |
PF ||(A=-p)A=x) | p(d=x) | x(1-p) | 1 —px
PT a p)(l —X) pd—) x-p) 1

REDIED) ]_51()( 2% L
pM ~lpr (s1) 1—px (52) 1

Table 6: Calculation of the probability functions PF, PT, PM for s| € DR(E )and E’ = ({a}, i)[1{a}, bm)

L\ [ (a0} [ ((ad b)) [ =]

PF l m l+m
7

PT || pn v !

PM 1(s) 1

{0, {({a}, o} {{a}, )}, we get PF({({a}, p)}, s1) = p(1 = x), PF{{a}, )} s1) = x(1 — p) and PF(0,s1) = (1
P = x). Then Y zcpyecs)) PF(E, s1) = p(1 —x) + x(1 = p) + (1 = p)(1 = x) = 1 — px. Thus, PT({({a},p)}, s1) =
p(l‘X), PT({{a}, )}, s1) = x-p) and PT(0, s1) = PM(sy1, 51) = =p)d ) . Further, Exec(sy) = {0}, hence,

l—py l—px T 1y p)(
DizeExec(s) PF(E, 52) = PF(0, 52) = 1 and PT(0, s2) = PM(s2, 52) = 7 = 1. Finally, PM(s1, s2) = PT({({a}, p)}, s1) +
PT{{a}, )}, s1) = ed=9 4 xd=p) er]X 20X I Table 5, the calculatlon of the probability functions PF(T, s1),

PT(Y,sy), PM(sy,s) _ziv)Xexplalz;:é(d wherep)‘(Y' € Exec(sy), s € {51, 52} (the value of s is depicted in the parentheses near
the value ofPM(sl, 8)) and T = Y zcprecs;) PX(E, s1), PX € {PF, PT, PM}.

Let E' = ({a},h)[1{a}, ), where Lm € R.y. DR(?) consists of the equivalence classes s| = [E']~ and
sy = [E')~. We have DRy (E') = {s5} and DRy(E") = {s1}. The execution probabilities are calculated as fol-
lows. Since Exec(s)) = {{({a}, 8} {(a}.b)}), we ger PF({({a}. b}, s7) = [ and PF({({a}, )}, 57) = m. Then
Yzckxects)) PF(E, s)) = I+ m. Thus, PT({({a}, b, s)) = ﬁ and PT({({a}, b)), 87) = 7. Further, Exec(s}) = {0},
hence, deExec(S;) PF(E,s}) = PF(0,s,) = 1 and PT(0,s,) = PM(s},s)) = % = 1. Finally, PM(s},s)) =
PT({({a}, b}, s7) + PT({({a}, i)}, s7) = me + 0= = 1. In Table 6, the calculation of the probability functions
PF(T,s)), PT(Y,s)), PM(s,s") is explained, where 1 € Exec(s)), s' € {s,} (the value of s is depicted in the
parentheses near the value of PM(s/, s")) and X = deExa.(S;) PX(E,s}), PX € {PF,PT,PM}.

Definition 3.7. Let G be a dynamic expression. The (labeled probabilistic) transition system of G is a quadruple
TS(G)=(S¢,Ls, 76, sc), where

o the set of states is S = DR(G);

o the set of labels is Lg = 257£ x (0; 1];
e the set of transitions is T = {(s, (Y, PT(Y, 5)),5) | 5,5 € DR(G), AH € s, IH € 5, H - H):
e the initial state is sg = [G]x.

The definition of 7'S (G) is correct, i.e. for every state, the sum of the probabilities of all the transitions starting
from it is 1. This is guaranteed by the note after the definition of PT (Y, s). Thus, we have defined a generative model
of probabilistic processes [42]. The reason is that the sum of the probabilities of the transitions with all possible labels
should be equal to 1, not only of those with the same labels (up to enumeration of activities they include) as in the
reactive models, and we do not have a nested probabilistic choice as in the stratified models.
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The transition system 7'S (G) associated with a dynamic expression G describes all the steps (concurrent execu-
tions) that occur at discrete time moments with some (one-step) probability and consist of sets of activities. Every step
consisting of stochastic multiactions or the empty step (i.e. that consisting of the empty set of activities) occurs in-
stantly after one discrete time unit delay. Each step consisting of immediate multiactions occurs instantly without any
delay. The step can change the current state. The states are the structural equivalence classes of dynamic expressions
obtained by application of action rules starting from the expressions belonging to [G]~. A transition (s, (', P), §) € T¢

will be written as s lp §. It is interpreted as follows: the probability to change from s to § as a result of executing Y
isP.

Note that for tangible states, T can be the empty set, and its execution does not change the current state (i.e. the
equivalence class), since we have a loop transition s gp s from a tangible state s to itself. This corresponds to the
application of the empty loop rule to expressions from the equivalence class. We have to keep track of such executions,
called empty loops, because they have non-zero probabilities. This follows from the definition of PF(0, s) and the fact
that multiaction probabilities cannot be equal to 1 as they belong to the interval (0; 1). For vanishing states " cannot
be the empty set, since we must execute some immediate multiactions from them at the current moment.

The step probabilities belong to the interval (0; 1], being 1 in the case when we cannot leave a tangible state s and

the only transition leaving it is the empty loop one s — s, or if there is just a single transition from a vanishing state
to any other one.

. T . T . T
We write s — §if AP, s »p §and s —» §if AT, s — 3.
The first equivalence we are going to introduce is isomorphism which is a coincidence of systems up to renaming
of their components or states.

Definition 3.8. Let 7S (G) = (S¢, Lg, TG, s¢) and TS(G') = (S¢/, Lo, T S¢) be the transition systems of dynamic
expressions G and G’, respectively. A mapping 8 : S¢ — S is an isomorphism between TS (G) and T'S (G”), denoted
byB:TS(G) ~TS(G),if
1. B1is a bijection such that S(sg) = s¢;
2. Vs, 5€ 856, YT, s 5p 5 & B(s) —p B().
Two transition systems 7'S (G) and T'S (G’) are isomorphic, denoted by TS (G) =~ TS(G"), if A8 : TS(G) =~ TS(G’).
Transition systems of static expressions can be defined as well. For E € RegStatExpr,let TS(E) =TS (E).

Definition 3.9. Two dynamic expressions G and G’ are equivalent with respect to transition systems, denoted by
G =, G,if TS(G) = TS(G).

Example 3.6. Consider the expression Stop = ({g}, %) rs g specifying the special process that is only able to perform
empty loops with probability 1 and never terminates. We could actually use any arbitrary action from A and any
probability belonging to the interval (0; 1) in the definition of Stop. Note that Stop is analogous to the one used in the
examples of [66]. Then, for p,x,0,¢ € (0;1) and I,m € R, let

E = [({a}, p) = ({6}, 0); (e} b: (d, O)1({e} bn); (1f, 6)))) * Stop].

DR(E) consists of the equivalence classes

= [[({a}, p) = (1B}, ); (e}, b); (), DI e}, b); (Lf}, ) * Stoplls,
= [[({a}, p) = ({b}, ) (b b); (), DI e}, b); (L}, ) * Stoplls,
= [[da}, p) = (4B}, x); (e}, 1) (d}, (e}, Bm); (L}, #)))) * Stopl]x,
= [[({a}, p) = (1B}, ); (e}, b); (1), ODI1(el, bn); (L}, #)))) * Stoplls,
= [[({a}, {b}, 5 h0: (d), ))[(({e}

({al, p) = ({6}, x); (e}, b); ({d}, O (fe

We have DRT(E) = {s1, 82, S4, S5} and DRV(E) = {s3}.

In Figure 2, the transition system TS (E) is presented. The tangible states are depicted in ovals and the vanishing
ones are depicted in boxes. For simplicity of the graphical representation, the singleton sets of activities are written
without outer braces.

tm); ({f1, 6)))) * Stop]]-.
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Figure 2: The transition system of E for E = [({a}, p) * (b}, x); (({e}, b); (), O)[1((fel, bn); (1), #)))) * Stop].

4. Denotational semantics

In this section, we construct the denotational semantics in terms of a subclass of labeled discrete time stochastic
and immediate PNs (LDTSIPNSs), called discrete time stochastic and immediate Petri boxes (dtsi-boxes).

4.1. Labeled DTSIPNs

Let us introduce a class of labeled discrete time stochastic and immediate Petri nets (LDTSIPNs), a subclass of
DTSPNs [80, 81] (we do not allow the transition probabilities to be equal to 1) extended with transition labeling and
immediate transitions. LDTSIPNs resemble in part discrete time deterministic and stochastic PNs (DTDSPNs) [105],
as well as discrete deterministic and stochastic PNs (DDSPNs) [104]. DTDSPNs and DDSPNs are the extensions
of DTSPNs with deterministic transitions (having fixed delay that can be zero), inhibitor arcs, priorities and guards.
In addition, while stochastic transitions of DTDSPNs, like those of DTSPNs, have geometrically distributed delays,
stochastic transitions of DDSPNs have discrete time phase-type distributed delays. At the same time, LDTSIPNs
are not subsumed by DTDSPNs or DDSPNSs, since LDTSIPNs have a step semantics while DTDSPNs and DDSPNs
have interleaving one. LDTSIPNs are somewhat similar to labeled weighted DTSPNs (LWDTSPNs) from [30], but in
LWDTSPNs there are no immediate transitions, all (stochastic) transitions have weights, the transition probabilities
may be equal to 1 and only maximal fireable subsets of the enabled transitions are fired.

Stochastic preemptive time Petri nets (spTPNs) [25] is a discrete time model with a maximal step semantics,
where both time ticks and instantaneous parallel firings of maximal transition sets are possible, but the transition
steps in LDTSIPNs are not obliged to be maximal. The transition delays in spTPNs are governed by static general
discrete distributions, associated with the transitions, while the transitions of LDTSIPNs are only associated with
probabilities (or weights), used later to calculate the step probabilities after one unit (from tangible markings) or
zero (from vanishing markings) delay. Further, LDTSIPNs have just geometrically distributed or deterministic zero
delays in the markings. Moreover, the discrete time tick and concurrent transition firing are treated in spTPNs as
different events while firing every (possibly empty) set of stochastic transitions in LDTSIPNs requires one unit time
delay. spTPNs are essentially a modification and extension of unlabeled LWDTSPNs with additional facilities, such
as inhibitor arcs, priorities, resources, preemptions, schedulers etc. However, the price of such an expressiveness of
spTPNs is that the model is rather intricate and difficult to analyze.

Note also that guards in DTDSPNs and DDSPNS, inhibitor arcs and priorities in DTDSPNs, DDSPNs and spTPN,
as well as the maximal step semantics of LWDTSPNs and spTPNs make all these models Turing powerful, resulting
in undecidability of many important behavioural properties.

First, we present a formal definition of LDTSIPNs.

Definition 4.1. A labeled discrete time stochastic and immediate Petri net (LDTSIPN) is a tuple
N = (Py,Tn, W, Qu, Ly, My), where

e Py and Ty = Tsy W Tiy are finite sets of places and stochastic and immediate transitions, respectively, such that
PyUTy #0and PyNTy =0;
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Wy 1 (Py X Tn) U (Ty X Py) — N is a function providing the weights of arcs between places and transitions;

Qy is the transition probability and weight function such that

— Qnlrs, ¢ Tsy — (05 1) (it associates stochastic transitions with probabilities);
— Qnln, : Tin = R (it associates immediate transitions with weights);

Ly : Ty — L is the transition labeling function assigning multiactions to transitions;

My € NZ’Z is the initial marking.

The graphical representation of LDTSIPNS is like that for standard labeled PNs, but with probabilities or weights
written near the corresponding transitions. Square boxes of normal thickness depict stochastic transitions, and those
with thick borders represent immediate transitions. In the case the probabilities or the weights are not given in the
picture, they are considered to be of no importance in the corresponding examples, such as those used to describe the
stationary behaviour. The weights of arcs are depicted with them. The names of places and transitions are depicted
near them when needed.

We now consider the semantics of LDTSIPNS.

Let Nbean LDTSIPN andte Ty, U € Nle’:; . The precondition *t and the postcondition t* of t are the multisets of
places defined as (*#)(p) = Wy(p, ) and (¢°)(p) = Wn(t, p). The precondition *U and the postcondition U® of U are
the multisets of places defined as *U = ),y *tand U® = 3, t°. Note that for U = () we have *0 = 0 = 0°.

Let N be an LDTSIPN and M, M € Ny,

Immediate transitions have a priority over stochastic ones, thus, immediate transitions always fire first, if they can.
Suppose that all stochastic transitions have priority 0 and all immediate ones have priority 1.

A transition ¢ € Ty is enabled at M if *t C M. In other words, a transition is enabled in a marking if it has enough
tokens in its input places (in the places from its precondition). Let Ena(M) be the set of all transitions enabled at M.

Firings of transitions are atomic operations, and transitions may fire concurrently in steps. We assume that all
transitions participating in a step should differ, hence, only the sets (not multisets) of transitions may fire. Thus, we
do not allow self-concurrency, i.e. firing of transitions in parallel to themselves. This restriction is introduced to
avoid some technical difficulties while calculating probabilities for multisets of transitions as we shall see after the
following formal definitions. Moreover, we do not need to consider self-concurrency, since denotational semantics of
expressions will be defined via dtsi-boxes which are safe LDTSIPNs (hence, no self-concurrency is possible).

The following definition of fireability respects the prioritization among different types of transitions. A set of
transitions U C Ena(M) is fireable at a marking M, if *U € M and one of the following holds:

1. 0 # U C Tiy; or
2. UCTsyand Ena(M) C Tsy.

In other words, a set of transitions U is fireable at a marking M, if it has enough tokens in its input places at M and the
following holds. If U consists of immediate transitions then it is enabled, since no additional condition is needed for
its fireability. If U is empty or it consists of stochastic transitions then there exist no immediate transitions enabled at
M. Let Fire(M) be the set of all transition sets fireable at M.

By the definition of fireability, it follows that Fire(M) C 2Tiv \ (@} or Fire(M) C 27¥. The marking M is
tangible, denoted by tang(M), if Fire(M) C 27V, For a tangible marking M we always have 0 € Fire(M) by
the definition of fireability (item 2), hence, we may have Fire(M) = {0}. Otherwise, the marking M is vanishing,
denoted by vanish(M), and in this case Fire(M) C 27 \ {@}. A transition t € Ena(M) is fireable at a marking M,
denoted by t € Fire(M), if {t} € Fire(M). If stang(M) then a stochastic transition ¢ € Fire(M) fires with probability
Qu(#) when no different stochastic transition is fireable in Q, i.e. Fire(Q) = {0,{t}}. By the definition of fireability,
YU € Fire(Q) 2V \ {0} C Fire(Q).

Let U € Fire(M) and U # 0. The probability that the set of stochastic transitions U is ready for firing at M or the
weight of the set of immediate transitions U which is ready for firing at M is

[Tovo- ] a-Quw, wngm;

PF(UM) =4 &¢ {ueFire(M)lugU)
Z Qn (@), vanish(M).

teU
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In the case U = 0 and tang(M) we define

[] -, Firem) = (0);
PF0,M) =< ucFire(m
1, Fire(M) = {0}.

Let U € Fire(Q). Besides U, some other sets of transitions may be ready for firing at M, hence, a kind of
conditioning or normalization is needed to calculate the firing probability. The concurrent firing of the transitions

from U changes the marking M to M =M —-"*U + U*, denoted by M gp M, where P = PT (U, M) is the probability
that the set of transitions U fires at M defined as

PF(U,M)
Yverireany PF(V, M)’

Note that in the case U = 0 and tang(M) we have M = M.

The advantage of our two-stage approach to definition of the probability that a set of transitions fires is that the
resulting probability formula PT (U, M) is valid both for (sets of) stochastic and immediate transitions. It allows one
to unify the notation used later while constructing the denotational semantics and analyzing performance.

Note that for all markings of an LDTSIPN N, the sum of outgoing probabilities is equal to 1. More formally,
VM e N‘;.)ij;, Yverireany PT(U, M) = 1. This obviously follows from the definition of PT (U, M) and guarantees that it
defines a probability distribution.

We write M 5 M it 3P, M Sp Mand M — Mit AU, M 5 M.

The probability to move from M to M by firing any set of transitions is

PT(U,M) =

PM(M, M) = Z PT(U, M).
wmS iy

_ Since PM(M, M) is the probability for any (including the empty one) transition set to change from marking M to
M, we use summation in the definition. Note that VM € NZ”’;, 2iiim—iny PMM, M) =3 i iy Z:U\Mﬁﬂ} PT(U, M)=
2verireny PT(U, M) = 1.

Definition 4.2. Let N be an LDTSIPN. The reachability set of N, denoted by RS (N), is the minimal set of markings
such that

e My € RS(N);
e if M € RS(N)and M — M then M € RS (N).

Definition 4.3. Let N be an LDTSIPN. The reachability graph of N is a (labeled probabilistic) transition system
RG(N) = (Sn, Ly, 7w, sn), where

e the set of states is Sy = RS (N);

o the set of labels is Ly = 2™% x (0; 1];

e the set of transitions is Ty = {(M, (U, P), M) | M, M € RS(N), M Sp M);
e the initial state is sy = My.

The set of all tangible markings from RS (N) is denoted by RS 7(N), and the set of all vanishing markings from
RS (N) is denoted by RS y(N). Obviously, RS (N) = RS 7(N) & RS y(N).
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4.2. Algebra of dtsi-boxes

We now introduce discrete time stochastic and immediate Petri boxes and the algebraic operations to define a net
representation of dtsiPBC expressions.

Definition 4.4. A discrete time stochastic and immediate Petri box (dtsi-box) is a tuple N = (Py, Ty, Wy, Ay), where
e Py and Ty are finite sets of places and transitions, respectively, such that Py U Ty # 0 and Py N Ty = 0;
o Wy : (PyXxTyn)U(Ty X Py)— N is a function providing the weights of arcs between places and transitions;
e Ay is the place and transition labeling function such that

— Anlpy 1 Py — {e,i,X]} (it specifies entry, internal and exit places, respectively);

— Anlry, : Ty = {o | 0 € 257£ x ST L} (it associates transitions with the relabeling relations on activities).

Moreover, Yt € Ty, °t # 0 # t*. In addition, for the set of entry places of N, defined as °N = {p € Py | Ax(p) = €},
and for the set of exit places of N, defined as N° = {p € Py | Ay(p) = X}, the following condition holds: °N # 0 #
NO, .(ON) — 0 - (NO)..

A dtsi-box is plain if Vt € Ty, Ia, k) € STL, An(t) = Q. Where 0 = {(0, (a, k))} is a constant relabeling
that can be identified with the activity (a, «). A marked plain dtsi-box is a pair (N, My), where N is a plain dtsi-box
and My € N‘;.)ij; is its marking. We shall use the following notation: N = (N,°N) and N = (N,N°). Note that a
marked plain dtsi-box (Py, Tn, Wy, Ay, My) could be interpreted as the LDTSIPN (Py, Ty, Wy, Qn, Ly, My), where
functions Qu and Ly are defined as follows: V¢t € Ty Qu(t) = kif k € (0;1); or Qu(¥) = lif k =y, [ € R>p; and
Ln(t) = @, where Ay(f) = 0. Behaviour of the marked dtsi-boxes follows from the firing rule of LDTSIPNG.
A plain dtsi-box N is n-bounded (n € N) if N is so, i.e. YM € RS (N), Vp € Py, M(p) < n, and it is safe if it is
1-bounded. A plain dtsi-box N is clean if YM € RS (N), NCM = M=°Nand N°CM = M = N°,ie. if there
are tokens in all its entry (exit) places then no other places have tokens.

The structure of the plain dtsi-box corresponding to a static expression is constructed like in PBC [17, 16], i.e.
we use simultaneous refinement and relabeling meta-operator (net refinement) in addition to the operator dtsi-boxes
corresponding to the algebraic operations of dtsiPBC and featuring transformational transition relabelings. Operator
dtsi-boxes specify n-ary functions from plain dtsi-boxes to plain dtsi-boxes (we have 1 < n < 3 in dtsiPBC). Thus,
as we shall see in Theorem 4.1, the resulting plain dtsi-boxes are safe and clean. In the definition of the denotational
semantics, we shall apply standard constructions used for PBC. Let ® denote operator box and u denote transition
name from the PBC setting.

The relabeling relations o € 257£ x ST L are defined as follows:

o 01 = {{(a, 1)}, (@, k) | (@, k) € ST L} is the identity relabeling keeping the interface as it is;

Ox) = {(0, (@, k))} is the constant relabeling that can be identified with (e, k) € ST L itself;
o1 = {({(a, 0}, (f(@), x) | (@, k) € STL};
ors o = {({(@, 0}, (@, 0) | (@, k) € ST L, a,a ¢ a};

Osy « 18 the least relabeling relation containing o;; such that if (7, (@, «)), (E, (8, 1)) € 0sy u, a € @, a € [ then

- (Y+E @By B,k ) €0sy g if k, A € (0;1);
- (T+E (&, ,87 hlﬂn)) € Osy a if k = hl, A= hm, [,m € R..
The plain dtsi-boxes N p), Ny, Where p € (0;1) and [ € R, and operator dtsi-boxes are presented in Figure
3. The label i of internal places is usually omitted.
In the case of the iteration, a decision that we must take is the selection of the operator box that we shall use for it,

since we have two proposals in plain PBC for that purpose [16]. One of them provides us with a safe version with six
transitions in the operator box, but there is also a simpler version, which has only three transitions. In general, in PBC,
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Figure 3: The plain and operator dtsi-boxes.

with the latter version we may generate 2-bounded nets, which only occurs when a parallel behavior appears at the
highest level of the body of the iteration. Nevertheless, in our case, and due to the syntactical restriction introduced
for regular terms, this particular situation cannot occur, so that the net obtained will be always safe.

To construct the semantic function that associates a plain dtsi-box with every static expression of dtsiPBC, we
introduce the enumeration function Enu : T — Num, which associates the numberings with transitions of a plain
dtsi-box N = (P, T, W, A) in accordance with those of activities. In the case of synchronization, the function associates
with the resulting new transition the concatenation of the parenthesized numberings of the transitions it comes from.

We now define the enumeration function Enu for every operator of dtsiPBC. Let Ng = Boxgi(E) =
(Pg, Tg, Wg, Ag) be the plain dtsi-box corresponding to a static expression E, and Enug : Tg — Num be the enumer-
ation function for Ng. We shall use the analogous notation for static expressions F and K.

® Boxai((@,k),) = N, - Since a single transition #, corresponds to the activity («, k), € ST L, their numberings
coincide:

Enu(t) =«

® Boxyi(E o F) = Oy(Boxgsi(E), Boxgsi(F)), o € {;,[1.ll}. Since we do not introduce new transitions, we
preserve the initial numbering:

_ | Enug(t), te€Tg;
Enu() = { Enup(t), teTr.

® Boxqi(E[f]) = Orn(Boxgsi(E)). Since we only replace the labels of some multiactions by a bijection, we
preserve the initial numbering:

Enu(t) = Enug(t), t € Tg.

® Boxyi(E rs a) = O o(Boxasi(E)). Since we remove all transitions labeled with multiactions containing a or
a, this does not change the numbering of the remaining transitions:

Enu(t) = Enug(t), t € Tg, a,a ¢ a, Ag(t) = Oa,x)-
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® Boxg(E 8y a) = Ogy o(Boxgs(E)). Note that Yv,w € Tg, such that Ap(v) = 0@, Ae(w) = 0@ and
a € a, a € f, the new transition ¢ resulting from synchronization of v and w has the label A(?) = 0,2 if 8
a stochastic transition (x, 4 € (0; 1)); or A(f) = 0@, if ¢ is an immediate one (k =y, 4 =14, [,m € Ryy);
and the numbering Enu(t) = (Enug(v))(Enug(w)). Thus, the enumeration function is defined as

Enug(1), teTg;
(Enug(v))(Enug(w)), tresults from synchronization of v and w.

Enu(t) = {

According to the definition of gsy 4, the synchronization is only possible when all the transitions in the set are
stochastic or when all of them are immediate. If we synchronize the same set of transitions in different orders,
we obtain several resulting transitions with the same label and probability or weight, but with the different
numberings having the same content. Then, we only consider a single transition from the resulting ones in the
plain dtsi-box to avoid introducing redundant transitions.

For example, if the transitions ¢ and u are generated by synchronizing v and w in different orders, we have
A(t) = 0w, px-1) = A(u) for stochastic transitions (k, A € (0; 1)) or A(?) = 0(we,.,) = A(u) for immediate ones
(k = b, A = b, I,m € Ry), but Enu(t) = (Enug(v))(Enug(w)) # (Enug(w))(Enug(v)) = Enu(u), whereas
Cont(Enu(t)) = Cont(Enu(v)) U Cont(Enu(w)) = Cont(Enu(u)). Then only one transition ¢ (or, symmetrically,
u) will appear in Box g (E Sy a).

® Boxgs([E * F + K1) = O «1(Boxgssi(E), Boxassi(F), Boxasi(K)). Since we do not introduce new transitions, we
preserve the initial numbering:

Enug(t), teTg;
Enu(t) =3 Enup(t), teTp;
Enug(t), teTk.

We now can formally define the denotational semantics as a homomorphism.

Definition 4.5. Let (a,x) € SIL, a € Act and E, F, K € RegStatExpr. The denotational semantics of dtsiPBC is a
mapping Box, from RegS tatExpr into the domain of plain dtsi-boxes defined as follows:

1. BOde'((a’, K)l) = N((Z,K)L;

Boxisi(E o F) = Oo(Boxasi(E), Boxasi(F)), o € {;, [1,1I};
Boxaisi(ELf]) = Orp1(Boxassi(E));

Boxgsi(E © a) = Oog(Boxarsi(E)), o € {rs, sy}

Boxdm'([E * F o K]) = @[**](BOde'(E), BOde'(F), BOX([,S,‘(K)).

wk v

The dtsi-boxes of dynamic expressions can be defined as well. For E € RegS tatExpr, let Boxdm(f) = Boxyi(E)
and Boxdtsi(E) = Boxysi(E).

Note that this definition is compositional in the sense that, for any arbitrary dynamic expression, we may de-
compose it in some inner dynamic and static expressions, for which we may apply the definition, thus obtaining the
corresponding plain dtsi-boxes, which can be joined according to the term structure (by definition of Boxy;), the
resulting plain box being marked in the places that were marked in the argument nets.

Theorem 4.1. For any static expression E, Boxui(E) is safe and clean.

Proor. The structure of the net is obtained as in PBC [17, 16], combining both refinement and relabeling. Conse-
quently, the dtsi-boxes thus obtained will be safe and clean. (I

Let ~ denote isomorphism between transition systems and reachability graphs that binds their initial states. Note
that the names of transitions of the dtsi-box corresponding to a static expression could be identified with the enumer-
ated activities of the latter.
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Figure 4: The marked dtsi-box N = Boxd,S,-(E) for E = [({a}, p) = (({b}, x); ((c}, bn); (d), 0)[1({el, bm); ({f), ¢)))) = Stop] and its reachability graph.

Theorem 4.2. For any static expression E,

TS (E) =~ RG(Boxy(E)).

Proor. See Appendix A.l. O

Example 4.1. Let E be from Example 3.6. In Fi_gure 4, the marked dtsi-box N = Boxd,S;(E) and its reachability graph
RG(N) are presented. It is easy to see that TS (E) and RG(N) are isomorphic.

The following example demonstrates that without the syntactic restriction on regularity of expressions the corre-
sponding marked dtsi-boxes may be not safe.

Example 4.2. Let E = [(({a}, 1) = (1B}, DlIdch, D)) = ({d}, D). In Figure 5, the marked dtsi-box N = Boxy(E)
and its reachability graph RG(N) are presented. In the marking (0,1,1,2,0,0) there are 2 tokens in the place pa.
Symmetrically, at the marking (0,1, 1,0,2,0) there are 2 tokens in the place ps. Thus, allowing concurrency in the
second argument of iteration in the expression E can lead to non-safeness of the corresponding marked dtsi-box
N, though, it is 2-bounded in the worst case [16]. The origin of the problem is that N has a self-loop with two
subnets which can function independently. Therefore, we have decided to consider regular expressions only, since the
alternative, which is a safe version of the iteration operator with six arguments in the corresponding dtsi-box, like
that from [16], is rather cumbersome and has too intricate Petri net interpretation. Our motivation was to keep the
algebraic and Petri net specifications as simple as possible.

5. Performance evaluation

In this section we demonstrate how Markov chains corresponding to the expressions and dtsi-boxes can be con-
structed and then used for performance evaluation.
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Figure 5: The marked dtsi-box N = Boxgsi(E) for E = [(({a}, 1) = ({b}, DlIdc}, $)) = ({d}, $)] and its reachability graph.

5.1. Analysis of the underlying SMC

For a dynamic expression G, a discrete random variable &(s) is associated with every tangible state s € DRr(G).
The variable captures the residence (sojourn) time in the state. One can interpret staying in a state at the next discrete
time moment as a failure and leaving it as a success in some trial series. It is easy to see that &£(s) is geometrically
distributed with the parameter 1 — PM(s, s), since the probability to stay in s for k — 1 time moments and leave it at
the moment k > 1, called the probability mass function (PMF) of the residence time in s, is pg)(k) = P(&(s) = k) =
PM(s, $)<"1(1 = PM(s, 5)) (k € Ns;) (the residence time in s is k in this case). Hence, the probability distribution
function (PDF) of the residence time in s is Fg)(k) = P(£(s) < k) = 1 — PM(s, 5)"! (k € Ns,) (the probability that
the residence time in s is less than k).

Note that the residence time oo in an absorbing tangible state s can be interpreted as a random variable &(s) that
is geometrically distributed with the parameter 0 = 1 — PM(s, s). In that case, PM(s, s) = 1 and there exists no finite
residence time value with a positive probability. Hence, pg)(k) = PM(s, S = PM(s,5)) = 1510 =0 (k € Ns1),
i.e. the probability that the residence time is k equals O for every k > 1. Then we cannot leave s for a different state
after any number of time ticks and we stay in s for infinite time.

The mean value formula for the geometrical distribution allows us to calculate the average sojourn time in s €

DR7(G) as SJ(s) = #(u) Clearly, the average sojourn time in each vanishing state s € DRy(G) is S J(s) = 0. Let
s € DR(G).
The average sojourn time in the state s is
1 DR (G);
_ ) MGy S €PRTG);
SJs) { 0, s € DRy(G).

The average sojourn time vector of G, denoted by SJ, has the elements SJ(s), s € DR(G).
The sojourn time variance in the state s is

VAR(s) = { Tricays € DRiG);
0, s € DRy(G).
The sojourn time variance vector of G, denoted by VAR, has the elements VAR(s), s € DR(G).
To evaluate performance of the system specified by a dynamic expression G, we should investigate the stochastic
process associated with it. The process is the underlying SMC [91, 62], denoted by SMC(G), which can be analyzed
by extracting from it the embedded (absorbing) discrete time Markov chain (EDTMC) corresponding to G, denoted
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by EDTMC(G). The construction of the latter is analogous to that applied in the context of generalized stochastic PNs
(GSPNs) in [74, 5, 6], and also in the framework of discrete time deterministic and stochastic PNs (DTDSPNs) in
[105], as well as within discrete deterministic and stochastic PNs (DDSPNs) [104]. EDTMC(G) only describes the
state changes of SMC(G) while ignoring its time characteristics. Thus, to construct the EDTMC, we should abstract
from all time aspects of behaviour of the SMC, i.e. from the sojourn time in its states. The (local) sojourn time in
every state of the EDTMC is equal to one discrete time unit. It is well-known that every SMC is fully described by the
EDTMC and the state sojourn time distributions (the latter can be specified by the vector of PDFs of residence time
in the states) [48].

Let G be a dynamic expression and s, § € DR(G). The transition system 7'S (G) can have self-loops going from a
state to itself which have a non-zero probability. Obviously, the current state remains unchanged in this case.
Let s — 5. The probability to stay in s due to k (k > 1) self-loops is

PM(s, s)~.

The self-loops abstraction factor in the state s is

s> s

1
si(s) = | TP |
(s) {1, otherwise.

The self-loops abstraction vector of G, denoted by SL, has the elements SL(s), s € DR(G).
Lets — §and s # §, i.e. PM(s,s) < 1. The probability to move from s to § by executing any set of activities after
possible self-loops is
PM(s,3) X2 PM(s, )" = s, s — s
PM(s, 3), otherwise;

PM*(s,3) = { } = SL(s)PM(s, 3).
The value k£ = 0 in the summation above corresponds to the case when no self-loops occur.

Note that Vs € DRr(G), SL(s) = 1= = SJ(s). hence, Vs € DR7(G) with PM(s, s) < 1, it holds PM*(s, 5) =

SJ(s)PM(s, 5), since we always have the empty loop (which is a self-loop) s LA s from every tangible state s. Empty
loops are not possible from vanishing states, hence, Vs € DRy(G) with PM(s, s) < 1, it holds PM*(s, §) = lf%f(’j)s),
when there are non-empty self-loops (produced by iteration) from s, or PM*(s, §) = PM(s, §), when there are no
self-loops from s. Further, we suppose that all (if any) loops among vanishing states are “transient” rather than
“absorbing”, as in [75, 6]. Then for each s with PM(s, s) = 1 (absorbing state) we have s € DRy (G), since there exist
no absorbing vanishing states, hence, Vs € DRy(G) PM(s, s) < 1.

Note that after abstraction from the probabilities of transitions which do not change the states, the remaining
transition probabilities are normalized. In order to calculate transition probabilities PT ([, s), we had to normalize
PF(Y, s). Then, to obtain transition probabilities of the state-changing steps PM*(s, §), we now have to normalize
PM(s, 5). Thus, we have a two-stage normalization as a result.

Notice that PM*(s, 5) defines a probability distribution, since Vs € DR(G), such that s is not an absorbing state
(i.e. PM(s, s) < 1, hence, there are transitions to different states after possible self-loops from it) we have
Sistsos. 525 PM(5,8) = Topaioesy Ststsms. 250 PM(8,9) = e (1 = PM(s, ) = 1.

We decided to consider self-loops followed only by a state-changing step just for convenience. Alternatively,
we could take a state-changing step followed by self-loops or a state-changing step preceded and followed by self-
loops. In all these three cases our sequence begins or/and ends with the loops which do not change states. At the
same time, the overall probabilities of the evolutions can differ, since self-loops have positive probabilities. To avoid
inconsistency of definitions and too complex description, we consider sequences ending with a state-changing step. It
resembles in some sense a construction of branching bisimulation [41] taking self-loops instead of silent transitions.
Further, we shall not abstract from self-loops with probability 1 while constructing EDTMCs, to maintain a probability
distribution among transitions (actually, a single transition to the same state) from every state with such a self-loop.

Definition 5.1. Let G be a dynamic expression. The embedded (absorbing) discrete time Markov chain (EDTMC) of
G, denoted by EDTMC(G), has the state space DR(G), the initial state [G]. and the transitions s —»¢ §, if s — § and
s # §, where P = PM*(s,8); or s —» s, if PM(s,s) = 1.
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The underlying SMC of G, denoted by SMC(G), has the EDTMC EDTMC(G) and the sojourn time in every
s € DR7(G) is geometrically distributed with the parameter 1 — PM(s, s) while the sojourn time in every s € DRy (G)
is equal to O.

EDTMC:s and underlying SMCs of static expressions can be defined as well. For E € RegS tatExpr, let
EDTMC(E) = EDTMC(E) and SMC(E) = SMC(E).

Let G be a dynamic expression. The elements Pfj (1 <1, j < n=|DR(G)|) of the (one-step) transition probability
matrix (TPM) P* for EDTMC(G) are defined as

PM*(si,s7), si— s, I £ J;
1, PM(s;,si) =1,1=j
0, otherwise.

The transient (k-step, k € N) PMF ¢*[k] = (W' [k](s1), . .., ¥ [k](s,)) for EDTMC(G) is calculated as

wrk] = yr01(PY,
where ¥*[0] = (W*[0](s1), . .., ¥ [0](s,)) is the initial PMF defined as

. B 1, s =[Gls;
Y [01(s:) _{ 0, otherwise.

Note also that y*[k + 1] = ¢*[k]P* (k € N).
The steady-state PMF ¢* = (Y*(s1), ..., ¥"*(s,)) for EDTMC(G) is a solution of the equation system

P -D=0
{ l//*lT =1 )
where I is the identity matrix of order n and 0 is a row vector of n values 0, 1 is that of n values 1.

Note that the vector y* exists and is unique, if EDTMC(G) is ergodic. Then EDTMC(G) has a single steady state,
and we have ¢* = lim;_ ¥*[k]. We shall consider only Markov chains with at most one steady state.

The steady-state PMF for the underlying semi-Markov chain SMC(G) is calculated via multiplication of every
Y*(s;) (1 < i < n) by the average sojourn time SJ(s;) in the state s;, after which we normalize the resulting values.
Note that for each tangible state s € DR7(G) we have SJ(s) > 1, since SJ(s) = % where PM(s, s) = PM(s, 0),
and by definition of PM(s, 0), it holds PM(s, ) > 0 because the probabilities of stochastic multiactions are always
less than 1. Remember that for each vanishing state s € DRy(G) we have SJ(s) = 0.

Thus, the steady-state PMF ¢ = (¢(s1), ..., ¢(s,)) for SMC(G) is

EESIE) DG

e(s) =1 D W (s)SI(s))
J=1
0. s; € DRy(G).

Thus, to calculate ¢, we apply abstraction from self-loops with probability less than 1 to get P* and then y*, followed
by weighting by SJ and normalization. EDTMC(G) has no self-loops with probability less than 1, unlike SMC(G),
hence, the behaviour of EDTMC(G) may stabilize quicker than that of SMC(G) (if each of them has a single steady
state), since P* has only zero (excepting the states having self-loops with probability 1) elements at the main diagonal.

Example 5.1. Let E be from Example 3.6. In Figure 6, the underlying SMC SMC(E) is presented. The average
sojourn times in the states of the underlying SMC are written next to them in bold font.
The average sojourn time vector of E is

The sojourn time variance vector of E is



Figure 6: The underlying SMC of E for E = [({a}, p) * (({b}, x); (e}, t); (1), O)1(({e}, bn); (£}, )))) * Stop].

l=p 1=y 1-6 1-
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The TPM for EDTMC(E) is
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I
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The steady-state PMF for EDTM C(E) is

« o 11 l m
V= 3737 3(+m)’ 31 +m))’
The steady-state PMF y* weighted by SJ is

0 1 0 [ m
"3y’ 73601 +m) 3¢(l+m))”
It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

0p(l + m) + x (ol + Om)

* T _
SIS = 3xOo(l + m)

Thus, the steady-state PMF for SMC(E) is

1
= 96(+ m) + x (¢l + 6m)

® (0, 60(1 + m), 0, xypl, xOm).

In the case | = m and 6 = ¢ we have

1

=—0,2 .
2()(+9)(0’ 6,0, x,x)

¥

Let G be a dynamic expression and s,§ € DR(G), S, S c DR(G). The following standard performance indices
(measures) can be calculated based on the steady-state PMF ¢ for SMC(G) and the average sojourn time vector SJ of
G [83, 33, 58].

e The average recurrence (return) time in the state s (the number of discrete time units required for this) is ——

w(s)"
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Figure 7: The underlying SMC of N = Boxusi(E) for E = [({a}, p) * (b}, x); (e}, t); (1), O)1(({e}, bn)s (£}, )))) * Stop].

o The fraction of residence time in the state s is ¢(s).

e The fraction of residence time in the set of states S or the probability of the event determined by a condition
that is true for all states from S 18 Y, ;s ¢(S).

2ises ¢(s)

o The relative fraction of residence time in the set of states S with respect to that in S is S
Ses

@(s)
SJ(s) "

o The rate of leaving the state s is
o The steady-state probability to perform a step with a set of activities Zis 3, icpriG) ¢(8) Zirzcr; PT (T, 5).

o The probability of the event determined by a reward function r on the states is },ipris) ¢(s)r(s), where Vs €
DR(G), 0 <r(s) < 1.

Let N = (Py,Tn, Wy, Qn, Ly, My) be a LDTSIPN and M, M e N;’jl. Then the average sojourn time SJ(M),

the sojourn time variance VAR(M), the probabilities PM*(M, 1\7), the transition relation M —»p M , the EDTMC
EDTMC(N), the underlying SMC SMC(N) and the steady-state PMF for it are defined like the corresponding notions
for dynamic expressions.
As we have mentioned earlier, every marked plain dtsi-box could be interpreted as the LDTSIPN. Therefore, we
can evaluate performance with the LDTSIPNs corresponding to dtsi-boxes and then transfer the results to the latter.
Let ~ denote isomorphism between SMCs that binds their initial states, where two SMCs are isomorphic if their
EDTMC:s are so and the sojourn times in the isomorphic states of the EDTMCs are identically distributed.

Proposition 5.1. For any static expression E,

SMC(E) =~ SMC(Box5i(E)).

Proor. By Theorem 4.2 and definitions of underlying SMCs for dynamic expressions and LDTSIPNs taking into
account the following. First, for the associated SMCs, the average sojourn time in the states is the same, since it is
defined via the analogous probability functions. Second, the transition probabilities of the associated SMCs are the
sums of those belonging to transition systems or reachability graphs. (]

Example 5.2. Let E be from Example 3.6 and N = Boxggi(E). In Figure 7, the underlying SMC SMC(N) is presented.
Clearly, SMC(E) and SMC(N) are isomorphic. Thus, both the transient and steady-state PMFs for SMC(N) and
SMC(E) coincide.
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5.2. Analysis of the DTMC

Let us consider an alternative solution method, studying the DTMCs of expressions based on the state change
probabilities PM(s, 3).

Definition 5.2. Let G be a dynamic expression. The discrete time Markov chain (DTMC) of G, denoted by DTMC(G),
has the state space DR(G), the initial state [G]. and the transitions s —¢ §, where P = PM(s, 3).

DTMCs of static expressions can be defined as well. For E € RegS tatExpr, let DTMC(E) = DTMC(E).

One can see that EDTMC(G) is constructed from DTMC(G) as follows. For each state of DTMC(G), we remove a
possible self-loop with probability less than 1 associated with it and then normalize the probabilities of the remaining
transitions from the state. Thus, EDTMC(G) and DTMC(G) differ only by existence of self-loops with probability less
than 1 and magnitudes of the probabilities of the remaining transitions. Hence, EDTMC(G) and DTMC(G) have the
same communication classes of states and EDTMC(G) is irreducible iff DTMC(G) is so. Since both EDTMC(G) and
DTMC(G) are finite, they are positive recurrent. Thus, in case of irreducibility, each of them has a single stationary
PMF. Note that EDTMC(G) and/or DTMC(G) may be periodic, thus having a unique stationary distribution, but no
steady-state (limiting) one. For example, it may happen that EDTMC(G) is periodic while DTMC(G) is aperiodic due
to self-loops associated with some states of the latter. The states of SMC(G) are classified using EDTMC(G), hence,
SMC(G) is irreducible (positive recurrent, aperiodic) iff EDTMC(G) is so.

Let G be a dynamic expression. The elements $;; (1 < i, j < n = [DR(G)|) of (one-step) transition probability
matrix (TPM) P for DTMC(G) are defined as

P = PM(Si7 Sj)7 Si — S]»
Y0, otherwise.

The steady-state PMF y for DTMC(G) is defined like the corresponding notion ¥* for EDTMC(G).

Let us determine a relationship between steady-state PMFs for DTMC(G) and EDTMC(G). The following theorem
proposes the equation that relates the mentioned steady-state PMFs.

First, we introduce some helpful notation. For a vector v = (vy,...,v,), let Diag(v) be a diagonal matrix of order
n with the elements Diag;;(v) (1 < i, j < n) defined as

v =
Diag;j(v) = { 0, otherwise.

Theorem 5.1. Let G be a dynamic expression and SL be its self-loops abstraction vector. Then the steady-state PMFs
Y for DTMC(G) and y* for EDTMC(G) are related as follows: Vs € DR(G),

VSIS
> W ESLE)

§eDR(G)

Y(s) =

Proor. Let there is an absorbing state s; € DR(G) (1 < i < n),i.e. PM(s;,s;) = 1. Then £; = 1 in the TPM P of
DTMC(G) and #}; = 1 in the TPM P* of EDTMC(G), by definitions of those TPMs. We have earlier supposed that
there exist no absorbing vanishing states, hence, s; € DRr(G) and SL(s;) = oo = SJ(s;). We have also supposed at most
one single steady state in the considered Markov chains, hence, {s;} is a single communication (and ergodic) class of
states in both DTMC(G) and EDTMC(G). Then y(s;) = 1 = *(s;), whereas Vs € DR(G) \ {s;} SL(s) < 00, SJ(s) < o0
and ¥ (s) = 0 = (). We thus get for s;

¥ (s1)SL(s;) _lsum_l_l_mw
Sseoroy WTHSLBE)  1-SL(sy 1 T

—

whereas Vs € DR(G) \ {s;}

Y (5)SL(s) _ oS 0 _, ()
Sieorc) W HSLS)  1-SL(s)) oo :
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Let there are no absorbing states, i.e. Vs € DR(G) PM(s, s) < 1. Let PSL be a vector with the elements

[ PMGs. s\ ]
PSL(s) = { 0, otherwise } =1- SL(s)”

By definition of PM*(s, §), we have P* = Diag(SL)(P — Diag(PSL)) = Diag(SL)(P — I + Diag(SL)™") =
Diag(SL)(P —I) + I. Hence,
P* — I = Diag(SL)(P - I).
Then y*(P* — I) = 0 implies

Y*Diag(SL)(P -T) = 0.
For v = y*Diag(SL), we get

vP-T) =0.

In order to calculate ¥ on the basis of v, we must normalize it by dividing its elements by their sum, since we
should have ¢17 = 1 as a result:

1
Y= 17 W*Diag(SL).

17"~ Y Diag(SL)
Thus, the elements of y are calculated as follows: Vs € DR(G),
_ Y ($)SL(s)
2.5eDR(G) W (5SL(5)
It is easy to check that y is a solution of the equation system
yP-0)=0
Y1’ =1 ’
hence, it is indeed the steady-state PMF for DTMC(G). O

w(s)

The following proposition relates the steady-state PMFs for SMC(G) and DTMC(G).

Proposition 5.2. Let G be a dynamic expression, ¢ be the steady-state PMF for SMC(G) and  be the steady-state
PMF for DTMC(G). Then Vs € DR(G),

— ) e DRi(G);
pls) =3 _ D;@ ¥(s)
0, s € DRy(G),

Proor. Let s € DR7(G). Remember that Vs € DR7(G), SL(s) = SJ(s) and Vs € DRy(G), SJ(s) = 0. Then, by
Theorem 5.1, we have

Y ($)SL(s) . . o
U(s) _ Ysenr) Y (5SL(S) Y (s)SL(s) ) ZieDR(G) Y (HSL(S) _

Ssepre) V) ZEEDRT(G)(M) B SsenrG) Y (DSL)  Ysepry ) ¥ (HSL(3)

2sepr@G) ¥ ($)SL(3)

W (s)SL(s) _ Y (s)SJ(s) _ Y (s)SJ(s) _
25eprG) VI (DSL(D)  Xsepry) ¥ (HSIBS)  Xsepr) ¥ (5SI(S)

@(s).
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Thus, to calculate ¢, one can only apply normalization to some elements of ¢ (corresponding to the tangible
states), instead of abstracting from self-loops with probability less than 1 to get P* and then ¢*, followed by weighting
by SJ and normalization. Hence, using DTMC(G) instead of EDTMC(G) allows one to avoid multistage analysis, but
the payment for it is more time-consuming numerical and more complex analytical calculation of  with respect to ¢*.
The reason is that DTMC(G) may self-loops with probability less that 1, unlike EDTMC(G), hence, the behaviour of
DTMC(G) may stabilize slower than that of EDTMC(G) (if each of them has a single steady state) and P is potentially
more dense matrix than P*, since P may have additional non-zero elements at the main diagonal. Nevertheless,
Proposition 5.2 is very important, since the relationship between ¢ and y it discovers will be used in Proposition 5.3
to relate the steady-state PMFs for SMC(G) and the reduced DTMC(G), as well as in Section 8 to prove preservation
of the stationary behaviour by a stochastic equivalence.

Example 5.3. Let E be from Example 3.6. In Figure 8, the DTMC DTMC(E) is presented.
The TPM for DTMC(E) is

l-p p 0 0 0
0 1-xy x 0 0
P=| 0 o 0 =+ =
0 6 0 1-6 0
0 6 0 0 1-¢

The steady-state PMF for DTMC(E) is

1
01 + )+ m) + x (¢l + Om)
Remember that DRT(E) = {s1, 82, 54, S5} and DRV(E) = {s3}. Hence,

7/ (0, 60(1 + m), x0p(l + m), xPl, xOm).

Op(l + m) + y(pl + Om)
(1 + ) + m) + x(pl + 6m)”

DU W) = 1) + Pls2) + Ylsa) + Y(ss) =

5eDRr(E)

By Proposition 5.2, we have

90(51) =0- Op(1+x)(l+m)+x (pl+6m) 0

Od(I+m)+x (pl+6m) -

(5,) = 06(1+m) 00U (Em) X (SlOm) _ 06(+m)
PU82) = ST rm i @m) 6eUmytplom) . pUrm) oy (@lrom)’
@(s3) =0,

(s4) = Xxol | 9o+ U+m)+x (@l+0m) _ X9l
plss) = Od(1+x)(I+m)+x(pl+60m) OB(I+m)+x (l+0m) T O¢p(l+m)+x(pl+6m)°

( ) _ x0m | Ot U+m)+x(pl+0m) XOm
PUS5) = G Trm) i @lom) —  0gUtmytx(@l+0m)  — gUrm)tx(@i+0m) "

Thus, the steady-state PMF for SMC(E) is

1
0+ m) + x (¢l + Om)
This coincides with the result obtained in Example 5.1 with the use of ¥* and SJ.

® (0, 60(1 + m), 0, xypl, xOm).

5.3. Analysis of the reduced DTMC

Let us now consider the method from [33, 75, 5, 7, 6] that eliminates vanishing states from the EMC (EDTMC,
in our terminology) corresponding to the underlying SMC of every GSPN N. The TPM for the resulting reduced
EDTMC (REDTMC) has smaller size than that for the EDTMC. The method demonstrates that there exists a transfor-
mation of the underlying SMC of N into a CTMC, whose states are the tangible markings of N. This CTMC, which is
essentially the reduced underlying SMC (RSMC) of N, is constructed on the basis of the REDTMC. The CTMC can
then be directly solved to get both the transient and the steady-state PMFs over the tangible markings of N. In [33], the
program and computational complexities of such an elimination method, based on the REDTMC, were evaluated and
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Figure 8: The DTMC of E for E = [({a}, p) * (({b}, x); ({c}, b); ({d), OD[1({e}, b (LF), #)))) * Stop].

Performance evaluation

OO

Preservation Elimination

(RDTMC)
Embedding  Abstraction
(SMC) (DTMC)

Figure 9: Performance evaluation methods in dtsiPBC

compared with those of the preservation method that does not eliminate vanishing states and based on the EDTMC.
The preservation method for GSPNs corresponds in dtsiPBC to the analysis of the underlying SMCs of expressions
(embedding). Note that the performance evaluation method based on the complete DTMCs of the dtsiPBC expres-
sions (abstraction) has no prototype in the GSPN model, hence, it is a novel (alternative to embedding) variant of the
preservation method. In Figure 9, a classification of the performance analysis techniques within dtsiPBC is presented.

The elimination method for GSPNs can be easily transferred to dtsiPBC, hence, for every dynamic expression
G, we can find a DTMC (since the sojourn time in the tangible states from DR(G) is discrete and geometrically
distributed) with the states from DR7(G), which can be directly solved to find the transient and the steady-state PMFs
over the tangible states. We shall demonstrate that such a reduced DTMC (RDTMC) of G, denoted by RDTMC(G),
can be constructed from DTMC(G), using the method analogous to that designed in [75, 5, 7, 6] in the framework of
GSPNs to transform EDTMC into REDTMC. Since the sojourn time in the vanishing states is zero, the state changes
of RDTMC(G) occur in the moments of the global discrete time associated with SMC(G), unlike those of EDTMC(G),
which happen only when the current state changes to some different one, irrespective of the global time. Therefore, in
our case, we can skip the stages of constructing the REDTMC of G, denoted by REDTMC(G), from EDTMC(G), and
recovering RSMC of G, denoted by RSMC(G) (which is the sought-for DTMC), from REDTMC(G), since we shall
have RSMC(G) = RDTMC(G).

Let G be a dynamic expression and P be the TPM for DTMC(G). We reorder the states from DR(G) such that the
first rows and columns of P will correspond to the states from DRy(G) and the last ones will correspond to the states
from DRy (G). Let |IDR(G)| = n and |DR7(G)| = m. The resulting matrix can be decomposed as follows:

p:(g ‘F’)

The elements of the (n —m) X (n —m) submatrix C are the probabilities to move from vanishing to vanishing states,
and those of the (n —m) X m submatrix D are the probabilities to move from vanishing to tangible states. The elements
of the m X (n — m) submatrix E are the probabilities to move from tangible to vanishing states, and those of the m X m
submatrix F are the probabilities to move from tangible to tangible states.

The TPM P° for RDTMC(G) is the m X m matrix, calculated as
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P° =F + EGD,

where the elements of the matrix G are the probabilities to move from vanishing to vanishing states in any number of
state changes, without traversal of tangible states.

If there are no loops among vanishing states then for any vanishing state there exists a value [ € N such that every
sequence of state changes that starts in a vanishing state and is longer than / should reach a tangible state. Thus,
Jle NVk >1CF=0and Do Ck = leco Ck. If there are loops among vanishing states then all such loops are
supposed to be of “transient” rather than “absorbing” type, since the latter is treated as a specification error to be
corrected, like in [75, 6]. We have earlier required that SMC(G) has a single closed communication (which is also
ergodic) class of states. Remember that a communication class of states is their equivalence class w.r.t. communication
relation, i.e. a maximal subset of communicating states. A communication class of states is closed if only the states
belonging to it are accessible from every its state.

The ergodic class cannot consist of vanishing states only, to avoid “absorbing” loops among them, hence, it
contains tangible states as well. Thus, any sequence of vanishing state changes that starts in the ergodic class will
reach a tangible state at some time moment. All the states that do not belong to the ergodic class should be transient.
Hence, any sequence of vanishing state changes that starts in a transient vanishing state will some time reach either a
transient tangible state or a state from the ergodic class [62]. In the latter case, a tangible state will be reached as well,
as argued above. Thus, every sequence of vanishing state changes in SMC(G) that starts in a vanishing state will exit
the set of all vanishing states in the future. This implies that the probabilities to move from vanishing to vanishing
states in k € N state changes, without traversal of tangible states, will lead to 0 when k tends to co. Then we have
limy o C* = limy oo (I — (I — C))* = 0, hence, I — C is a non-singular matrix, i.e. its determinant is not equal to zero.
Thus, the inverse matrix of I - C exists and may be expressed by a Neumann series as Y. (I - (I— O)k = Yo Ck =
(I - C)7". Therefore,

G- i Ck = 22:0 C*k, 31 € N, Yk > 1, C-=0, noloops among \./an'ishing states;
P I-0)7!, limgo Ck =0, loops among vanishing states;

where 0 is the square matrix consisting only of zeros and I is the identity matrix, both of order n — m.
For1<i,j<mand1 <k, [<n-m,letF;; be the elements of the matrix F, &y be those of E, Gy, be those of G
and 9, be those of D. By definition, the elements Pf]. of the matrix P° are calculated as

n—m n—m n-m n-m n—-m n—-m
Pi=Fij+ Z Zaikgkl@lj =Fij+ Z&k Z GuDyj = Fij + Z@U Zaz’kgkh
=1 =1 = A =1 =

ie. Pfj (1 <, j < m) is the total probability to move from the tangible state s; to the tangible state s; in any number
of steps, without traversal of tangible states, but possibly going through vanishing states.

Let s, § € DRr(G) such that s = s;, § = s;. The probability to move from s to § in any number of steps, without
traversal of tangible states (if such a movement is possible, i.e. its probability is positive) is

PM°(s.5) = P5,

Definition 5.3. Let G be a dynamic expression and [G]. € DR7y(G). The reduced discrete time Markov chain
(RDTMC) of G, denoted by RDTMC(G), has the state space DRy (G), the initial state [G]. and the transitions s <—p §,
where P = PM°(s, 3).

RDTMCs of static expressions can be defined as well. For E € RegS tatExpr, let RDTMC(E) = RDTMC(E).

Let us now try to define RSMC(G) as a “restriction” of SMC(G) to its tangible states. Since the sojourn time in
the tangible states of SMC(G) is discrete and geometrically distributed, we can see that RSMC(G) is a DTMC with
the state space DR7(G), the initial state [G]. and the transitions whose probabilities collect all those in SMC(G) to
move from the tangible to the tangible states, directly or indirectly, namely, by going through its vanishing states only.
Thus, RSMC(G) should have the transitions s < §, where P = PM°(s, §), resulting in RSMC(G) = RDTMC(G).

One can see that RDTMC(G) is constructed from DTMC(G) as follows. All vanishing states and all transitions
to, from and between them are removed. All transitions between tangible states are preserved. The probabilities of
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transitions between tangible states may become greater and new transitions between tangible states may be added,
both iff there exist moves between these tangible states in any number of steps, going through vanishing states only.
Thus, for each sequence of transitions between two tangible states in DTMC(G) there exists a (possibly shorter,
since the eventual passed through vanishing states are removed) sequence between the same states in RDTMC(G)
and vice versa. If DTMC(G) is irreducible then all its states (including tangible ones) communicate, hence, all states
of RDTMC(G) communicate as well and it is irreducible. Since both DTMC(G) and RDTMC(G) are finite, they
are positive recurrent. Thus, in case of irreducibility of DTMC(G), each of them has a single stationary PMF. Note
that DTMC(G) and/or RDTMC(G) may be periodic, thus having a unique stationary distribution, but no steady-state
(limiting) one. For example, it may happen that DTMC(G) is aperiodic while RDTMC(G) is periodic due to removing
vanishing states from the former.
Let DR7(G) = {s1,..., Sy} and [G]~ € DRy (G). Then the transient (k-step, k € N) PMF
UeLk] = (WCLkICsy), . - ., ¥ [Kk](sp)) for RDTMC(G) is calculated as

Y° k] = Y [01(P*,
where ¥ °[0] = (Y°[0](s1),. .., ¥°[0](s;)) is the initial PMF defined as

o _ ], S = [G]xv
Y[01Csi) _{ 0, otherwise.

Note also that Yy°[k + 1] = ¥°[k]P° (k € N).
The steady-state PMF ¢° = (¥°(s1), ..., ¥°(sy)) for RDTMC(G) is a solution of the equation system

WP -T)=0
lﬂolT =1 ’

where I is the identity matrix of order m and 0 is a row vector of m values 0, 1 is that of m values 1.

Note that the vector ¢° exists and is unique, if RDTMC(G) is ergodic. Then RDTMC(G) has a single steady state,
and we have ¢° = limy_,. Y°[k].

The zero sojourn times in the vanishing states guarantee that the state changes of RDTMC(G) occur in the moments
of the global discrete time associated with SMC(G), i.e. every such state change occurs after one time unit delay.
Hence, the sojourn time in the tangible states is the same for RDTMC(G) and SMC(G). The state change probabilities
of RDTMC(G) are those to move from tangible to tangible states in any number of steps, without traversal of tangible
states. Therefore, RDTMC(G) and SMC(G) have the same transient behaviour over the tangible states, thus, the
transient analysis of SMC(G) is possible to accomplish using RDTMC(G).

The following proposition relates the steady-state PMFs for SMC(G) and RDTMC(G). It proves that the steady-
state probabilities of the tangible states coincide for them.

Proposition 5.3. Let G be a dynamic expression, ¢ be the steady-state PMF for SMC(G) and ¥° be the steady-state
PMF for RDTMC(G). Then Vs € DR(G),

_ | ¥°(), se€DRy(G);
Pls) = { 0 s € DRy(G).

Proor. To make the proof more clear, we use the following unified notation. I denotes the identity matrices of any
size. 0 denotes square matrices and row vectors of any size and length of values 0. 1 denotes square matrices and row
vectors of any size and length of values 1.

Let P be the reordered TPM for DTMC(G) and i be the steady-state PMF for DTMC(G), i.e.  is a solution of the
equation system

yP-D=0
Y1’ =1 :

Let IDR(G)| = n and |DRr(G)| = m. The decomposed P, P — I and y are
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C D C-1 D
P:(E F)’P_I:( E F_I)andl/fz(l//\/,l//]‘),

where Yy = (Y1,...,¥,-m) is the subvector of ¥ with the steady-state probabilities of vanishing states and Y =
Wn—m+15 - - - Yy 1s that with the steady-state probabilities of tangible states.
Then the equation system for i is decomposed as follows:

Yyy(C-D+yrE=0
YyyD +yr(F-1)=0
lflvlT + l//TlT =1

Further, let P° be the TPM for RDTMC(G). Then ¢° is a solution of the equation system

v -1 =0
l//olT =1

We have
P° = F + EGD,

where the matrix G can have two different forms, depending on whether the loops among vanishing states exist, hence,
we consider the two following cases.

1. There exist no loops among vanishing states. We have Al € N, Yk > I, C* =0 and G = 22:0 ck,
Let us right-multiply the first equation of the decomposed equation system for ¢ by G:

Uv(CG - G) + y7EG = 0.
Taking into account that G = Y} _, C¥, we get

1 !
v | D CE+CT -0 = CF 4+ yrBG =0,
=1 =l
Since C*! = 0 and C° = I, we obtain

-y +YrEG = 0 and ¢y = Y7EG.
Let us substitute ¢y with ¢ 7EG in the second equation of the decomposed equation system for y:
Yr7EGD + ¢ (F-1) =0 and y7(F + EGD - I) = 0.
Since F + EGD = P°, we have
Yr(P°—1)=0.

2. There exist loops among vanishing states. We have lim; ., C* = 0 and G = (I - C)~'.
Let us right-multiply the first equation of the decomposed equation system for ¥ by G:

—y(I-0O)G +yrEG = 0.
Taking into account that G = (I - C)~!, we get

—lﬁv + l//TEG =0and l//v = lﬁTEG

Let us substitute ¥y with ¥7EG in the second equation of the decomposed equation system for i

YrEGD + ¢ (F-1) =0 and y7(F + EGD - I) = 0.
Since F + EGD = P°, we have
1707'(P<> - I) = 0
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The third equation Y17 + 717 = 1 of the decomposed equation system for  implies that if ¢y has non-zero
elements then the sum of the elements of 7 is less than one. We normalize yr by dividing its elements by their sum:

1

yr!”

It is easy to check that v is a solution of the equation system
vP°-T)=0
viT =1 ’

hence, it is the steady-state PMF for RDTMC(G) and we have

1%

Yr.

1

';D =y= WlpT
Note that Vs € DR7(G), ¥r(s) = ¥(s). Then the elements of ° are calculated as follows: ¥Ys € DRr(G),
o () (s)
W (s) = Yr __ Y _
25eprr G YT(®)  Xseprpc) W)
By Proposition 5.2, Vs € DR7(G), ¢(s) = %
Therefore, Ys € DRy (G),
Y(s) o
o)== =¢"(s).
25eDRrr(G) ¥(3)

O

Thus, to calculate ¢, one can just take all the elements of ° as the steady-state probabilities of the tangible
states, instead of abstracting from self-loops with probability less than 1 to get P* and then y*, followed by weighting
by SJ and normalization. Hence, using RDTMC(G) instead of EDTMC(G) allows one to avoid such a multistage
analysis, but constructing P° also requires some efforts, including calculating matrix powers or inverse matrices.
Note that RDTMC(G) may have self-loops with probability less than 1, unlike EDTMC(G), hence, the behaviour of
RDTMC(G) may stabilize slower than that of EDTMC(G) (if each of them has a single steady state). On the other
hand, P° is generally smaller and denser matrix than P*, since P° may have additional non-zero elements not only at
the main diagonal, but also many of them outside it. Therefore, in most cases, we have less time-consuming numerical
calculation of y° with respect to ¥*. At the same time, the complexity of the analytical calculation of ° with respect
to ¥ depends on the model structure, such as the number of vanishing states and loops among them, but usually it
is lower, since the matrix size reduction plays an important role in many cases. Hence, for the system models with
many immediate activities we normally have a significant simplification of the solution. At the abstraction level of
SMC:s, the elimination of vanishing states decreases their impact to the solution complexity while allowing immediate
activities to specify a comprehensible logical structure of systems at the higher level of transition systems.

Example 5.4. Let E_befrom Example 3.6. Remember that DRT(E) = {51, 82, 84, 55} and DRV(E) = {s3}. We reorder
the states from DR(E), by moving the vanishing states to the first positions: s3, s1, $2, S, Ss.
The reordered TPM for DTMC(E) is

0 0 0 R
0 I-p p 0 0
P.=|y O 1-yx O 0
0 0 6 1-6 0
0 0 ) 0 1-¢

The result of the decomposing P, are the matrices
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RDTMC (E)

1-6 1-¢

Figure 10: The reduced DTMC of E for E = [({a}, p)  (({b}, x); (({e}, ) (1), OD[1(fe}, b); (1), #)))) * Stop].

1-p p 0 0
0 1-x O 0
0 0 1-6 0
0 ¢ 0 1-¢

Since C' = 0, we have Yk > 0, C* = 0, hence, [ = 0 and there are no loops among vanishing states. Then

0
l m b%
= D: e — E: F:
c=0 (O’O’l+m’l+m)’ 0|

0

)
G-= Z Ck=C'=1
k=0
Further, the TPM for RDTMC(E) is
1-p p 0 0
1 m
0 1-X fm  iw
0 6 1-6 0
0 @ 0 1-¢

In Figure 10, the reduced DTMC RDTMC(E) is presented. The steady-state PMF for RDTMC(E) is

PP=F+EGD=F+EID=F+ED=

o _ 1
= G my Gl omy P X0

Note that y° = (Y°(s1),¥°(52), ¥°(s4),¥°(s5)). By Proposition 5.3, we have

@(s1) =0,

_ Op(l+m)
(52) = Foemoxioram”
@(s3) =0,

— x¢l
@(s4) = BSUrm) tliom)

_ x6m
@(s5) = BSUrm) T Plom)

Thus, the steady-state PMF for SMC(E) is

1
 0p(L+ m) + x (¢l + Om)
This coincides with the result obtained in Example 5.1 with the use of y* and SJ.

® (0, 60(1 + m), 0, xypl, xOm).
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RSMC(E)

X|= D=

Figure 11: The reduced SMC of E for E = [({a}, p) * ({b}, x); ({c}. 1): ({d}. O)L1(({e}, bn): (£}, ¢)))) * Stop].

Example 5.5. Let E be from Example 3.6. In Figure 11, the reduced underlying SMC RSMC(E) is depicted. The
average sojourn times in the states of the reduced underlying SMC are written next to them in bold font. In spite
of the equality RSMC(E) = RDTMC(E), the graphical representation of RSMC(E) differs from that of RDTMC(E),
since the former is based on the REDTMC(E), where each state is decorated with the positive average sojourn time
ofRSMC(E) in it. REDTMC(E) is constructed from EDTMC(E) in the similar way as RDTMC(E) is obtained from
DTMC(E). By construction, the residence time in each state of RSMC(E) is geometrically distributed. Hence, the
associated parameter of geometrical distribution is uniquely recovered from the average sojourn time in the state.

Let us now formally prove that RSMC coincides with RDTMC. Although this assertion is very intuitive, its proof
is rather involved. The relation between DTMC and RDTM(C is obtained using the transition function PM°(s, §), based
on PM(s, 5). The relation between RDTMC and the embedded RDTMC (ERDTM(C) is obtained using the transition
function (PM°®)*(s, §), based on PM°(s,5). The relation between EDTMC and the reduced EDTMC (REDTMC)
is obtained using the transition function (PM*)°(s, §), based on PM*(s, §). Let G be a dynamic expression. We
shall prove that the TPM (P°)* for the embedded RDTMC(G) (ERDTMC(G)), (forwardly) constructed by reduction
(eliminating vanishing states) of DTMC(G), followed by embedding ERDTMC(G) into RDTMC(G), coincides with
the (finally) embedded TPM ((P*)°)*, (reversely) constructed by embedding EDTMC(G) into SMC(G), followed by
reduction REDTMC(G) of EDTMC(G), and final embedding EREDTMC(G) into RSMC(G). The final embedding in
the reverse construction is needed, since new self-loops may arise after reducing EDTMC(G), i.e. REDTMC(G) may
become not an EDTMC, but a DTMC featuring self-loops with probability less than 1. Note that for s, § € DR7(G),
we have (PM°)*(s,5) = SL°(s)PM°(s, 5) in ERDTMC(G). Here S L°(s) is the self-loops abstraction factor in s in
RDTMC(G). This corresponds to a different expression (PM*)°(s, §) = (SL-PM)°(s, §) in REDTMC(G). In particular,
SL°(s) > S L(s) when PM°(s, s) > PM(s, s), which is the reason for a new self-loop associated with s in RDTMC(G).
As we shall see, in that case (PM°)*(s,5) > (PM*)°(s,5). The following theorem relates those finally embedded
reduced embedded TPM ((P*)°)* (i.e. the TPM for EREDTMC(G)) and embedded reduced TPM (P°)* (the TPM for
ERDTMC(G)).

Theorem 5.2. Let G be a dynamic expression, (P°)* results from embedding the TPM P° for RDTMC(G), and ((P*)°)*
results from reduction and final embedding the TPM P* for EDTMC(G). Then

(@) = (P)".

Proof. See Appendix Appendix A.2. O

Thus, reduction before embedding is more optimal computationally for DTMCs of the process expressions, since
only one embedding is needed in that case. This is especially important when the DTMCs have many loops from
tangible states via (one or more) vanishing states only. Such loops remain after the first embedding, and they become
self-loops after the subsequent reduction, which are removed just after the second embedding.

In the continuous time setting, the embedding of the EDTMC into an SMC with only exponential and zero sojourn
times is not hard to construct. Such SMCs resemble CTMCs, in that their behaviour is not changed at presence of self-
loops (the average sojourn times are kept). The EDTMC transition probabilities are obtained by normalizing the rates
of the transitions from each state to the different ones. Only the embedding of the reduced EDTMC into the RSMC
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(actually being a CTMC) requires more computations. In our discrete time setting, we cannot simply abstract from
self-loops, since each of them takes one time unit and thereby influences the average sojourn time. Then avoiding the
additional embedding allows us to decrease the computation costs.

We can now explain the inequality presented above Theorem 5.2, by using its proof. Let s, § € DRy(G). Then
SLp($)SLy/(s) = SL°(s) > SL(s) = SLp(s) implies SLy/(s) > 1. Thus, (PM°)*(s,5) = SL°(s)PM°(s,5) =
SLp($)S Ly (s)PM°(s,5) > SLp(s)PM°(s, 5) = (PM*)°(s, §).

Definition 5.4. Let G be a dynamic expression, s € DR7(G) while S Lg(s) is the self-loops abstraction factor in s for
the submatrix F (from the equation P° = F + EGD calculating the TPM for RDTMC(G)) and S Ly (s) is the self-loops
abstraction factor in s in REDTMC(G) (for the matrix H = Diag(S Lr)EGD, whose elements are the probabilities to
move from tangible to tangible states, via any positive number of vanishing states, without traversal of tangible states,
in EDTMC(G)).

The reduced SMC (RSMC) of G, denoted by RSMC(G), has the EDTMC EREDTMC(G) and the sojourn time in
every s € DR7(G) is geometrically distributed with the parameter m

The following proposition demonstrates coincidence of RSMC and RDTMC.
Proposition 5.4. Let G be a dynamic expression. Then RSMC(G) = RDTMC(G).

Proof. By Theorem 5.2, EREDTMC(G) = ERDTMC(G). The sojourn time in every s € DRy(G) is geometrically

distributed with the parameter SLF(S)éLH/(S) = SLl(S) =1-PM°(s,s) =1 —PMgp(s,s) — PMy(s, s), where S Ly (s) =

m. Here PMy(s, s) is the self-loop probability in s for the matrix H = EGD (from the equation P° =

F + EGD calculating the TPM for RDTMC(G)). Remember that S L°(s) is the self-loops abstraction factor in s in
RDTMC(G). Hence, RSMC(G) = RDTMC(G). (I

Example 5.6. Let E be from Example 3.6. The TPMs for RDTMC(E) and ERDTMC(E) are

1-p ol 0 0 01 O 0
o 0 1 —X % % oNE 00 ﬁ ﬁ
P = 0 0 1-6 0 > ()" = 01 O 0
0 ¢ 0 1-¢ 01 O 0
The TPMs for REDTMC(E) and EREDTMC(E) are
01 O 0 01 O 0
0o 0o Lt = 0o 0o Lt =
) — l+m l+m FNOVE — l+m l+m
01 O 0 01 O 0
The self-loops abstraction subvector of E for the submatrix F (see Example 5.4) is S Ly = (% )l( é %) The self-
loops abstraction vector ofE in REDTMC(E) (for the matrix H', see below) is (SL*)° = SLH = 1,1,1). The

(1,
self-loops abstraction vector ofE in RDTMC(E) is SL° = 1Diag(S Lr)Diag(S Ly) = (— - where 1 is a row

vector of n values 1.

The elements of the matrix H' are the probabilities to move from tangible to tangible states, via any positive
number of vanishing states, without traversal of tangible states, in EDTMC(G). We have H' = Diag(S Lr)H, where
elements of the matrix H = EGD (see Example 5.4) are the probabilities to move from tangible to tangible states, via
any positive number of vanishing states, without traversal of tangible states, in DTMC(G). The matrices H and H' are

797¢)

00 O 0 0 0 O 0
0 0 AL xm 0 0 L m
= I+m I+m /= l+m l+m
H=10 0 0 0 |'®=lo o 0 0
00 O 0 00 O 0

Then it is easy to check that
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((P"°)" = Diag(S Ly)Diag(S Lr)(P° — 1) + I = Diag(SL*)(P° - D) + I = (P°)".

Note that our reduction of the underlying SMC by eliminating its vanishing states, resulting in the reduced DTMC,
resembles the method from [70] that removes instantaneous states of stochastically discontinuous Markov reward
chains. The latter are “limits” of continuous time Markov chains with state rewards and fast transitions when the rates
(speeds) of these transitions tend to infinity, making them immediate. By analogy with that work, we would consider
DTMC:s extended with instantaneous states instead of SMCs with geometrically distributed or zero sojourn times in
the states. However, within dtsiPBC, we have decided to take SMCs as the underlying stochastic process to be able in
the perspective to consider not only geometrically distributed and zero residence time in the states, but arbitrary fixed
time delays as well.

6. Stochastic equivalences

Consider the expressions E = ({a}, %) and E’ = ({a}, %)1 da}, %)2, for which E #,, E’, since T'S (E) has only one
transition from the initial to the final state (with probability %) while T'S (?) has two such ones (with probabilities i).
On the other hand, all the mentioned transitions are labeled by activities with the same multiaction part {a}. Moreover,

the overall probabilities of the mentioned transitions of 7S (E) and TS (E’) coincide: % = % + %. Further, TS (E) (as

well as T'S (E’)) has one empty loop transition from the initial state to itself with probability % and one empty loop
transition from the final state to itself with probability 1. The empty loop transitions are labeled by the empty set of
activities. For calculating the transition probabilities of 'S (E”), take p = y = % in Example 3.5. Then you will see that
the probability parts % and % of the activities ({a}, %)1 and ({a}, %)2 are “splitted” among probabilities % and % of the
corresponding transitions and the probability % of the empty loop transition. Unlike =, most of the probabilistic and
stochastic equivalences proposed in the literature do not differentiate between the processes such as those specified by
E and E’. In Figure 13(a), the marked dtsi-boxes corresponding to the dynamic expressions E and E’ are presented,
i.e. N = Boxys(E) and N’ = Boxgsi(E').

Since the semantic equivalence = is too discriminating in many cases, we need weaker equivalence notions.
These equivalences should possess the following necessary properties. First, any two equivalent processes must have
the same sequences of multisets of multiactions, which are the multiaction parts of the activities executed in steps
starting from the initial states of the processes. Second, for every such sequence, its execution probabilities within
both processes must coincide. Third, the desired equivalence should preserve the branching structure of computations,
i.e. the points of choice of an external observer between several extensions of a particular computation should be taken
into account. In this section, we define one such notion: step stochastic bisimulation equivalence.

6.1. Step stochastic bisimulation equivalence

Bisimulation equivalences respect the particular points of choice in the behavior of a system. To define stochastic
bisimulation equivalences, we have to consider a bisimulation as an equivalence relation that partitions the states of
the union of the transition systems 7S (G) and TS (G’) of two dynamic expressions G and G’ to be compared. For
G and G’ to be bisimulation equivalent, the initial states [G]~ and [G’]. of their transition systems should be related
by a bisimulation having the following transfer property: if two states are related then in each of them the same
multisets of multiactions can occur, leading with the identical overall probability from each of the two states to the
same equivalence class for every such multiset.

Thus, we follow the approaches of [56, 64, 50, 52, 14, 10, 11], but we implement step semantics instead of
interleaving one considered in these papers. Recall also that we use the generative probabilistic transition systems, like
in [56], in contrast to the reactive model, treated in [64], and we take transition probabilities instead of transition rates
from [50, 52, 14, 10, 11]. Thus, step stochastic bisimulation equivalence that we define further is (in the probabilistic
sense) comparable only with interleaving probabilistic bisimulation one from [56], and our equivalence is obviously
stronger.

In the definition below, we consider L(T) € NLM for T € Nfiﬁi, i.e. (possibly empty) multisets of multiactions.
The multiactions can be empty as well. In this case, £(Y) contains the elements 0, but it is not empty itself.
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A
Let G be a dynamic expression and H C DR(G). Then, for any s € DR(G) and A € NL.m, we write s —p H,
where P = PM4(s, H) is the overall probability to move from s into the set of states H via steps with the multiaction
part A defined as

PMy(s, H) = Z PT(Y, 5).

(T35eH, 555, L(T)=A)

A
We write s —» H if AP, s ip H. Further, we write s —»p H if A, s A H, where P = PM(s, H) is the overall
probability to move from s into the set of states H via any steps defined as

PM(s, H) = Z PT(Y, s).

(T[35eH, s55)

For § € DR(G), we write s <>p §if s 5p {5} and s > 5if IP 5 5p 5.

To introduce a stochastic bisimulation between dynamic expressions G and G’, we should consider the “compos-
ite” set of states DR(G) U DR(G), since we have to identify the probabilities to come from any two equivalent states
into the same “composite” equivalence class (with respect to the stochastic bisimulation). Note that, for G # G, transi-
tions starting from the states of DR(G) (or DR(G")) always lead to those from the same set, since DR(G)NDR(G’) = 0,
and this allows us to “mix” the sets of states in the definition of stochastic bisimulation.

Definition 6.1. Let G and G’ be dynamic expressions. An equivalence relation R C (DR(G) U DR(G'))? is a step
stochastic bisimulation between G and G’, denoted by R : G G, if:
L. ([Gl~, [G']:) € R

2. (s1,:) €R = VH € (DR(G) U DR(G"))/x, YA € NE .

A A
S1 —>p(H =4 Sz—)pﬂ.

Two dynamic expressions G and G’ are step stochastic bisimulation equivalent, denoted by G G, if AR : G G'.

‘We now define the multiaction transition systems, whose transitions are labeled with the multisets of multiactions,
extracted from the corresponding activities.

Definition 6.2. Let G be a dynamic expression. The (labeled probabilistic) multiaction transition system of G is a
quadruple TS £(G) = (S z, Ly, Tz, Sz), where

o S;=DR@G);
o Lp=Nf, x(0:1];

o Tr = {(s, (A, PMu(s,{3))), 3) | 5,5 € DR(G), 5 > 5}
o s; = [Gl-.

The transition (s, (A, P), 5) € 7 will be written as s ip 5.

The multiaction transition systems of static expressions can be defined as well. For E € RegStatExpr let
TS (E) =TS ;(E).

Let G and G’ be dynamic expressions and R : G G’. Then the relation R can be interpreted as a step stochastic
bisimulation between the transition systems T'S £(G) and T'S £(G’), denoted by R : TS (G)e TS £(G’), which is
defined by analogy (excepting step semantics) with interleaving probabilistic bisimulation on generative probabilistic
transition systems from [56].
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0,1—-6 0,1—-6

Figure 12: The multiaction transition system of F for F = [({a}, p) * ({b}, x): (((c}, 1) (d), O)DI(({c}, b); (1}, 6)2))) * Stop].

Example 6.1. Let us consider an abstraction F of the static expression E from Example 3.6, such that ¢ = e, d =

f,0=2¢,ie.

F = [({a}, p) * ({6}, 0); (e} b: (dh, O) DIt Bm); ({d}, 0)2))) * Stop].

Then DR(F) = {81, 52, 3, S4, S5} 1S obtained from DR(E) via substitution of the symbols e, f, ¢ by c, d, 6,
respectively, in the specifications of the corresponding states from the latter set. We have DRT(F) = {s1, 82, 4, S5} and
DRy(F) = {s3}. In Figure 12, the multiaction transition system TS £ (F) is presented. For simplicity of the graphical
representation, the singleton multisets of multiactions are written without outer braces.

The following proposition states that every step stochastic bisimulation binds tangible states only with tangible
ones and the same is valid for vanishing states.

Proposition 6.1. Let G and G’ be dynamic expressions and R : G, G’'. Then
R C (DR7(G) U DR(G"))* & (DRy(G) U DRy(G"))*.

Proor. By definition of transition systems of expressions, for every tangible state, there is an empty loop from it, and
no empty loop transitions are possible from vanishing states.
Further, R preserves empty loops. To verify this fact, first take A = @ in its definition to get Y(s, 52) € R,

VYH € (DR(G) U DR(G"))/x, s1 gp H o 5 gp H, and then observe that the empty loop transition from a state
leads only to the same state. (I

Let Rss(G,G") = U{R | R : G G’} be the union of all step stochastic bisimulations between G and G’. The
following proposition proves that R(G, G’) is also an equivalence and Rs(G,G’) : G G'.

Proposition 6.2. Let G and G’ be dynamic expressions and Go G'. Then Ry(G,G') is the largest step stochastic
bisimulation between G and G'.

Proor. See Appendix A.3. O

In [3], an algorithm for strong probabilistic bisimulation on labeled probabilistic transition systems (a reformula-
tion of probabilistic automata) was proposed with time complexity O(n?m), where n is the number of states and m is
the number of transitions. In [4], a decision algorithm for strong probabilistic bisimulation on generative labeled prob-
abilistic transition systems was constructed with time complexity O(m log n) and space complexity O(m + n). In [31],
a polynomial algorithm for strong probabilistic bisimulation on probabilistic automata was presented. The mentioned
algorithms for interleaving probabilistic bisimulation equivalence can be adapted for & _ using the method from [55],
applied to get the decidability results for step bisimulation equivalence. The method takes into account that transition
systems in interleaving and step semantics differ only by availability of the additional transitions corresponding to
parallel execution of activities in the latter (which is our case).
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Figure 13: Dtsi-boxes of the dynamic expressions from equivalence examples of Theorem 6.1.

6.2. Interrelations of the stochastic equivalences

We now compare the discrimination power of the stochastic equivalences.

Theorem 6.1. For dynamic expressions G and G’ the following strict implications hold:

G~G = G=,G = Go, G

Proor. Let us check the validity of the implications.

e The implication =;;= < __is proved as follows. Let 5 : G =;; G’. Thenit s easy to see that R : Go  G’, where

R ={(5,8(5)) | s € DR(G)}.

e The implication *==; is valid, since the transition system of a dynamic formula is defined based on its struc-
tural equivalence class.

Let us see that that the implications are strict, i.e. the reverse ones do not work, by the following counterexamples.

(a) Let E = ({a}, §) and E’ = ({a}, H)1[1({a}, 1)2. Then Eo E’, but E #, E, since TS (E) has only one transition
from the initial to the final state while 7'S (E’) has two such ones.

(b) Let E = ({fa}, $); ({a}, ) and E” = (({a}, 3); ({a}, 3)) sy a. Then E =,; E’, but E # E, since E and E’ cannot be
reached from each other by applying inaction rules. ([

Example 6.2. In Figure 13, the marked disi-boxes corresponding to the dynamic expressions from equivalence exam-
ples of Theorem 6.1 are presented, i.e. N = Boxyi(E) and N = Boxgi(E’) for each picture (a)—(b).

7. Reduction modulo equivalences

The equivalences which we proposed can be used to reduce transition systems and SMCs of expressions (reacha-
bility graphs and SMCs of dtsi-boxes). Reductions of graph-based models, like transition systems, reachability graphs
and SMCs, result in those with less states (the graph nodes). The goal of the reduction is to decrease the number of
states in the semantic representation of the modeled system while preserving its important qualitative and quantitative
properties. Thus, the reduction allows one to simplify the behavioural and performance analysis of systems.
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7.1. Quotients of the transition systems and Markov chains
We now construct the quotient (by < ) transition systems and Markov chains (SMCs, DTMCs and RDTMCs).
An autobisimulation is a bisimulation between an expression and itself. For a dynamic expression G and a step

stochastic autobisimulationon it R : Ge G, let K € DR(G)/g and s1, 52 € K. We have VK e DR(G)/g, YA € N}:en,

S1 ﬁ)p 7? S 5 i)p 7? The previous equality is valid for all sy, s, € K, hence, we can rewrite it as K iw 7?, where
P = PMA(K, K) = PMa(s1,K) = PMa(s2, K).

We write K 4 K if P, K ﬁw K and K — K if JA, K 4 7. The similar arguments allow us to write
K —p K, where P = PM(K,K) = PM(s1,K) = PM(s,,K).

By Proposition 6.1, R € (DR7(G))* & (DRy(G))>. Hence, YK € DR(G)/x, all states from K are tangible, when
K € DR1(G)/g, or all of them are vanishing, when K € DRy (G)/x.

The average sojourn time in the equivalence class (with respect to R) of states K is

W, K € DR7(G)/x;
0, K € DRy(G)/x.
The average sojourn time vector for the equivalence classes (with respect to R) of states of G, denoted by SJg,

has the elements SJgx(K), K € DR(G)/x.
The sojourn time variance in the equivalence class (with respect to R) of states K is

SIR(K) = {

VARR(K) = { wriears K € DR1(G)/x;
0, K € DRy(G)/.

The sojourn time variance vector for the equivalence classes (with respect to R) of states of G, denoted by VARg,
has the elements VARR(K), K € DR(G)/«x.

Let R(G) = UIR | R : G G} be the union of all step stochastic autobisimulations on G. By Proposition 6.2,
R;s(G) is the largest step stochastic autobisimulation on G. Based on the equivalence classes with respect to R (G),
the quotient (by <) transition systems and the quotient (by < ) underlying SMCs of expressions can be defined.
The mentioned equivalence classes become the quotient states. The average sojourn time in a quotient state is that in
the corresponding equivalence class. Every quotient transition between two such composite states represents all steps
(having the same multiaction part in case of the transition system quotient) from the first state to the second one.

Definition 7.1. Let G be a dynamic expression. The quotient (by < _ ) (labeled probabilistic) transition system of G
isaquadruple 7S, (G) =(So ,Lo . To 5o ), Where

* So = DR(G)/r, )

° Liyy = N%

£} (O:10;

o T, = (K, (A, PMAK,5)), K) | K, K € DRG)/x,01» K > K):

¢ 5o = [[Gl:lr,©)-

The transition (%, (A, P), 7?) S will be written as K ip x.

The quotient (by <) transition systems of static expressions can be defined as well. For E € RegS tatExpr, let
TS (E)=TSs (E).

Let G be a dynamic expression. We define the relation R;(G) = {(s, K), (K, s) | s € K € DR(G)/»,c)}", where
* is the transitive closure operation. One can see that Rz,(G) € (DR(G)UDR(G) /Rw((;))2 is an equivalence relation that
partitions the set DR(G) U DR(G)/r,c) to the equivalence classes L, ..., L,, defined as £; = K; U{K;} (1 <i < n),
where DR(G)/g, ) = (K. ..., %,). The relation R z,,(G) can be interpreted as a step stochastic bisimulation between
the transition systems 7S £(G) and TS 255(G)’ denoted by Ry(G) : TS ((G)e, TS 2;;(G)’ which is defined by
analogy (excepting step semantics) with interleaving probabilistic bisimulation on generative probabilistic transition
systems from [56]. It is clear that from this viewpoint, R ;,(G) is also the union of all step stochastic bisimulations
and largest step stochastic bisimulation between T7'S £(G) and T'S o (G).
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Figure 14: The quotient transition system of F for F = [({a}, p) * ({b}, x); (({c}, b): ({d), O)DI(({c}, b); ({d), 6)2))) * Stop.

Example 7.1. Let F be from Example 6.1. Then DR(f)/,Rw(f) = {K\, 50, I, Ka), where K = {s1}, TG = {52}, KG =
{s3}, K4 = {54, s5}. We also have DRT(F)/R”@) = {K1, 5, Ky} and DRV(F)/RH@) ={%G3}). In Figure 14, the quotient

transition system TS o, (F) is presented.

The quotient (by & ) average sojourn time vector of G is defined as S/, = SJg (G)-
The quotlent (by &) solourn time variance vector of G is defined as VAR = VAR(RN(G)

Let K — % and 7( * 7( ie. PM(K,K) < 1. The probability to move from K to K by executing any set of
activities after possible self-loops is

) KK .
PM(K, K) S5 PM(K, K = Shieas K = K;

PM* (K, K) = *
) {PM(‘K,?(), otherwise.

The value k = 0 in the summation above corresponds to the case when no self-loops occur. Note that YK €
DR7(G)/r,c) with PM(K,K) < 1, it holds PM*(K,K) = SJo_(K)PM(K, K), since we always have the empty

0
loop (which is a self-loop) K — K from every equivalence class of tangible states %K. Empty loops are not possible
from equivalence classes of vanishing states, hence, VK € DRy(G)/g, ) With PM(K,K) < 1, itholds PM* (K, K) =

%, when there are non-empty self-loops (produced by iteration) from %, or PM*(‘K, 7?) = PM(K, 7?), when

there are no self-loops from K.

Definition 7.2. Let G be a dynamic expression. The guotient (by & ) EDTMC of G, denoted by EDTMC. (G), has
the state space DR(G)/r ), the initial state [[G]:]r () and the transitions K —»p %K, if K — K and K # 7( where
P =PM*(K,K),or K — K, if PM(K,K) = 1.

The quotient (by © ) underlying SMC of G, denoted by SMCo,_(G), has the EDTMC EDTMCo,_(G) and the
sojourn time in every ‘K € DRr(G)/g,c) is geometrically dlstrlbuted with the parameter 1 — PM(‘K 7() while the
sojourn time in every K € DRy(G)/r,(c) is equal to zero.

The quotient (by < ) underlying SMCs of static expressions can be defined as well. For E € RegStatExpr, let
SMCo (E) = SMCo_(E).

The steady-state PMFs 1&(_) for EDTMC., (G)and ¢, for SMCo (G) are defined like the corresponding notions
w* for EDTMC(G) and ¢ for S SMC(G), respectlvely l

Example 7.2. Let F be from Example 6.1. In Figure 15, the quotient underlying SMC SMC, (F) is presented. The
average sojourn times in the states of the quotient underlying SMC are written next to them in bold font.
The quotient average sojourn time vector of F is



Figure 15: The quotient underlying SMC of F for F = [({a}, p) * ({b}, x); (e}, b); (1), O)DII((fe), bn); (1), 6)2))) * Stop].

The quotient sojourn time variance vector of F is

l-p 1- 1-6
VAR, —( P "X o, —7).
I NS ¢ ¢
The TPM for EDTMC,, (F) is
01 00
. oo 10
2710 0 0 1
01 00
The steady-state PMF for EDTMC, (F) is
111
. = O’ PREIFEIN K
Vo, ( 33 3)

The steady-state PMF ', weighted by SJo_ is

1 l
[ 505)

It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

+6
v, SIL =5
s s 3)(9
Thus, the steady-state PMF for SMCiﬁ (F) is
- 0,6,0,x)
¢2SS_X+0 77’X'

The quotients of both transition systems and underlying SMCs are the minimal reductions of these objects modulo
step stochastic bisimulations. The quotients can be used to simplify analysis of system properties which are preserved
by &, since potentially less states should be examined for it. Such reduction method resembles that from [2] based
on place bisimulation equivalence for PNs, excepting that the former merges states, while the latter merges places.

Moreover, the algorithms exist to construct the quotients of transition systems by an equivalence (like bisimulation
one) [85] and those of (discrete or continuous time) Markov chains by ordinary lumping [37]. The algorithms have
time complexity O(m logn) and space complexity O(m + n), where n is the number of states and m is the number of
transitions. As mentioned in [103], the algorithm from [37] can be easily adjusted to produce quotients of labeled
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probabilistic transition systems by the probabilistic bisimulation equivalence. In [103], the symbolic partition refine-
ment algorithm on state space of CTMCs was proposed. The algorithm can be straightforwardly accommodated to
DTMC s, interactive MCs, Markov reward models, Markov decision processes, Kripke structures and labeled prob-
abilistic transition systems. Such a symbolic lumping uses memory efficiently due to compact representation of the
state space partition. The symbolic lumping is time efficient, since fast algorithm of the partition representation and
refinement is applied. In [38], a polynomial-time algorithm for minimizing behaviour of probabilistic automata by
probabilistic bisimulation equivalence was outlined that results in the canonical quotient structures. One could adapt
the above algorithms for our framework of transition systems, (reduced) DTMCs and SMCs.

Let us also consider quotient (by < ) DTMCs of expressions based on the state change probabilities PM(K, 7~().

Definition 7.3. Let G be a dynamic expression. The quotient (by & ) DTMC of G, denoted by DTMCo _(G), has
the state space DR(G)/r,, ) the initial state [[G]x]g,,c) and the transitions K —¢p 7~( where P = PM(K, K ).

The quotient (by & ) DTMC:s of static expressions can be defined as well. For E' € RegS tatExpr, let
DTMC. (E) = DTMCi”(E).
The steady-state PMF ¢, for DTMC,, (G) is defined like the corresponding notion ¢ for DTMC(G).

Example 7.3. Let F be from Example 6.1. In Figure 16, the quotient DTMC DTMCﬁu(F) is presented.
The TPM for DTMC,, (F) is

1-p p 0 0
_ 0 1-xy x 0
Po, 0 0 0 1
0 0 0 1-6
The steady-state PMF for DTMC., (F) is
= ] (0,6, x6, x)
Vo RIS X0, x).

Remember that DRT(F)/RSS(F) ={K1, %3, Ky} and DRV(F)/(RN(F) = {%G}. Hence,

x+0

Z (K = p(Ky) + p(IG) + Y(IG) = ey

KeDRr(F)/Rgy(r)

By the “quotient” analogue of Proposition 5.2, we have

Yo (K)) = 0- L2292 = 0,

x+0
__ 6 xt0tx0 _ 0
po (Ka) = X006 x+0 T x+6’
G (K3) =0,
_ X L xHOx0 _ x
‘,Di.m((](“) T oxt0+x0  x+0 T x+0°

Thus, the steady-state PMF for SMCo, (F) is

Yo

—s5

1
= ——(0,6,0,y).
v+ 5 X)
This coincides with the result obtained in Example 7.2 with the use of y, and SJ. .

Eliminating equivalence classes (with respect to R,(G)) of vanishing states from the quotient (by & ) DTMCs
of expressions results in the reductions of such DTMC:s.

Definition 7.4. The reduced quotient (by & ) DTMC of G, RDTMC,, (G), is defined like RDTMC(G) in Section 5,
but it is constructed from DTMCo_(G) instead of DTMC(G).
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Figure 16: The quotient DTMC of F for F = [({a}, p) * (b}, x); (({c}, b); ({d), O)DI(({c}, bn); ({d), 6)2))) * Stop.

The reduced quotient (by < ) DTMCs of static expressions can be defined as well. For E € RegStatExpr, let
RDTMCo (E) = RDTMC,, (E).
The steady-state PMF y¢, for RDTMC., (G) s defined like the corresponding notion ¢° for RDTMC(G).

Example 7.4. Let F be from Example 6.1. Remember that DRT(f)/Rm(F) = {K, 9, K4} and DRy(F) [r.) = (TG
We reorder the states from DR(F)/g (), by moving vanishing states to the first positions: K, Ki, Kz, Ka.
The reordered TPM for DTMCiﬁ (F) is

—ss

0 1
_|0 I-p p 0

Pr(—) X O

0 0 0 1-6

The result of the decomposing Py, are the matrices

0 l-p p 0
Co =0,Ds =(0,0,1), Ex =| x |. Fo = 0 l-x O
0 0 0 1-6

Since Clﬁ =0, we have Yk > 0 Ck2 = 0, hence, | = 0 and there are no loops among vanishing states. Then

1
Go, = ZC’;” = =1
24%e, = e,

Further, the TPM for RDTMC., (F) is

l-p p 0
P, =Fo +E, Go Do =F, +E, ID, =Fo +E, Do = 0 I-x x |
0 0 1-6

Let F be from Example 6.1. In Figure 17, the reduced quotient DTMC RDTMCo (F) is presented. The steady-
state PMF for RDTMC., (F) is

1
° = ———(0,0,).
1580 )(+9( X)

—=s5

Note that ¢, = (W, (K. ¥l (Ka), ¢, (Ku)). By the “quotient” analogue of Proposition 5.3, we have
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Figure 17: The reduced quotient DTMC of F for F = [({a}, p) * ({6}, x): (e}, ) ), 0)1)[1(({c) b): (), 6)2))) * Stop].

DTMCﬁ:’RDTMCﬁSS
Lo |
DTMC RDTMC
TSﬁss‘i‘ SMCq,,
e J

7§ — SMC

Figure 18: The cube of interrelations for the standard and quotient transition systems and Markov chains of the process expressions.

Yo (K1) =
Yo (K2) = X+H’
vo (KG) =
Po (7(4) = m

Thus, the steady-state PMF for SMCo, (F) is

Yo

—s5

1
=——0,6,0,x).
v+ 5 X)
This coincides with the result obtained in Example 7.2 with the use of y, and SJo .

Obviously, the relationships between the steady-state PMFs ¢, and ¥, , ¢ and ¢ , as well as ¢, and
We, , are the same as those determined between their “non-quotient” versions in Theorem 5.1, Proposition 5.2 and
Proposition 5.3, respectively.

7.2. Interrelations of the standard and quotient behavioural structures

In Figure 18, the cube of interconnections by the relation “constructed from” is depicted for both standard and
quotient transition systems and Markov chains (SMCs, DTMCs and RDTMCs) of the process expressions. The
relations between SMC and SMCH > between DTMC and DTM: C<_> s as well as between RDTMC and RDTMCH >
be obtained using the following correspondlng transition functlons 'defined by analogy with those already 1ntr0duced
PM*(K, ‘K) based on PM*(s, §), then PM(K, 7() based on PM(s, 5), as well as PM° (K, ‘K) based on PM° (s, 5) (all
that to be proved below).

The relations between SMC and RDTMC, as well as between SMC, . and RDTMCH ,» can be obtained using
the followmg corresponding transition functions: PMO(s ), based on PM*(s, 5), through (PMO) (s, 5), as well as
PM°(K,K), based on PM* (K, 7(), through (PM°)* (K, 7() (by Theorem 5.2 and its “quotient” analogue).

In Figure 18, the relation (depicted by arrow) between DTMC and DTMC,,  is obtained using the transition

function PM(%K, 7~(), based on PM(s, §). Let G be a dynamic expression. We shall prove that the (quotient) TPM Pﬁﬁ
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for DTMC o, (G) (forwardly) constructed by quotienting (by < ) T'S (G), followed by extracting DTMC o, (G) from
TS (G), coznczdes with the TPM (P)o,_, (reversely) constructed by extracting DTMC(G) from T'S (G), followed by
quot1entmg DTMC(G). The following proposmon relates those quotient extracted TPM (P)., ~and extracted quotient
TPM P,

Proposition 7.1. Let G be a dynamic expression, Po, be the TPM for DTMC, (G) and (P)o__results from quotient-
ing (by ©_ ) the TPM P for DTMC(G). Then

P, =Ps .

55 —s5

Prook. Let K, K € DR(G) /®c) and s € K.

In DTMC,, (G), we have ZAfo},, PM4(K »Z() = Zaent, PMas, K) = Zaent, Zigseie 55 zoneny P10 =
2 paseic oo PT (L5 8) = PM(s, K) = PM(K, K.

! tlle auotient Of,l,) TMC(G), we have 3. e PM(5,5) = Ygeie Xy 5 PT(Y, ) = 2 oo e o PT(T, 8) =
PM(s, %K) = PM(K, K).

Thus, (P)ﬁjj = Pﬂﬁ' )

Hence, the quotienting and extraction are permutable for transition systems of the process expressions. Applying
extraction before the quotienting is useful to start from the level of Markov chains in the proofs.

Example 7.5. Let F be from Example 6.1. The TPMs for DTMC(F) and DTMCiﬁ (F) are

- 0 o0
0 1-x x O 0 =pp 0 0
l m 0 1 X X 0
P= 0 0 0 Tm I+ ’ =
n m s 0 0 0 1
0 0 0 1-6 0 0 0 0 1-0
0 0 0 o 1-6
The TPM for the quotient of DTMC(F) is
l-p p 0 0
_ 0 l-x ¥ O
Ple 0 0 0 1
0 0 0 1-9
Then it is clear that
P, =Po .

In Figure 18, the relation (depicted by arrow) between SMC and SMC,, _is obtained using the transition function
PM* (K, K ), based on PM*(s, §). Let G be a dynamic expression. We shall prove that the (quotient) TPM P, for
EDTMC,_(G), (forwardly) constructed by quotienting (by © ) DT MC(G), followed by embedding EDTMC;;(G)
into SMC,, (G), coincides with the (finally) embedded TPM (P*) , (reversely) constructed by embedding )
EDTMC(G) into SMC(G), followed by quotienting EDTMC(G), and final embedding a new EDTMC EDTMC'(G)
into the quotient of EDTMC(G). The final embedding in the reverse construction is needed, since new self-loops
may arise after quotienting EDTMC(G), i.e. it may become not an EDTMC, but a DTMC featurmg self-loops with
probablllty less than 1. Note that for K € DR(G)/g, ) and s € K, we have PM*(K, ‘K) Lo (KOPM(K, ‘K)

o (K)PM(s, K ) in EDTMC.,_(G). This corresponds to a different expression ;- % PM*(s, 5=

Z@( SL(s)PM(s, §) = SL(s) Z@( PM(s, §) = SL(s)PM(s, 7?) in the quotient of EDTMC(G). In particular,

(7() > SL(s) when PM(s, K \ {s}) > 0, which is the reason for a new self-loop associated with s in the quotient
of EDTMC(G) The following proposition relates those finally embedded quotient embedded TPM (P*)j‘_, (i.e. the
TPM for EDTMC'(G)) and embedded quotient TPM P?,
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Proposition 7.2. Let G be a dynamic expression, P, be the TPM for EDTMC+, (G) and (P*),, results from quoti-
enting (by o _ ) and final embedding the TPM P* for EDTMC(G). Then

P, =P, .

Proor. See Appendix A.4. O

Thus, the quotienting before embedding is more optimal computationally for DTMCs of the process expressions,
since only one embedding is needed in that case. This is especially important when the DTMCs have many loops
with two or more equivalent states. Such loops remain after the first embedding, and they become self-loops after the
subsequent quotienting, which are removed just after the second embedding.

By Proposition 7.2, EDTMC'(G) = EDTMC.,_(G). The sojourn time in every K € DRy (G)/r,,c) is geometrically
distributed with the parameter

1 _ 1 ’ _ 1 . . . .
SIOSLGR) = ST ) where SL'(s,K) = t=rmminacnp: While the sojourn time in
every K € DRy(G)/r, ) is equal to 0. Here SL'(s, K) is the self-loops abstraction factor in the equivalence class K
with respect to the state s € K for the quotient of EDTMC(G). Hence, SMC'(G) = SMCﬁw(G), where SMC'(G) is
the SMC with the EDTMC EDTMC’(G), such that m is the geometrical distribution parameter of the sojourn

time in every K € DRy (G)/, ) While the sojourn time is zero in every K € DRy(G)/r,c)-

Example 7.6. Let F' be from Example 6.1. The TPMs for EDTMC(F) and EDTMC o, (F) are

01 0 O 0 010 0
001 O 0
P = l m x 0010
={0 0 0 7% & | . 1o o o0 1
01 0 O 0 01 0 0
01 0 O 0

The TPMs for the quotient ofEDTMC(F) and EDTMC of the quotient ofEDTMC(F) (EDTMC’(f)) are

(=N el e)
—_ 0 O
(=N el =)
(=N e )

0

. |o
(P )ﬁ” - 0
0

Then it is clear that
(P*)*z = P*ﬁ .

Let G be a dynamic expression. We now construct the quotient (by < _ ) of the TPM for DTMC(G) using special
collector and distributor matrices. Let DR(G) = {sy, ..., sp} and DR(G)/xc) = {Ki,..., K}
The elements (P )rs (1 < 1,5 < 1) of the TPM P, for DTMC,, (G) are defined as

PM(q(I”??(S)’ 7(r - 7(8‘9
0, otherwise.

(Pgm Irs = {

Like it has been done for strong performance bisimulation on labeled CTSPNs in [28], the [ x [ TPM P, for
DTMCQS(G) can be constructed from the n X n TPM P for DTMC(G) using the n X [ collector matrix V for the
largest step stochastic autobisimulation R,(G) on G and the I X n distributor matrix W for V. Then W should be a
non-negative matrix (i.e. all its elements must be non-negative) with the elements of each its row summed to one,
such that WV = I, where I is the identity matrix of order /, i.e. W is a left-inverse matrix for V. It is known that for
each collector matrix there is at least one distributor matrix, in particular, the matrix obtained by transposing V and
subsequent normalizing its rows, to guarantee that the elements of each row of the transposed matrix are summed to
one. We now present the formal definitions.

The elements V;. (1 <i <n, 1 <r <) of the collector matrix V for the largest step stochastic autobisimulation
Rss(G) on G are defined as
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0, otherwise.

(V,‘rz{ ], S,‘e(](r;

Thus, all the elements of V are non-negative, as required. The row elements of V are summed to one, since for
each s; (1 < i < n) there exists exactly one K, (1 < r <) such that s; € K. Hence,
vit =17,
where 1 on the left side is the row vector of [ values 1 while 1 on the right side is the row vector of n values 1.
The distributor matrix W for the collector matrix V is defined as
W = (Diag(VT17))"'VT,

where 1 is the row vector of n values 1. One can check that WV = I, where I is the identity matrix of order I.
The elements (PV);; (1 <i <n, 1 <s <) of the matrix PV are

PVig= Y PiVis= Y. PM(si,5)) = PM(5;, ).
=1 i< j<n, s;e%)

n) there exists exactly one K, (1 < r < [) such that s; € K. For all 5; € K, we

i<n, 1 <rs<]I). Thenthe elements (VP )is (1 <i<n, 1 <s <) of the

As we know, for each s; (1 <i
have PM(K,, K) = PM(s;, K;) (1
matrix VPQS are

1
VPo i = D VaPo )= Y. PMK.K,) = PM(s;, K,).
r=1

{rll<r<l, 5,€%G)

Therefore, we have
PV=VP, , WPV =P, .
Example 7.7. Let F be from Example 6.1. The TPMs for DTMC(F) and DTMCﬁ”(f) are

l-p p

0 0
- 0 0
0 T-x x 0 0 op 1€x x 0
P=| 0 0 0 A& oz P =l o 0
0 9 0 1-6 0 0 0 0 1-0
0 9 0 0 1-6

The collector matrix V for Rss(f) and the distributor matrix W for V are

1000 1000 0
0100 010 0O
V=10 0 I 0|, W=

001 00
0 0 0 1 000 L 1
0 0 0 1 2 2

Then it is easy to check that
WPV =P, .
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In Figure 18, the relation (depicted by arrow) between RDTMC and RDTMC., _ is obtained using the transition

function PM°(K, 7~(), based on PM°(s, 5). Let G be a dynamic expression. We shall prove that the TPM P¢, |
(forwardly) constructed by quotienting (by < ) DTMC(G), followed by reduction (eliminating vanishing stagsj)
of DTMC+, _(G), coincides with the TPM (P°)., , (reversely) constructed by reduction of DTMC(G), followed by
quotienting RDTMC(G). The following proposition relates those quotient reduced TPM (P%)o_ and reduced quotient
TPM P¢, .

Proposition 7.3. Let G be a dynamic expression, P, be the TPM for RDTMCw, (G) and (P°)o, results from quoti-
enting (by & ) the TPM P° for RDTMC(G). Then

(P)o, =P, .

Proor. See Appendix A.S. O

Thus, quotienting and reduction are permutable for DTMCs of the process expressions. This may simplify the
performance evaluation when eliminating vanishing states makes the subsequent quotienting more efficient. The
reverse construction (reduction first) is particularly preferable in case of small equivalence classes of vanishing states
when quotienting does not merge many of them before eliminating.

Example 7.8. Let F be from Example 6.1. The reordered TPMs for DTMC(F) and DTMCiu(f) are

0 0 LA

0 L
I+m I+m
0 I-p p 0 0 8 19,0 2 (1)
P.=| x 0 1-y 0 0 , P, =
s X 0 1—x 0
0 0 0 1-6 0 0 0 0 -0
0 0 6 0 1-6

The reordered collector matrix V, for RSS(F) and the reordered distributor matrix W, for V, are

1000 1000 0
0 100 01 0 0 O
V,=f 0 01 0], W,=

001 00
0 0 0 1 000 L 1
0 0 0 1 2 2

Then it is easy to check that
WPV, =P, .

Example 7.9. Let F be from Example 6.1. The TPMs for RDTMC(F) and RDTMC o, (F) are

l-p p 0 0

0 -y AL AT =p r 0
P<>= l+m l+m ’Pf_) = 0 1_X X .

0 0 1-6 0 s 0 0 11—

0 0 0 1-6

The result of the decomposing the reordered collector matrix V, for Ry(F) and the reordered distributor matrix
W, for V, are the matrices

(1) (1) 8 1 0 0 O

Ve=1, Vp= 00 1 ,We=1, Wg=[ 0 1 0 0 |[.
oo L 1L
0 0 1 22
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Then it is easy to check that

(P)e, = WpPVp =P, .

The comprehensive quotient and reduction example will be presented in Section 9.

In [26], the ordinary, exact and strict lumpability relations on finite DTMCs are explored. It is investigated which
properties of transient and stationary behaviour of DTMCs are preserved by aggregation w.r.t. the three mentioned
kinds of lumping and their approximate “nearly” versions. It is proved that irreducibility is preserved by aggregation
w.r.t. any partition (or equivalence relation) on the states of DTMCs. Since only finite irreducible DTMCs are
considered (with a finite number of states), these all are positive recurrent. Aggregation can only decrease the number
of states, hence, the aggregated DTMCs are also finite and positive recurrence is preserved by every aggregation. It
is known [91, 62] that irreducible and positive recurrent DTMCs have a single stationary PMF. Note that the original
and aggregated DTMCs may be periodic, thus having a unique stationary distribution, but no steady-state (limiting)
one. For example, it may happen that the original DTMC is aperiodic while the aggregated DTMC is periodic due
to merging some states of the former. Thus, both finite irreducible DTMCs and their arbitrary aggregates have a
single stationary PMF. Then the relationship between stationary probabilities of DTMCs and their aggregates w.r.t.
ordinary, exact and strict lumpability is established in [26]. In particular, it is shown that for every DTMC aggregated
by ordinary lumpability, the stationary probability of each aggregate state is a sum of the stationary probabilities of all
its constituent states from the original DTMC. The information about individual stationary probabilities of the original
DTMC is lost after such a summation, but in many cases, the stationary probabilities of the aggregated DTMC are
enough to calculate performance measures of the high-level model, from which the original DTMC is extracted. As
mentioned in [26], in some practical applications, the aggregated DTMC can be extracted directly from the high-level
model. Thus, the aggregation techniques based on lumping are of practical importance, since they allow one to reduce
the state space of the modeled systems, hence, the computational costs for evaluating their performance.

Let G be a dynamic expression. By definition of < _, the relation R,,(G) on TS (G) induces ordinary lumping
on SMC(G), i.e. if the states of 7S (G) are related by R;(G) then the same states in SMC(G) are related by ordinary
lumping. The quotient (maximal aggregate) of SMC(G) by such an induced ordinary lumping is SMC., (G). Since we
consider only finite SMC:s, irreducibility of SMC(G) will imply irreducibility of SMCo, (G) and they both are positive
recurrent. Then a unique quotient stationary PMF of SMC,, (G) can be calculated from a unique original stationary
PMF of SMC(G) by summing some elements of the latter, as described in [26]. Similar arguments demonstrate that
the same results hold for DTMC(G) and DTMCin(G), as well as for RDTMC(G) and RDTMCiﬁ(G).

8. Stationary behaviour

Let us examine how the proposed equivalences can be used to compare the behaviour of stochastic processes
in their steady states. We shall consider only formulas specifying stochastic processes with infinite behavior, i.e.
expressions with the iteration operator. Note that the iteration operator does not guarantee infiniteness of behaviour,
since there can exist a deadlock (blocking) within the body (the second argument) of iteration when the corresponding
subprocess does not reach its final state by some reasons. In particular, if the body of iteration contains the Stop
expression, then the iteration will be “broken”. On the other hand, the iteration body can be left after a finite number
of its repeated executions and then the iteration termination is started. To avoid executing any activities after the
iteration body, we take Stop as the termination argument of iteration.

Like in the framework of SMCs, in LDTSIPNs the most common systems for performance analysis are ergodic
(irreducible, positive recurrent and aperiodic) ones. For ergodic LDTSIPNS, the steady-state marking probabilities
exist and can be determined. In [80, 81], the following sufficient (but not necessary) conditions for ergodicity of
DTSPNs are stated: liveness (for each transition and any reachable marking there exists a sequence of markings from
it leading to the marking enabling that transition), boundedness (for any reachable marking the number of tokens in
every place is not greater than some fixed number) and nondeterminism (the transition probabilities are strictly less
than 1).

Consider dtsi-box of a dynamic expression G = [E = F * Stop] specifying a process for which we assume that it
has no deadlocks while (repetitive) running the body F of the iteration operator. If, starting in [[E * F Stop]]~ and
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ending in [[E * F * Stop]]~, only tangible states are passed through then the three ergodicity conditions are satisfied:
the subnet corresponding to the looping of the iteration body F is live, safe (1-bounded) and nondeterministic (since
all markings of the subnet are tangible and non-terminal, the probabilities of transitions from them are strictly less than
1). Hence, according to [80, 81], for the dtsi-box, its underlying SMC, restricted to the markings of the mentioned
subnet, is ergodic. The isomorphism between SMCs of expressions and those of the corresponding dtsi-boxes, which
is stated by Proposition 5.1, guarantees that SMC(G) is ergodic, if restricted to the states between [[E * F * Stop]]~
and [[E = F * Stop]]-.

The ergodicity conditions above are not necessary, i.e. there exist dynamic expressions with vanishing states
traversed while executing their iteration bodies, such that the properly restricted underlying SMCs are nevertheless
ergodic, as Example 5.1 demonstrated. However, it has been shown in [7] that even live, safe and nondeterministic
DTSPNs (as well as live and safe CTSPNs and GSPNs) may be non-ergodic.

In this section, we consider only the process expressions such that their underlying SMCs contain exactly one
closed communication class of states, and this class should also be ergodic to ensure uniqueness of the stationary
distribution, which is also the limiting one. The states not belonging to that class do not disturb the uniqueness, since
the closed communication class is single, hence, they all are transient. Then, for each transient state, the steady-state
probability to be in it is zero while the steady-state probability to enter into the ergodic class starting from that state is
equal to one.

8.1. Steady state, residence time and equivalences

The following proposition demonstrates that, for two dynamic expressions related by <, the steady-state prob-
abilities to enter into an equivalence class coincide. One can also interpret the result stating that the mean recurrence

time for an equivalence class is the same for both expressions.

Proposition 8.1. Let G, G’ be dynamic expressions with R : G G’ and ¢ be the steady-state PMF for SMC(G), ¢’
be the steady-state PMF for SMC(G’). Then YH € (DR(G) U DR(G"))/x,

doww= > P

s€eHNDR(G) s’eHNDR(G")

Proor. See Appendix A.6. O

Let G be a dynamic expression and ¢ be the steady-state PMF for SMC(G), ¢o _ be the steady-state PMF for
SMCo (G). By Proposition 8.1 (modified for R,,(G)), we have YK € DR(G)/®, ),

o, (1) = ols).
seK
Thus, for every equivalence class K € DR(G)/r,,c), the value of ¢, ~corresponding to K is the sum of all values of
¢ corresponding to the states from K.
Let V be the collector matrix for R,;(G). One can see that

oV =9o .

Hence, using SMCo, (G) instead of SMC(G) may simplify the analytical solution, since we may have less states, but
constructing the TPM for EDTMC, (G), denoted by P, , also requires some efforts, including determining R;s(G)
and calculating the probabilities to move from one equinflence class to other. The behaviour of EDTMC,_(G) may
stabilize quicker than that of EDTMC(G) (if each of them has a single steady state), since P¢, is generally denser
matrix than P* (the TPM for EDTMC(G)) due to the fact that the former matrix is usually smaller and the transitions
between the equivalence classes “include” all the transitions between the states belonging to these equivalence classes.

By Proposition 8.1, &> preserves the quantitative properties of the stationary behaviour (the level of SMCs). We
now intend to demonstrate that the qualitative properties of the stationary behaviour based on the multiaction labels
are preserved as well (the level of transition systems).
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Definition 8.1. A derived step trace of a dynamic expression G is a chain X = A;---A, € (Nﬁn)*, where ds €

T T T, . .. . ..
DR(G), s S P 3.3 sn, L(V;) = A; (1 £i < n). Then the probability to execute the derived step trace X in s is

PT(S.5) = > ]_[ PT(Y;, si-1).

The following theorem demonstrates that, for two dynamic expressions related by <, the steady-state probabil-
ities to enter into an equivalence class and start a derived step trace from it coincide.

Theorem 8.1. Let G, G’ be dynamic expressions with R : G G’ and ¢ be the steady-state PMF for SMC(G), ¢’ be
the steady-state PMF for SMC(G’) and T be a derived step trace of G and G’. Then YH € (DR(G) U DR(G"))/,

D eWPTE = Y ¢PTES).

seHNDR(G) s’€HNDR(G")

Proor. See Appendix A.7. O

Let G be a dynamic expression, ¢ be the steady-state PMF for SMC(G), ¢ be the steady-state PMF for
SMCo_(G) and X be a derived step trace of G. By Theorem 8.1 (modified for R £5(G)), we have VK € DR(G)/g,,G)>

¢o, (FOPT(Z,K) = ) @(s)PT(, 5),
seK

where Vs € K, PT(Z,K) = PT(Z, s).

Let DR(G) = {s1, ..., sy} and DR(G)/», ) = {Ki, ..., K} while V be the collector matrix for R,;(G) and W be the
distributor matrix for V. We denote PT(X) = (PT(Z%, s1), ..., PT(Z, s,)) and PT:_A_(Z) = (PT(Z,K),...,PT(Z,K)).
One can see that Diag(PT(X))V = VDiag(PT._ (X)) and WDiag(PT(X))V = Diag(PT_(X)). Then we have

¢Diag(PT(X))V = tpVDiag(PTﬁw(E)) = tpﬁuDiag(PTiﬁ 2)).

We now present a result not concerning the steady-state probabilities, but revealing very important properties of
residence time in the equivalence classes. The following proposition demonstrates that, for two dynamic expressions
related by &, the sojourn time averages in an equivalence class coincide, as well as the sojourn time variances in it.

Proposition 8.2. Let G, G’ be dynamic expressions with R : G G'. Then VH € (DR(G) U DR(G"))/,
SIznry (H N DR(G)) = SIgnprc (H N DR(G")),
VARg~rG) (H N DR(G)) = VAR~ DR (H N DR(G")).
Proor. See Appendix A.8. O
Example 8.1. Let
E = [({a}, 3) * (b}, ): (({e}, Dill({e}, 5)2) = Stop],

E’ = [({a}, 5) * ((({b}, )15 (e}, H)DIUBY, $)2; (fe), 5)2)) * Stop].

We have E <> . XE.
DR(E) consists of the equivalence classes

s1 = [[dal, 3) * (), 1) (e}, Pillde), 3)2) * Stoplls,
52 = [[dal, 3) * (), 3)s ((fe), Pillde), $)2) * Stoplls,
s3 = [[da}, 3) * (b}, $)s ((fe), Pille), $)2)) * Stoplls.
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E Wy I vEwy

O,

Figure 19: & preserves steady-state behaviour and sojourn time properties in the equivalence classes.

DR(E’) consists of the equivalence classes

s; = [[({a}, $) = (4B}, Hr: ek, HDOWBY, H2: (fe)s $)2)) + Stoplls,
st = [[da}, 1) = (b}, Dz ek, HDNABY Da: (e}, 1)) = Stoplls,
sy = [[({a}, $) = (4B}, bz ek, DHDNWBY, Ha: et $)2)) = Stoplls,
s; = [[da}, 3) = (4B}, Dis ek, HOIABY, $2; (e}, $)2)) * Stop]]-.

The steady-state PMFs ¢ for SMC(E) and ¢’ for SMC(E') are

11 111
= 09_9_ P} ,= 07_9_,_ .
L4 ( 2 2) 14 ( 21 4)

Consider the equivalence class (with respect to RSS(E, E)) H = {s3, 55,54} One can see that the steady-state
probabilities for H coincide: ZseﬂmDR(E) o(s) = @p(s3) = % = % + % =@ (s5) +¢'(s)) = Zye{HnDR(ﬁ) @' (s).

Let T = {{c}}. The steady-state probabilities to enter into the equivalence class H and start the derived step
trace X from it coincide as well: ¢(s3)(PT ({({c}, %)1}, s3) + PT({({c}, %)2}, §3)) = %(% + %) = % = % : % + % : % =
¢ (sPT{({c}, 31} 85) + ¢ (SHPT(({ch, 52} 7).

Further, the sojourn time averages in the eqmvalence class 'H coincide: SJR (E. E,)Q(DR(E)) J(H N DR(G))

1 _ _ 1 _ _
S‘I Rs(E,ENN(DR(E))? ({S3 }) - 1= PM( 53} ‘Yﬂ) 1-PM(s3,53) 1___ 2= _% T 1-PM(sh.sh) T PM(s4 sp) T 1-PM({s, v4| s T
SI R, EF)nORE) )2({53’ sy =Sy & EN(DR(E") e (H N DR(G")).
Fmally, the sojourn time variances in the equivalence class H coincide: VARR (EF)N(DRE)? (H N DR(G)) =
PMUsshissh  _ _PM(sssy)  _ 3 _ _ 5 _ _2 PM(s3.55) PM(s}.54)

VARg &5 nor@r{83) = Tpmua? = TPMes? = (1—% ’ (-1 = U-PMLs)F — (-PMG,s)P
PM{s%,s,).0s5.84) _ . ;N . o ’
sty = VARR @B nor@)r (83 84D = VARR & 0wy (H N DR(G)).

In Figure 19, the marked dtsi-boxes corresponding to the dynamic expressions above are presented, i.e.

N = Boxy(E) and N’ = Boxg(E").

8.2. Preservation of performance and simplification of its analysis
Many performance indices are based on the steady-state probabilities to enter into a set of similar states or, after
coming in it, to start a derived step trace from this set. The similarity of states is usually captured by an equivalence
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Figure 20: Equivalence-based simplification of performance evaluation.

relation, hence, the sets are often the equivalence classes. Proposition 8.1, Theorem 8.1 and Proposition 8.2 guar-
antee coincidence of the mentioned indices for the expressions related by < . Thus, & (hence, all the stronger
equivalences we have considered) preserves performance of stochastic systems modeled by expressions of dtsiPBC.
In addition, it is easier to evaluate performance using an SMC with less states, since in this case the size of the
transition probability matrix will be smaller, and we shall solve systems of less equations to calculate steady-state
probabilities. The reasoning above validates the following method of performance analysis simplification.

1. The investigated system is specified by a static expression of dtsiPBC.

2. The transition system of the expression is constructed.

3. After treating the transition system for self-similarity, a step stochastic autobisimulation equivalence for the
expression is determined.

4. The quotient underlying SMC is constructed from the quotient transition system.

5. Stationary probabilities and performance indices are calculated using the SMC.

The limitation of the method above is its applicability only to the expressions such that their underlying SMCs
contain exactly one closed communication class of states, and this class should also be ergodic to ensure uniqueness
of the stationary distribution. If an SMC contains several closed communication classes of states that are all ergodic
then several stationary distributions may exist, which depend on the initial PMF. There is an analytical method to
determine stationary probabilities for SMCs of this kind as well [62]. Note that the underlying SMC of every process
expression has only one initial PMF (that at the time moment 0), hence, the stationary distribution will be unique in
this case too. The general steady-state probabilities are then calculated as the sum of the stationary probabilities of all
the ergodic classes of states, weighted by the probabilities to enter into these classes, starting from the initial state and
passing through some transient states. It is worth applying the method only to the systems with similar subprocesses.

Before calculating stationary probabilities, we can further reduce the quotient underlying SMC, using an analogue
of the deterministic barrier partitioning method from [44] for semi-Markov processes (SMPs), which allows one to
perform quicker the first passage-time analysis. Another option is the method of stochastic state classes from [54] for
generalized SMPs (GSMPs) reduction, allowing one to simplify transient performance analysis (based on the transient
probabilities of being in the states of GSMPs).

Alternatively, the results at the end of Section 7 allow us to simplify the steps 4 and 5 of the method above by
constructing the reduced quotient DTMC (instead of the quotient underlying SMC) from the quotient transition sys-
tem, followed by calculating the stationary probabilities of the quotient underlying SMC using this DTMC, and then
obtaining the performance indices. In more detail, the quotient transition system 7'S o, (E) provides the information

both about the probabilities to move between the equivalence classes of states PM (K, K) and about the equivalence
classes of vanishing states DRy(E) /‘RN(E)‘ That information is used to construct the reordered quotient TPM Prz«

from which the TPM P, for RDTMCiﬁ (E) is further obtained.

We first merge the e_cfﬁivalent states in transition systems and only then eliminate the vanishing states in Markov
chains. The reason is that transition systems, being a higher-level formalism than Markov chains, describe both
functional (qualitative) and performance (quantitative) aspects of behaviour while Markov chains represent only per-
formance ones. Thus, eliminating vanishing states first would destroy the functional behaviour (which is respected
by the equivalence used for quotienting), since the steps with different multiaction parts may lead to or start from
different vanishing states.

Figure 20 presents the main stages of the standard and alternative equivalence-based simplification of performance
evaluation described above.
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Figure 21: The diagram of the shared memory system.

9. Shared memory system

In this section with a case study of the shared memory system we show how steady-state distribution can be used
for performance evaluation. The example also illustrates the method of performance analysis simplification above.

9.1. The standard system

Consider a model of two processors accessing a common shared memory described in [75, 5, 6] in the continuous
time setting on GSPNs. We shall analyze this shared memory system in the discrete time stochastic setting of dtsiPBC,
where concurrent execution of activities is possible, while no two transitions of a GSPN may fire simultaneously (in
parallel). The model works as follows. After activation of the system (turning the computer on), two processors are
active, and the common memory is available. Each processor can request an access to the memory after which the
instantaneous decision is made. When the decision is made in favour of a processor, it starts acquisition of the memory
and the other processor should wait until the former one ends its memory operations, and the system returns to the
state with both active processors and the available common memory. The diagram of the system is depicted in Figure
21.

Let us explain the meaning of actions from the syntax of dtsiPBC expressions which will specify the system
modules. The action a corresponds to the system activation. The actions r; (1 < i < 2) represent the common
memory request of processor i. The actions d; correspond to the (instantaneous) decision on the memory allocation
in favour of the processor i. The actions m; represent the common memory access of processor i. The other actions
are used for communication purposes only via synchronization, and we abstract from them later using restriction. For
ai,...,a, € Act (n € N), we shall abbreviate sy a;--- sy a,rsa;--- rsa,to sr(ai,...,a,).

The static expression of the first processor is

1 1 1
Er =[x} 5) = ((nd )i (diyik b): (fm, 21}, 5) + Stopl.

The static expression of the second processor is

1 1 1
Er = [(tx2}, 5) = ((Ar2}, 2): ({2, y2 b 11): (fma, 22}, 5) + Stopl.

The static expression of the shared memory is

1 —~ 1 - 1
E;3 = [({a, X1, X2}, 3)* (A} s Gz, E))[]((b’z}’hl);({Zz}» )= Stop].

The static expression of the shared memory system with two processors is

E = (EV||E2||E3) sr (x1, X2, Y1, Y2, 21, 22)-

Let us illustrate an effect of synchronization. As result of the synchronization of immediate multiactions
({d;, yi}, ) and ({y;},h1) we obtain ({d;},1) (1 < i < 2). The synchronization of stochastic multiactions ({m;, z;}, %)
and ({z7}, 1) produces ({m;}, 1) (1 < i < 2). The result of synchronization of ({a, X1, X3}, 3) with ({x1}, 1) is ({a, %3}, §),
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and that of synchronization of ({a, X1, X3}, %) with ({x»}, %) is ({a, X1}, %). After applying synchronization to ({a, X3}, i)
and ({x,}, %), as well as to ({a, X1}, %) and ({x1}, %), we obtain the same activity ({a}, %).
DR(E) consists of the equivalence classes

st =[x} 3) = ([({r) 2 (dioyi ) BDs (mi, 21} 1)) = Stopl|
[({x2}, 2) (({r2}, 3); ({da. y2}, B): (Ima, 22}, ) + Stoplll
[(fa, X1, %2}, ) (A7} B0 (23} IOAT) Bs ({223, 3))) = Stop])

Sr (x1,x2,y1, y2721712)]z,

52 = [([{x1} 3) = (A 5 Ad v B)s (Ima, 21}, ) = Stopl|
[({x2}, 1) * (2}, 3); (2, y2}, B (fma, 22}, 3)) * Stop]||
[({a, %1, %3}, 3) = (31 B0)s (20 D000 b); (235, 1)) = Stopl)

S (X1, X2, Y1, Y2, 21, 22) )=

s3 = [([(xi}h 3) = (({r), 2: (di,yi ) B0 (m, 21}, 3)) = Stopl|
[({x2}, 3) * ({2}, $): ({2, y2 ), B): (fma, 22}, 1)) + Stopl]|
[({a. X1, X2}, 3) = (91} B): (200 )0A) s (223 3))) = Stop])

sr (.Xl, -x2’ y17y27 Z17Z2)]Z’

sa = [([{x1d 3) = () D)y ddi vk B0)s (fm, 21} 3)) = Stopl|
[({x2}, 3) # (A2}, 3); (o, y2}, B1); (fma, 22}, 3)) + Stopl|l
[(fa, X1, %2}, ) (A7 B0 (23} D)) B; ({223, 3))) = Stop])

sr(x1, X2, ¥1,¥2,21,22) 1,

ss = [([{x1} 3) = () 5 Adi vk B0)s (fmy, 21}, ) = Stopl|
[({x2}, 3) % (({r2), $): ({2, y2). 1); (fm2, 22}, 3)) * Stopl|
[(fa, X1, %2}, ) (AT} B0 (23} OIS B; ({223, 3))) = Stop])

sr(x1, X2, ¥1,¥2,21,22) 1,

s6 = [([({x1}, 5) * ({1} )1 (du yid )i (fma. 21}, 3)) = Stopl|
[((x2}, 5) # (({ra}, 5): ({da. ya}. )i (fma, 22}, 3)) * Stop]|
[({a. 31, 32}, )+ (7] b): (258 )0} ): (22}, 3))) * Stop))

sr (.Xl, -x2’ y17y27 Z17Z2)]Z’

s7 = [([Ax ) $) = ([({ri), 1 (dvuyi ) BDs (m, 21, 3)) = Stopll|
[({x2}, 3) * ({r2), 3): (2, y2). 11): (fma, 22}, 3)) * Stopl]|
[({a, %1, %2}, 5) = (V1) B0 (21 3D B): (220, $))) * Stop))

sr (.Xl, -x2’ y17y27 Z17Z2)]Z’

ss = [([(x1} 3) = () D) Adi vk B0)s (fmy, 21} 2)) = Stopl|
[({x2}, ) # (A2}, $); (o, y2}, B1); (fma, 20}, 3)) + Stopl|
[(a, %1, %3} 1) = (1) 0 (Z S0 b); (235 1)) = Stop])

sr(x1, X2, ¥1,¥2,21,22) 1,

so = [([({x1} 3) = (A} $)s Adiyi kL B0)s (I, 21}, ) = Stopl|
[({x2}, 3) * (({r2), $); ({2, y2). 1); (fm2, 22}, 3)) = Stopl|
[(fa, X1, %2}, ) * (A1 B0 (23 )T B; ({223, 3))) = Stop])

Sr (X1, X2, ¥1,¥2, 21, 22) ]~
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Figure 22: The transition system of the shared memory system.

We have DR7(E) = {s1, 52, 55, 87, 53, So} and DRy(E) = {s3, 54, S).

The states are interpreted as follows: s; is the initial state, s,: the system is activated and the memory is not requested,
s3: the memory is requested by the first processor, s4: the memory is requested by the second processor, ss: the
memory is allocated to the first processor, s¢: the memory is requested by two processors, s7: the memory is allocated
to the second processor, ss: the memory is allocated to the first processor and the memory is requested by the second
processor, so: the memory is allocated to the second processor and the memory is requested by the first processor.

In Figure 22, the transition system 7'S(E) is presented. In Figure 23, the underlying SMC SMC(E) is de-
picted. Note that, in step semantics, we may execute the following activities in parallel: ({r;}, %), ({ra}, %), as well
as ({r1}, %), ({my}, i), and ({r}, %), ({my}, %). The state sg only exists in step semantics, since it is reachable exclu-

sively by executing ({r}, %) and ({r,}, %) in parallel.

The average sojourn time vector of E is

4 8 8
S.I: 8,_,0907_709_7494 .
( 370505 )

The sojourn time variance vector of E is

The TPM for EDTMC(E) is

VAR = (56,

P =

sleoleoBeoloBoNeoleRal
O QU OV O O O =
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Figure 23: The underlying SMC of the shared memory system.

Table 7: Transient and steady-state probabilities for the EDTMC of the shared memory system.

[k o[ 5 [ 10 [ 15 | 20 | 25 | 30 | 35 | 40 | 45 | 50 | o |
U [1] 0 0 0 0 0 0 0 0 0 0 0
Wk 0 [ 0.0754 | 0.0859 | 0.0677 | 0.0641 | 0.0680 | 0.0691 | 0.0683 | 0.0680 | 0.0681 | 0.0682

0
Yilk]l || 0] 0.2444 | 0.2316 | 0.1570 | 0.1554 | 0.1726 | 0.1741 | 0.1702 | 0.1696 | 0.1705 | 0.1707 | 0.1705
Yelk] || 0] 0.2333 | 0.0982 | 0.1516 | 0.1859 | 0.1758 | 0.1672 | 0.1690 | 0.1711 | 0.1708 | 0.1703 | 0.1705
0
0

Yelkl 0.0444 1 0.0323 | 0.0179 | 0.0202 | 0.0237 | 0.0234 | 0.0226 | 0.0226 | 0.0228 | 0.0228 | 0.0227
Yglkl 0 0.1163 | 0.1395 | 0.1147 | 0.1077 | 0.1130 | 0.1150 | 0.1139 | 0.1133 | 0.1136 | 0.1136

In Table 7, the transient and the steady-state probabilities ¥ [k] (i € {1,2, 3,5, 6, 8}) for the EDTMC of the shared
memory system at the time moments k € {0, 5, 10,...,50} and k = oo are presented, and in Figure 24, the alteration
diagram (evolution in time) for the transient probabilities is depicted. It is sufficient to consider the probabilities for

the states sy, $2, 53, S5, S, S3 only, since gle corresponding values coincide for s3, 54, as well as for ss, 57, and for sg, s9.
The steady-state PMF for EDTMC(E) is

oA 1515 1055 s
VeV 2 sess 88 88 aa a4 )
The steady-state PMF " weighted by SJ is
1 3 3 5 5
(07 H» 07 09 H» 07 H» ﬁ7 ﬁ) .
It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

17
SJT = —.
v 11

Thus, the steady-state PMF for SM C(E) is

1 3 3 5 5
w_(09ﬁ70907ﬁ709ﬁ7ﬁ,ﬁ .

64



1.C$l
—0—Y1'[K]
0.8 —m— Yo" [K]
—o— Y37[K]
0.6 —a— Y57[K]
—v— Y67 [K]
0.4/ .
—— yYg'[K]
0.2 m a ,,,%,“,,
' A \\ " °4 %‘0‘ SOcOOC00000000000000000000060
\\
AVs H»ﬂvOvvOVvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv k
0 0 0 40 0

Figure 24: Transient probabilities alteration diagram for the EDTMC of the shared memory system.

Otherwise, from 7'S (E), we can construct the DTMC of E, DTMC(E), and then calculate ¢ using it.
In Figure 25, the DTMC DTMC(E) is depicted.

The TPM for DTMC(E) is

I+ 0000000

0 % % % 0 % 0 0 O

0O 0 0 01 0 0 0O

0O 0 0 0 0 O0O 1 0 o0

P=|0 ¢ 0 ¢ 3 00 % 0

060000000 3 %

0 £ 4000 2 0 3

000 200030

00 ; 00O0O0O0 2
In Table 8, the transient and the steady-state probabilities ;[k] (i € {1,2,3,5,6, 8}) for the DTMC of the shared
memory system at the time moments k € {0, 5, 10,...,50} and k = co are presented, and in Figure 26, the alteration

diagram (evolution in time) for the transient probabilities is depicted. It is sufficient to consider the probabilities for
the states sy, 52, 53, S5, S¢, Sg only, since_ the corresponding values coincide for s3, 54, as well as for ss, 57, and for s3, s9.
The steady-state PMF for DTMC(E) is

7217567567 778477 217 21

Remember that DRT(F) = {s1, 82, 55, $7, 53, So} and DRV(F) = {s3, 54, S¢}. Hence,

17
D US) = Uls1) + Yls2) + Ylss) + Y1) + Uss) + U(s0) = 37

s€DRy(E)

By Proposition 5.2, we have
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Figure 25: The DTMC of the shared memory system.

Table 8: Transient and steady-state probabilities for the DTMC of the shared memory system.

k

5

10

15

20

[0] | | | | 25 | 30 | 35 | 40 | 45 | 50 )
Yilkl || 1] 0.5129 | 0.2631 | 0.1349 | 0.0692 | 0.0355 | 0.0182 | 0.0093 | 0.0048 | 0.0025 | 0.0013 0
Yolk] || 0| 0.1161 | 0.0829 | 0.0657 | 0.0569 | 0.0524 | 0.0501 | 0.0489 | 0.0483 | 0.0479 | 0.0478 | 0.0476
W3kl || 0 0.0472 | 0.0677 | 0.0782 | 0.0836 | 0.0864 | 0.0878 | 0.0885 | 0.0889 | 0.0891 | 0.0892 | 0.0893
Ys[k] || 0 0.0581 | 0.0996 | 0.1207 | 0.1315 | 0.1370 | 0.1399 | 0.1413 | 0.1421 | 0.1425 | 0.1427 | 0.1429
Wwelk] || 0 0.0311 | 0.0220 | 0.0171 | 0.0146 | 0.0133 | 0.0126 | 0.0123 | 0.0121 | 0.0120 | 0.0120 | 0.0119
Yglk] || 0| 0.0647 | 0.1487 | 0.1923 | 0.2146 | 0.2260 | 0.2319 | 0.2349 | 0.2365 | 0.2373 | 0.2377 | 0.2381
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Figure 26: Transient probabilities alteration diagram for the DTMC of the shared memory system.

e(s1)=0-3 =0,

_ 1 .21 _ 1
SD(SZ)—ﬁ'ﬁ—ﬁ,

@(s3) =0,
@(s4) =0,
olss) =75 =5
w(s6) = 0,
1) =1-5 =3,
olss) =55 - 2 =2,
@(so) = - 3 = 2.

Thus, the steady-state PMF for SMC(E) is

1 3 3 5 5
¢ - (07 ﬁaovoa ﬁaov ﬁ’ ﬁv ﬁ .
This coincides with the result obtained with the use of y* and SJ. _
Alternatively, from 7'S (E), we can construct the reduced DTMC of E, RDTMC(E), and then calculate ¢ using it.

Remember that DRT(F) = {s1, 52, S5, 57, 58, S9} and DRV(F) = {s3, 84, S¢}. We reorder the elements of DR(E), by
moving vanishing states to the first Eositions: S3, 54, 865 S1» 52, 55, §7, 58, 59.
The reordered TPM for DTMC(E) is
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Figure 27: The reduced DTMC of the shared memory system.

000 0O0T1O0O00O
000 0O0OT1O0O0
00000O0O0OO0OF41
000%%0000
P,:%%%O%OOOO
0500§§0§0
£ 000 5 03 03
0 1 00000 2 0
1000000032
The result of the decomposing P, are the matrices
0 00 %%oooo
11 1
000 001000 A gigggg
C=[{000fD=/000100E=, 5 "|.F=| § 8 5 § ;
000 0000 1 1 S 0o 60 o3 o
1 q
100 000 00 2

Since C! = 0, we have Yk > 0, C¥ = 0, hence, [ = 0 and there are no loops among vanishing states. Then

i
G=>c=C=1
k=0

Further, the TPM for RDTMC(E) is

P°=F+EGD=F+EID=F+ED=

O OO O O
O O 00l—00|—ix—00]—
Bl—= O wol—olwkl—~ O
O Bl —il— O
O Rl O xoluol— O
£l Ol Dool— O

In Figure 27, the reduced DTMC RDTMC(E) is presented.
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Table 9: Transient and steady-state probabilities for the RDTMC of the shared memory system.

| kK JJo] 5 ] 10 | 15 ] 20 | 25 | 30 | 35 [ 40 [ 45 | 50 | o |
Yokl [ 1]0.5129 ] 0.2631 [ 0.1349 [ 0.0692 [ 0.0355 [ 0.0182 [ 0.0093 [ 0.0048 [ 0.0025 [ 0.0013[ 0

¢§[k] 0] 0.1244 | 0.0931 | 0.0764 | 0.0679 | 0.0635 | 0.0612 | 0.0600 | 0.0594 | 0.0591 | 0.0590 | 0.0588
l//%[k] 0] 0.0863 | 0.1307 | 0.1530 | 0.1644 | 0.1703 | 0.1733 | 0.1748 | 0.1756 | 0.1760 | 0.1763 | 0.1765
l//;[k] 0| 0.0951 | 0.1912 | 0.2413 | 0.2670 | 0.2802 | 0.2870 | 0.2905 | 0.2922 | 0.2932 | 0.2936 | 0.2941
1.0
—o— Y1°[K]
0.8t
—m— Y K]
—o—y3°K]
0.6t
—— Y5 K]
0.4+
0.2+ “ :
%l ’m
'/ 1 Y
Z V' 90000000000 k
10 20 30 40 0

Figure 28: Transient probabilities alteration diagram for the RDTMC of the shared memory system.

In Table 9, the transient and the steady-state probabilities 7 [k] (i € {1,2,3,5}) for the RDTMC of the shared
memory system at the time moments k € {0, 5, 10, ...,50} and k = co are presented, and in Figure 28, the alteration
diagram (evolution in time) for the transient probabilities is depicted. It is sufficient to consider the probabilities for
the states s, s2, S5, s3 only, since the corresponding values coincide for ss, s7, as well as for sg, s9.

The steady-state PMF for RDTMC (E) is

o133 55
vEC )
Note that ° = (Y°(s1), ¥°(52), ¥°(s5), ¥°(s7), ¥°(s3), ¥°(s9)). By Proposition 5.3, we have

@s) =0, @) =1 @(s3)=0 @(s5)=0 ¢(ss)=2, @(s6)=0 @(s7)=2, @lss) =2, @lso)= .

Thus, the steady-state PMF for SM C(E) is
1 3 3 5 5
SD_(Ovﬁ,O»O’ﬁ, 9ﬁ>ﬁ»ﬁ .

This coincides with the result obtained with the use of ¥* and SJ.
We can now calculate the main performance indices.

69



O
1

{d1,y1},0n

{7}

{d2,y2},ln

!
!

l
O

o]

|
[(7}.3)

\_J
O,

:

O
l

==

AN
O,

{d2}.b2

/)

7

[(ma}.$)

({ma}.})

L/
®

J AT
ONORO,

Figure 29: The marked dtsi-boxes of two processors, shared memory and the shared memory system.

The average recurrence time in the state s,, where no processor requests the memory, called the average system
run-through, is # =17.

The common memory is available only in the states s;, 53, 54, S¢. The steady-state probability that the memory

is available is @) + @3 + @4 + @ = % +0+0+0= % Then the steady-state probability that the memory is used
16

(i.e. not available), called the shared memory utilization, is 1 — % =

After activation of the system, we leave the state s; for ever, and the common memory is either requested or
allocated in every remaining state, with exception of s,. Thus, the rate with which the necessity of shared
1.3_23

inci i i e _ 1 .3_3
memory emerges coincides with the rate of leaving s, calculated as = = 7 - 1 = -

The parallel common memory request of two processors {({r}, %), ({r}, %)} is only possible from the state s,. In
this state, the request probability is the sum of the execution probabilities for all multisets of activities containing

both ({r}, %) and ({r,}, %). Thus, the steady-state probability of the shared memory request from two processors

: _ 1 1 _ 1
18 92 2pric(ctm). Dot ey PTG 82) = 5 - 3 = 45

The common memory request of the first processor ({r;}, %) is only possible from the states s;, s7. In each of

the states, the request probability is the sum of the execution probabilities for all sets of activities containing

{r1}, %). The steady-state probability of the shared memory request from the first processor is

_ 1 1 1 3 (3 1y _ 2
€2 Zpninnben PTOC $) + 91 S bery PTG s = S (5 +5)+ 5 (3 +4) = &

In Figure 29, the marked dtsi-boxes corresponding to the dynamic expressions of two processors, shared memory

and the shared memory system are presented, i.e. N; = Boxdm(E) (1<i<3)andN = Boxdtsi(f).

9.2. The abstract system and its reduction

Let us consider a modification of the shared memory system with abstraction from identifiers of the processors,
i.e. such that they are indistinguishable. For example, we can just see that a processor requires memory or the
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memory is allocated to it but cannot observe which processor is it. We call this system the abstract shared memory
one. To implement the abstraction, we replace the actions r;, d;, m; (1 < i < 2) in the system specification by r, d, m,
respectively.

The static expression of the first processor is

1 1 1
Fi =[xl 5) = ((rd )i (ds yid s (fm, 21}, 5)) + Stopl.

The static expression of the second processor is

1 1 1
Fa = [(txa}, 5) = ((Ard 2): ({d, y2, B1); (I, 22}, 5)) + Stop].

The static expression of the shared memory is

1 —~ 1 - 1
F3 = [({a, x1, X2}, 3)* (A} s Gz, E))[]((b’z}’hl);({Zz}» ) Stop].

The static expression of the abstract shared memory system with two processors is

F = (F\||F2||F3) sr (x1, X2, Y1, y2, 21, 22)-

DR(f) resembles DR(E), and TS (f) is similarto T'S (E). We have SM C(f) ~ SMC (E). Thus, the average sojourn
time vectors of F and E, as well as the TPMs and the steady-state PMFs for EDTMC(f) and EDTMC(E), coincide.

The first, second, third and fourth performance indices are the same for the standard and the abstract systems. Let
us consider the following performance index which is specific to the abstract system.

e The common memory request of a processor ({r}, %) is only possible from the states s», 55, s7. In each of the
states, the request probability is the sum of the execution probabilities for all sets of activities containing ({r}, %).
The steady-state probability of the shared memory request from a processor is ¢, Z‘T‘(‘,,,%)eﬂ PT(Y, s0) +

_ 1 1 1 1 3 (3 1 3 (3 1\ _ 15
@5 Zpnnben PTOC $5) + 97 S bery PTG s = & (5 + 5+ 5)+ & G+i)+5(3+3)=5

The marked dtsi-boxes corresponding to the dynamic expressions of the standard and the abstract two processors
and shared memory are similar, as well as the marked dtsi-boxes corresponding to the dynamic expression of the
standard and the abstract shared memory systems.

We have DR(f)/,Rw(f) = {K1, 5z, Kz, Ka, Ks, Ko}, where K = {s1} (the initial state), K> = {s»} (the system is
activated and the memory is not requested), K3 = {s3, 54} (the memory is requested by one processor), Ky = {ss, 57}
(the memory is allocated to a processor), Ks = {s¢} (the memory is requested by two processors), Kg = {ss, 59} (the
memory is allocated to a processor and the memory is requested by another processor).

We also have DRr(F)/g ) = {1, I, Ky, Ko} and DRv(F)/g 7 = {9G, K5}

In Figure 30, the quotient transition system 7'S zw(f) is presented. In Figure 31, the quotient underlying SMC
SMCﬁN(F) is depicted. Note that, in step semantics, we may execute the following multiactions in parallel: {r}, {r},
as well as {r}, {m}. The state K’ only exists in step semantics, since it is reachable exclusively by executing {r} and {r}
in parallel.

The quotient average sojourn time vector of F is

4 8
SJ'=(8,=,0,=,0,4].
(50504
The quotient sojourn time variance vector of F is
4 24
VAR =|56,-=,0,—,0, 12].
( 9 25 )
The TPM for EDTMC,, (F) is
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Figure 30: The quotient transition system of the abstract shared memory system.

SMC_ (F)
(K

=
.
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il
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W=

4< ,CG/ 1 IC5 0

Figure 31: The quotient underlying SMC of the abstract shared memory system.
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Table 10: Transient and steady-state probabilities for the quotient EDTMC of the abstract shared memory system.

| kK JJo] 5 [ 10 | 15 | 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | o |
l,b']*[k] 1 0 0 0 0 0 0 0 0 0 0 0
zp’z*[k] 0 0 0.0754 | 0.0859 | 0.0677 | 0.0641 | 0.0680 | 0.0691 | 0.0683 | 0.0680 | 0.0681 | 0.0682
l,bg*[k] 0] 0.4889 | 0.4633 | 0.3140 | 0.3108 | 0.3452 | 0.3482 | 0.3404 | 0.3392 | 0.3409 | 0.3413 | 0.3409
l,bj‘*[k] 0] 0.4667 | 0.1964 | 0.3031 | 0.3719 | 0.3517 | 0.3344 | 0.3380 | 0.3422 | 0.3417 | 0.3407 | 0.3409
zp;*[k] 0| 0.0444 | 0.0323 | 0.0179 | 0.0202 | 0.0237 | 0.0234 | 0.0226 | 0.0226 | 0.0228 | 0.0228 | 0.0227
1,0’6*[/(] 0 0 0.2325 | 0.2791 | 0.2294 | 0.2154 | 0.2260 | 0.2299 | 0.2277 | 0.2267 | 0.2271 | 0.2273
1.C$l
—0— 1" [K]
—— Y2 [K]
0-8 143
—o— 3" [K]
4 — Y [K]
0.6/ )
—¥— 5" [K]
—=— e [K]
0.4; 5 ,
A | o “‘A""f‘f‘“'*" ¢
O W I
\ ' A R 4 ~
0.2 P 5 v “4‘0'5390%;‘0‘3636==3========3====3
\ %
IVgve
@"# 70 VPP PO TPV TPV PPV PPV PPV PVIVIVVIIIIIVIIIIIVISIIISIYPY Kk

0 0 0 40 0
Figure 32: Transient probabilities alteration diagram for the quotient EDTMC of the abstract shared memory system.

0O 1 0 0 0 O
2 1

00 5 0 3 O

P = 0O 0 0 1 0 O

1ot 1 o0 o0 ¢

0O 0 0 0 0 1

0O 0 1 0 0 O
In Table 10, the transient and the steady-state probabilities ."[k] (1 < i < 6) for the quotient EDTMC of the
abstract shared memory system at the time moments k € {0, 5, 10, ..., 50} and k = oo are presented, and in Figure 32,

the alteration diagram (evolution in time) for the transient probabilities is depicted.
The steady-state PMF for EDTMC,, (F) is

SIS E RN ]
yo= 1447 44° 44 44° 22 )7

The steady-state PMF /" weighted by SJ is
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Figure 33: The quotient DTMC of the abstract shared memory system.

1 6 10
(07 Hv()’ Hv()’ ﬁ)'

It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

17
TSyt = —.
v 11
Thus, the steady-state PMF for SM Czw(f) is
, 1 6 10
SD - 07 ﬁ’oa ﬁ’oaﬁ .

Otherwise, from 7'S o (f), we can construct the quotient DTMC of F, DTMCim (f), and then calculate ¢’ using it.
In Figure 33, the quotient DTMC DTMCo, (F) is depicted.
The TPM for DTMCo, (F) is

L % 0 0 00
1 1

0 7 5 0 7 0

P = 00 01 0 O

= 113 3

0 g 5 5§ 0 3

00 0 0 0 1

00 100 3
In Table 11, the transient and the steady-state probabilities i;[k] (1 < i < 6) for the quotient DTMC of the abstract
shared memory system at the time moments k£ € {0,5,10,...,50} and k = oo are presented, and in Figure 34, the

alteration diagram (evolution in time) for the transient probabilities is depicted.
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Table 11: Transient and steady-state probabilities for the quotient DTMC of the abstract shared memory system.

k

% O] 5 [ 10 | 15 | 20 | 25 | 30 | 35 | 40 | 45 | 50 | o
Wl[k] 11]0.5129 | 0.2631 | 0.1349 | 0.0692 | 0.0355 | 0.0182 | 0.0093 | 0.0048 | 0.0025 | 0.0013 0
l//’z[k] 0] 0.1161 | 0.0829 | 0.0657 | 0.0569 | 0.0524 | 0.0501 | 0.0489 | 0.0483 | 0.0479 | 0.0478 | 0.0476
¢§[k] 01 0.0944 | 0.1353 | 0.1564 | 0.1672 | 0.1727 | 0.1756 | 0.1770 | 0.1778 | 0.1782 | 0.1784 | 0.1786
W, Ik |0 0.1162 [ 0.1992 | 0.2414 | 0.2630 | 0.2740 | 0.2797 | 0.2826 | 0.2841 | 0.2849 | 0.2853 | 0.2857
¢;[k] 0] 0.0311 | 0.0220 | 0.0171 | 0.0146 | 0.0133 | 0.0126 | 0.0123 | 0.0121 | 0.0120 | 0.0120 | 0.0119
w.Tk] | 0] 0.1294 | 0.2974 | 0.3845 | 0.4292 | 0.4521 | 0.4638 | 0.4698 | 0.4729 | 0.4745 | 0.4753 | 0.4762
1.0
- y1'[K]
=o' [K]
0.8 - 3'[K]
Y4 [K]
06 v y5'[K]
' -y’ [K]
660000 uuuuuuuuuuuuuuuuuuuf )]
,”3'
0.4 e
o
2P
'a‘
".‘
%)
| %) e
0.2 # ii ..
L M
Zad I, puapey
M wazzzn

20

Figure 34: Transient probabilities alteration diagram for the quotient DTMC of the abstract shared memory system.
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The steady-state PMF for DTM Ciﬁ (F) is

ol 32110
vEP e )
Remember that DRT(f)/Rm(f) ={K1, 5, Ky, Ko} and DRV(F)/R”@) = {K3, Ks}. Hence,
, , , , , 17
DL W) =W K) ) + (K + U (Ke) = o

KeDRr(F)/ g )
By the “quotient” analogue of Proposition 5.2, we have

¢(Ki)=0-% =0,
¢'(K2) = %%—7 =17

¢'(K3) = 0,
YK)=3-3 =175,
¢'(Ks) = 0,
RS )
Thus, the steady-state PMF for SMC, (F) is
¢ = 0,%,0,%,0,% .

This coincides with the result obtained with the use of ¢"* and SJ'. _ _

Alternatively, from 7'S ﬁu(F ), we can construct the reduced quotient DTMC of F, RDTMCiﬁ(F ), and then
calculate ¢’ using it. By Proposition 7.3, it coincides with the quotient RDTMC of F.

Remember that DR7(F)/g 7 = {K1, Ko, Ky, Ko} and DRy(F)/g &) = {5, Ks}. We reorder the elements of
DR(F)/ R..(F)> by moving the equivalence classes of vanishing states to the first positions: K3, Ks, Ki, Kz, Ka, K.

The reordered TPM for DTMC., (F)is

00 00 10
00 0 0 0 1
, 00 2 L oo
P=lr 101 90
4
i 13 3
P00 E R
1 000 0 3
The result of the decomposing P, are the matrices
0 0 %%00
, (00, (00 10\, |3 +|+~_|l03 00
C_(OO)’D_(0001)’E_%O’F_Oégé
;0 0 0 0 3

mce =V, we have >V, =0, hence, [ = 0 and there are no OOps among vanisnin states. en
Since €’ = 0, we have Yk > 0, C** = 0, hence, [ = 0 and th 1 g vanishing Th
!
G=>C'=Cc'=1
k=0

Further, the TPM for RDTMCo,_(F) is
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7
8

Figure 35: The reduced quotient DTMC of the abstract shared memory system.

Table 12: Transient and steady-state probabilities for the reduced quotient DTMC of the abstract shared memory system.

| k& JJo] 5 [ 10 | 15 | 20 | 25 [ 30 | 35 | 40 | 45 | 50 [ o |
w°[k] [ 105129 [ 0.2631 [ 0.1349 [ 0.0692 | 0.0355 [ 0.0182 [ 0.0093 | 0.0048 [ 0.0025 [ 0.0013 [ 0

5Tk || 0 [ 0.1244 ] 0.0931 [ 0.0764 | 0.0679 | 0.0635 | 0.0612 | 0.0600 | 0.0594 | 0.0591 | 0.0590 | 0.0588
Tk || 0 [ 0.1726 | 0.2614 [ 0.3060 | 0.3289 | 0.3406 | 0.3466 | 0.3497 | 0.3513 | 0.3521 | 0.3525 | 0.3529
w,°[k] || 0 [ 0.1901 | 0.3824 [ 0.4826 | 0.5341 | 0.5605 | 0.5740 | 0.5810 | 0.5845 | 0.5863 | 0.5872 | 0.5882

P°=F +EGD =F +EID'=F +E'D’' =

O O Oxin
O ol—h|—o0|—
INEENIES E )
NI NN Y )

In Figure 35, the reduced quotient DTMC RDTMCﬁH(F) is presented.

In Table 12, the transient and the steady-state probabilities Wi°[k] (1 < i < 4) for the reduced quotient DTMC of
the abstract shared memory system at the time moments k € {0, 5, 10, ...,50} and k = oo are presented, and in Figure
36, the alteration diagram (evolution in time) for the transient probabilities is depicted.

Then the steady-state PMF for RDTMCiﬁ (f) is

oo L 6 10

vET )

Note that ¢"* = (" (K1), ¥ (52), ¥’ (Ka), ¥'° (%)) By the “quotient” analogue of Proposition 5.3, we have
YEKD=0, ¢ =75, ¢IK)=0, ¢K)=75, ¢Ks)=0, ¢(Ks)=13.

Thus, the steady-state PMF for SM Cﬁw(F) is

, 1 6 10

@ = (0, ﬁ,O, ﬁ,O, ﬁ)
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Figure 36: Transient probabilities alteration diagram for the reduced quotient DTMC of the abstract shared memory system.

This coincides with the result obtained with the use of ¢"* and SJ'.
We can now calculate the main performance indices.

The average recurrence time in the state %, where no processor requests the memory, called the average system
run-through, is % = 1]—7 =17.
2

The common memory is available only in the states K>, K3, Ks. The steady-state probability that the memory

is available is ¢/ + ¢} + ¢ = ]'—7 +0+0 = ]'—7 Then the st(]aady-]ztate probability that the memory is used (i.e.

not available), called the shared memory utilization, is 1 — =1

After activation of the system, we leave the state /K for ever, and the common memory is either requested or

allocated in every remaining state, with exception of K,. Thus, the rate with which the necessity of shared

o _ 1 . 3_3
A

74~ 63"

memory emerges coincides with the rate of leaving K, calculated as

The parallel common memory request of two processors {{r}, {r}} is only possible from the state K. In this
state, the request probability is the sum of the execution probabilities for all multisets of multiactions con-

taining {r} twice. Thus, the steady-state probability of the shared memory request from two processors is

, L. 1_1
92 L gtininea, o om PMATQ ) = 5 3 = -

The common memory request of a processor {r} is only possible from the states K, K. In each of the states, the
request probability is the sum of the execution probabilities for all multisets of multiactions containing {r}. The
steady-state probability of the shared memory request from a processor is ¢, Z{ } PMA(, K) +

P K0 = (4 ) (3 4)=

AKINrIeA, DK

/
%4 Z{A,'KllrleA, 759

One can see that the performance indices are the same for the complete and the quotient abstract shared mem-

ory systems. The coincidence of the first, second and third performance indices obviously illustrates the results of
Proposition 8.1 and Proposition 8.2 (both modified for R Lm(f)). The coincidence of the fourth performance index is
due to Theorem 8.1 (modified for R Lss(f)): one should just apply its result to the derived step trace {{r}, {r}} of the
expression L and itself. The coincidence of the fifth performance index is due to Theorem 8.1 (modified for R s,(F)):
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one should just apply its result to the derived step traces {{r}}, {{r},{r}}, {{r}, {m}} of the expression F and itself, and
then sum the left and right parts of the three resulting equalities.

9.3. The generalized system

We now obtain the performance indices taking general values for all multiaction probabilities and weights. Let
us suppose that all the mentioned stochastic multiactions have the same generalized probability p € (0; 1), and all the
immediate ones have the same generalized weight / € R.(. The resulting specification K of the generalized shared
memory system is defined as follows.

The static expression of the first processor is

Ky = [({x1},0) = (), p); Adi, yi ) 0); ((ma, 21}, p) * Stopl.

The static expression of the second processor is

Ky = [({x2}, p) * ({2}, p); ({2, y2}, )3 (§ma2, 22}, p) * Stopl.

The static expression of the shared memory is

K3 = [({a, x1, %2}, ) * ({1} s zih p)AP2) s (223, ) * Stop].

The static expression of the generalized shared memory system with two processors is

K = (KilIK>||K3) st (x1, X2, Y1, Y2, 21, 22)-

We have DRy (K) = {51, 52, 55, 55, 53, 5o} and DRy(K) = {53, 54, 56}

The states are interpreted as follows: §; is the initial state, §,: the system is activated and the memory is not requested,
§3: the memory is requested by the first processor, §4: the memory is requested by the second processor, §s: the
memory is allocated to the first processor, §g: the memory is requested by two processors, §7: the memory is allocated
to the second processor, §g: the memory is allocated to the first processor and the memory is requested by the second
processor, §9: the memory is allocated to the second processor and the memory is requested by the first processor.

In Figure 37, the transition system TS (K) is presented. In Figure 38, the underlying SMC SMC(K) is de-
picted. Note that, in step semantics, we may execute the following activities in parallel: ({ri}, p), ({2}, p), as well
as ({r1}, p), ({ma}, p?), and ({r2}, p), ({;m1}, p?). The state §¢ only exists in step semantics, since it is reachable exclu-
sively by executing ({r1}, o) and ({r2}, p) in parallel.

The average sojourn time vector of K is

— (1 1 1 1 11
SJ= = 70,07 ,07 RGN B
(p3 p(2~-p) p(l+p=p?)" 7 p(l+p—p?) p? pz)

The sojourn time variance vector of K is

— _(1=-p (-p) (1-pd=p°)  (1=pd=p) 1-p> 1-p°
VAR = 6 2 27 2 22777 2 2\2° 4 4 .
p°  pr2-p) prrL+p-p>) p(A+p=p) p P
The TPM for EDTMC(K) is

0 1 0 0 0 0 0
0 0 ;%g ;%g 0 % 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0
P (1-p) i 1
Pr=| 0 72 0 s 00 0 5 0
0 0 0 o o o0 o 1 1
(1-p) ) 1-p?
0 ﬁ 1 +£)—p2 0 0 0 0 0 1 +pl—p2
0 0 0 1 0 0 0 0 0
0 0 1 0O 0 0 0 0 0




{{r1}.p),
{ma}.p?)}.p?

({d1},82p),1

0,
(1—p)(1—p?2)

Hr2}.p),
p(1—p?)

s

({m1}.0%).0?

Hr1}.p),
p(1—p)

({m1}.p?),
p2(1—p)

{H{r1}.p)

({d1}.b2): 5

S6

({a}.p%).03

{r2}.p),

L({r2}.0)} .02

{{r2}.p),
({m1}.pH}.03

({d2}.82): 5

Figure 37: The transition system of the generalized shared memory system.

I S
p(1+p—p?)

Q-

Figure 38: The underlying SMC of the generalized shared memory system.
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(1-p)(1—p%) (1-p)(1—p*)

p(1—p) p(1—p?)

Figure 39: The DTMC of the generalized shared memory system.

The steady-state PMF for EDTMC(K) is

U = semporn (0:20(1 = p)2 = p), 2= p)(1 +p = ). 2= )1 +p = p*), (2= p)(1 +p = p*), 20%(1 = p),
Q2-p)1+p=pH),2+p)1=p),2+p)l-p)).
The steady-state PMF §* weighted by ST is

1
202%(6 + 3p — 902 + 2p3)

It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

(0,20°(1 = p),0,0,p(2 = p),0,p(2 = p), (2 + p)(1 — p), (2 + p)(1 — p)).

75T = 24p=p*=p’
P*(6 +3p = 9% + 2p%)

Thus, the steady-state PMF for SMC(K) is

1
22+p-p*-pH)
Otherwise, from 7'S (K), we can construct the DTMC of K, DTMC(K), and then calculate using it.

In Figure 39, the DTMC DTMC(K) is depicted.
The TPM for DTMC(K) is

¢= (0,20%(1 = p),0,0,p(2 - p), 0, 0(2 = p), (2 + p)(1 = p), (2 + p)(1 = p)).

1-p3 0 0 0 0 0 0 0 0
0 1-p? pd-p) p(d-p) 0 0 0 0 0
0 0 0 0 1 0 0 0 0
_ 0 0 0 0 0 0 1 0 0
P= 0 p(-p) 0 o’ 1-pd-p> 0 0 p(1 —p% 0
0 0 0 0 0 0 0 1 1
0 pX(1-p) 0’ 0 0 0 (d-pd-pH) 0 p(1—p?)
0 0 0 0 0 0 0 1 - p? 0
0 0 0 0 0 0 0 0 1 - p?
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The steady-state PMF for DTMC (E) is

U = sammarmra (02071 = p).pPQ2 = p)(1 + p = p7). P22 = p)(1 + p = p1).p(2 = ). 20*(1 = ). p(2 = p).
2 +p)1 =p), 2+ p)(1 = p)).

Remember that DRT(E) = {5y, 52, 55, 55, 53, So} and DRy(K) = {33, 54, 5¢}. Hence,

2+p-p>—p’
(1+p)2=p+20*=2p%)

DT HG) = UG + P + Es) + PE0) + PEs) + (o) =
5eDR7(K)

By Proposition 5.2, we have

_ 2_n3
@(El) - O . (1+p)(2—p+2p°=2p") - O

2+p—p2—p3 ’
5(5)) = p*(1-p) . U+p)@—p+2p°-2p%) _  p*(1-p)
PS2) = Ty zpr2—2p%) 24p—p>—p? 2+p—p*—p*’
P(33) =0,
@(34) = 0,
5(35) = pQ2-p) CU+p)QR—p+20*-20%) _ _ pR—p)
PLss) = 2(1+p)(2—p+20%-2p3) 2+p—p2—p3 T 2Q+p—p2—p3)°
(36) = 0,
5(37) = pQ—p)  14p)2=p+20>-20%) _ _ p(2-p)
pLs7) = 2(1+p)(2—p+20%-2p3) 2+p—p2—p3 T 2Q+p—p2—p3)°
5(35) = 2+p)(1-p) C (+p)R—p+202-20%) _ _Q+p)1-p)
PUS8) = ATep)2-pr202-20%) 2+p-p>—p? T 2@2tp—p*-p?)’
5(59) = @+p)(1-p) L L4p)2p+20°-20%) _ (24p)(1-p)
P89 2(14p)(2-p+2p*-2p?) 2+p—p?—p3 2Q2+p—p*—p%)°

Thus, the steady-state PMF for SM C(f) is

1
2Q+p-p*-p?)
This coincides with the result obtained with the use of J* and SJ. . .

Alternatively, from TS(K), we can construct the reduced DTMC of K, RDTMC(K), and then calculate ¢ using it.
Remember that DRy (K) = {51, 52, 55, §7, 83, §9} and DRy (K) = {53, 54, 56}. We reorder the elements of DR(K), by

moving vanishing states to the first @sitions: 53, 84, 86, 51, §2, 85, §7, 53, §9.
The reordered TPM for DTMC(K) is

= (0,20%(1 = p),0,0,p(2 - p), 0, p(2 = p), (2 + p)(1 = p), (2 + p)(1 — p)).

0 0 0 o0 0 1 0 0 0

0 0 0 o0 0 0 1 0 0

0 0 0 0 0 0 0 ! !
_ 0 0 0 1-p% p3 0 0 0 0
P.=| p(l-p) p(l-=p) p* 0  (I1-p)? 0 0 0 0

0 o’ 0 0 pU-p A-pd-p?) 0 p(1 = p?) 0

o’ 0 0 0 p-p) 0 (1-p)(1-p?) 0 p(l = p?)

0 P2 0 0 0 0 0 1 - p? 0

o 0 0 0 0 0 0 0 1-p?

The result of the decomposing P, are the matrices
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Figure 40: The reduced DTMC of the generalized shared memory system.

0 0 0
_ _ 2
(00 0y_ (o0 1000y [PlEoedies
C=|000[D=/000100}E= 3 po o |
0 00 000011 0 2 0
p? 0 0
1-p° o 0 0 0 0
0 (1-pp 0 0 0 0
F-| 0 PU-p d-pUd-p) 0 p(1 = p?) 0
0 pl-p) 0 (1-p)(1-p?) 0 p(1 —p?)
0 0 0 0 1-p? 0
0 0 0 0 0 1 - p?

Since C' = 0, we have Yk > 0, C* = 0, hence, [ = 0 and there are no loops among vanishing states. Then

l
G-YE-C-1
k=0

Further, the TPM for RDTMC(K) is

P°=F+EGD=F+EID=F +ED =

1-p0° o0’ 0 0 0 0
2 )2
0 (1-p)y? p(1 = p) p(1 = p) 5 5
0  pl-p) (A-p)Xl-p? o p(1 = p?) 0
0  pXl-p) o (1-p)(1 - p?) 0 p(1 = p?)
0 0 0 o’ 1-p° 0
0 0 0’ 0 0 1-p?
In Figure 40, the reduced DTMC RDTM g(f) is presented.
Then the steady-state PMF for RDTMC(K) is
- 1
g = (0,20°(1 = p), p(2 = p), p(2 = p). (2 + p)(1 = p), (2 + p)(1 = p)).

C2Q+p-p2-p)
Note that §° = (°(51), ¥°(52), ¥° (55), ¥°(57), ¥°(53), ¥° (5)). By Proposition 5.3, we have
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P31 =0, (%)= % #(5) =0, #(3) = 0, P(35) = b,
~f ~f 2—p 2 1— ~ 2+p)(1—p

‘p(sﬁ) = 0» lp(S7) = 2(2+l,_pl.)_p 3)° QD(SS) = 2((2:51(”21;?3)7 90(39) = 2((2_:,2;2_2,)3)'

Thus, the steady-state PMF for SMC(K) is

1
p = 0,20%(1 = p),0,0, 02 = p),0,p(2 = p), 2+ p)(1 = p), 2 + p)(1 = p)).
@ 2(2+p—p2—p3)( p-(1-p) P2 =p),0,02 = p), (2 +p)(1 =p), (2 +p) - p))
This coincides with the result obtained with the use of * and SJ.
We can now calculate the main performance indices.

o The average recurrence time in the state §,, where no processor requests the memory, called the average system
o 2+p—p*—p?
run-through, is = = =5+—.,
815 3, pP(1-p)

e The common memory is available only in the states 3, §3, 54, §6. The steady-state probability that the memory

is available is @y + @3 + @4 + @6 = % +0+0+0= % Then the steady-state probability that the

memory is used (i.e. not available), called the shared memory utilization, is 1 — == (p) . 24p-2

24p—p?—p* T 24p—p?—p*”

o After activation of the system, we leave the state §; for ever, and the common memory is either requested or
allocated in every remaining state, with exception of §,. Thus, the rate with which the necessity of shared

2 3
— _pd-p  pC=p) _ p(-p)2-p)
memory emerges coincides with the rate of leaving §», calculated as =- SJ iy T "

e The parallel common memory request of two processors {({r1}, p), ({2}, p)} is only possible from the state §,. In
this state, the request probability is the sum of the execution probabilities for all multisets of activities containing
both ({r1}, p) and ({r2}, p). Thus, the steady-state probability of the shared memory request from two processors

o~ <y _ _pPA-p) 2 _  p'd-p
18 @2 2pvitrordraner PTCC 52) = 5025750 = 500 s

e The common memory request of the first processor ({r;}, p) is only possible from the states 3,, §7. In each of the
states, the request probability is the sum of the execution probabilities for all sets of activities containing ({r1}, p).
The steady-state probability of the shared memory request from the first processor is &2 iy pery PT (T, 52) +

~ ~ 1 2 2 2,
1 Seriarpren PTO57) = 52052 (o(1 = p) 4+ p7) + 55228 (p(1 = p) + p7) = L5222

9.4. The abstract generalized system and its reduction

Let us consider a modification of the generalized shared memory system with abstraction from identifiers of the
processors. We call this system the abstract generalized shared memory one.

The static expression of the first processor is

Ly = [(x}, p) = (({r) p): (d, y1} B0): (Im, 21}, p)) + Stop.

The static expression of the second processor is

L, = [({x2}, p) = (({r}, p); (1, 2}, B); (fm, 22}, p)) * Stopl].
The static expression of the shared memory is

Ly = [({a, x1, X2}, p) = (((Ay1}, B); (zih ) ({32} B); (223, 0))) * Stopl.
The static expression of the abstract generalized shared memory system with two processors is

= (L2 |IL3) sr (x1, X2, Y1, Y2, 21, 22)-

DR(L) resembles DR(K) and TS (L) is similar to 7'S (K) We have SMC(L) ~ SMC(K) Thus, the average sojourn
time vectors of L and K, as well as the TPMs and the steady-state PMFs for EDTMC(L) and EDTMC(K), coincide.

The first, second, third and fourth performance indices are the same for the generalized system and its abstract
modification. Let us consider the following performance index which is again specific to the abstract system.
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Figure 41: The quotient transition system of the abstract generalized shared memory system.

e The common memory request of a processor ({r}, p) is only possible from the states 3, §s, §7. In each of the
states, the request probability is the sum of the execution probabilities for all sets of activities containing ({r}, p).
The steady-state probability of the shared memory request from a processor is & Yiyyry.per) PT(T, $2) +

~ ~ ~ ~ (11—
@5 Xprirpery PT (L, 85) + 87 Xpviqnpery PT (Y, 57) = %(ﬂ(l —p)+p(l=p)+p?) +

pQ2-p) 2 3 pQ2-p) 2 3y _ pPR=p)(+p—p?)
W) P =P TP + a0 =00 07 = T

We have DR(L)/_z, = (K1, Kz, Ks, Ku, Ks, Ks}, where K = {51} (the initial state), K; = {5} (the system is
activated and the memory is not requested), 7?3 = {53, 54} (the memory is requested by one processor), 7?4 = {55, §7}
(the memory is allocated to a processor), Ks = {5} (the memory is requested by two processors), Kg = {55, 5o} (the
memory is allocated to a processor and the memory is requested by another processor).

We also have DRr(L)/ 1, = (K1, Ka, Ka, K} and DRv(L)/ ) = (5, Ks).

In Figure 41, the quotient transition system 7'S iﬂ(Z) is presented. In Figure 42, the quotient underlying SMC
SMCﬁw(Z) is depicted. Note that, in step semantics, we may execute the following multiactions in parallel: {r}, {r},
as well as {r}, {m}. The state 7~(5 only exists in step semantics, since it is reachable exclusively by executing {r} and {r}

in parallel. _
The quotient average sojourn time vector of F is

~ 1 1 1
SJ ==, ,0, ,0,= .
(p3 p2=p) " p(l+p—p?) pz)
The quotient sojourn time variance vector of F is

1-p* d-p?  (A-p(l-p’ 1—p2)
PO P2 =pP T (L +p—pP? T pt )

m':(
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Figure 42: The quotient underlying SMC of the abstract generalized shared memory system.

The TPM for EDTMC., (L) is

0 1 0 0 O 0
2(1-p)
0 0 2—: 0 z%, 0
|0 0 0o 1 0 0
= »(1-p) ) 1-p?
0 ﬁ 1+;fp2 0 0 1+pip2
0 0 0 0 O 1
0 0 1 0 O 0
The steady-state PMF for EDTMC., (L) is
- 1
o= 0,p(1 =p)2-p),2=p)L+p—p"),2=p)L+p—p>),p*(1 - p),2+p)l—p).

T 6+3p—9p2 +2p}

The steady-state PMF §’* weighted by ST is

(0,p°(1 = p),0,p(2 - p),0, (2 + p)(1 — p)).

p*(6 +3p — 9p? + 2p%)
It remains to normalize the steady-state weighted PMF by dividing it by the sum of its components

ey T 2+p—p>—p°
M6+ 3p -9 +20%)

Thus, the steady-state PMF for SM Cﬁw(Z) is

1 2
=" 1- 2- 2+ p)(1 - p)).
¢ 2er_pz_p3(0,p( £),0,p(2 = p),0,2 +p)(1 - p))

86



DTMC, (L)

D)
}Cl 1— p3
P3
P p*(1—p) -
= K, Ko 2,
(1—p)
(1-p)(1-p?
P
1 2p(1 —p)
p(1—p?) ]63 p’
2

= Ky 1 s

1—p?

Figure 43: The quotient DTMC of the abstract generalized shared memory system.

Otherwise, from 7'S o, (Z), we can construct the quotient DTMC of Z, DTMCiﬁ (Z), and then calculate @’ using it.
In Figure 43, the quotient DTMC DTMCo, (L) is depicted.
The TPM for DTMCo, (L) is

1-p° o0’ 0 0 0 0
0 (1-p 20(1-p) 0 P’ 0
& 0 0 0 1 0 0
10 pPd-p P (I-p)1=p» 0 pl-p?)
0 0 0 0 0 1
0 0 p? 0 0 1-p°

The steady-state PMF for DTM Co., (Z) is

1
S U p-pi2- 2p3)<0,p2<1 -p). P’ 2 =p)(1+p—p").p2 = p).p*(1 = p), 2+ p)(1 - p)).

lZ/
Remember that DRr(L)/ 7, = (K1, Ko, Ka, K} and DRy(L)/ 7, = 1%, Ks). Hence,

Y1 A T e 1 A 71 A TGN — 2+p_p2_p3
) T =PI I+ K+ 8 (Ko = s
KeDRr(L)/ g, @)

By the “quotient” analogue of Proposition 5.2, we have
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Qb,((]?]) — (]+IJ)(2_IJ+2P 2p ) _ 0,

24P’ 2_9.3 2

~1 (TN — p*(1-p) . U+p)@R=p+2p°-2p°) _ _p°d p)
¢ (K = Topri-prara 2p-pP—p* 2+p —p2=p?”
§(H) =0
~1 QPN p(2-p) C 1+p)R—p+20>-20%) _ _ p(2—p)
¥ (754) T (1+p)2—p+2p2-2p3) 2+p—p2—p3 T 24p—p2—p3°
P(Ks)=0
@'(7?) _ Q+p)(1-p) . 4p)2pt2p°-2p") _ 2+p)(1-p)

6 (1+p)(2—p+20p%-2p3) 2+p—p2—p3 2+p—p2—p3*

Thus, the steady-state PMF for SM Ciw(Z) is

, 1
¢ = 5——5—=(0,0’(1 = p),0,p2 = p),0, (2 + p)(1 = p)).
2+4p—p*-p

This coincides with the result obtained with the use of ' and ST B _

Alternatively, from TS o, (L), we can construct the reduced quotient DTMC of L, RDTMC,, (L), and then cal-
culate ¢’ using it. By Proposmon 7.3, it coincides with the quotient RDTMC of L.

Remember that DRT(L)/R @D = {7(1,7(2,7(4,7(6} and DRV(L)/R @ = {7(3,7(5} We reorder the elements of
DR(L)/RN(L), by moving the equivalence classes of vanishing states to the first positions: 7?3, 7?5, 7?1 R 7?2, 7?4, 7?6.

The reordered TPM for DTMC., (L) is

0 0 0 1 0
0 0 0 0 0 1
s 0 0 1-p° o 0 0
"7 200-p) p© 0 (1-p) 0 0
o’ 0 0 p-p) A-p(l-p) pl-p)
0? 0 0 0 0 1-p?
The result of the decomposing P, are the matrices
0 0
o _ 00 N — 0010 I 2)0(1 _,0) Y
C_(O 0)’D_(0001)’E_ 0’ (U
I 0
1-p° o’ 0 0
F’ _ 0 (1 —P)2 0 0
0 p-p) A-pd-p» pl-p?
0 0 0 1-p°

Since C’' = 0, we have Yk > 0, C’* = 0, hence, I = 0 and there are no loops among vanishing states. Then

G = zllc” CP =
k=0

Further, the TPM for RDTMCo, (L) is

1-p* P 0 0
PO _T LT — T I — ¥ L /Y 0 (1—P)2 2;0(1—,0) p2
P°=F +EGD =F +E'ID' =F +ED’ =

0 pl-p) l-p- p +20°  p(1-p?)

0 0 o’ 1-p?
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Figure 44: The reduced quotient DTMC of the abstract generalized shared memory system.

In Figure 44, the reduced quotient DTMC RDTMCﬁw(Z) is presented.
Then the steady-state PMF for RDTMCiﬁ (Z) is

TIo ; 2 _ _ 3
lp - 2 +p _p2 _p3 (O’p (1 p)»P(z P)»(z +p)(1 p))

Note that §"° = (§°(K)), §°(Ka), §'° (Kas), &° (Ks)). By the “quotient” analogue of Proposition 5.3, we have

PEK) =0, FKy) =522 F(K)=0, §K)=L2Lr F(Ks)=0, FKe)= T2

2+p—p2—p 2+p—p2—p 2+p—p2—p3 *
Thus, the steady-state PMF for SM Cﬁw(Z) is
o 1 )
¢ =5——75—70,0°(1-p)0,p(2-p),0,2+p)1 - p)).
2+p—p*-p

This coincides with the result obtained with the use of J’* and ST
We can now calculate the main performance indices.

The average recurrence time in the state K,, where no processor requests the memory, called the average system
s 2+p—p*—p?
run-through, is = = =5+—.
&M 18 &7 pP(1-p)

The common memory is available only in the states 7?2, 7?3, 7?5. The steady-state probability that the memory

201_ 201_ g
is available is @} + @} + @5 = % +0+0= %. Then the steady-state probability that the memory

. . . e e .1 pl-p)  _ 2+p-2p?
is used (i.e. not available), called the shared memory utilization, is 1 Teppp = Bpp

After activation of the system, we leave the state K for ever, and the common memory is either requested or
allocated in every remaining state, with exception of K,. Thus, the rate with which the necessity of shared

. . - & _ _pd-p  pR-p) _ p*U0-p-p)
memory emerges coincides with the rate of leaving %, calculated as AT Wl rvarcan ol

&9



e The parallel common memory request of two processors {{r}, {r}} is only possible from the state 7~(2. In this
state, the request probability is the sum of the execution probabilities for all multisets of multiactions con-
taining {r} twice. Thus, the steady-state probability of the shared memory request from two processors is

T Ge — _P-p) 2 _p*d—p)
PMA((](Z» 7() - 2+p_p2_p3p = 24p-p*—p3°

~/
&2 24 Riiniiea, BAR)

e The common memory request of a processor {r} is only possible from the states 7~(2, 7~(4. In each of the states, the
request probability is the sum of the execution probabilities for all multisets of multiactions containing {r}. The

(4. Klirlea, % 5K) PM(%y, K) +

PMA(Ki. K) = 5252 2p(1 - p) +p7) + 222 (p(1 - p?) + p?) = L2

steady-state probability of the shared memory request from a processor is ¢ 3,

79 (A KA, Ko SK)

One can see that the performance indices are the same for the complete and the quotient abstract generalized
shared memory systems. The coincidence of the first, second and third performance indices obviously illustrates the
results of Proposition 8.1 and Proposition 8.2 (both modified for R LN(Z)). The coincidence of the fourth performance
index is due to Theorem 8.1 (modified for R LN(Z)) one should just apply its result to the derived step trace {{r}, {r}}
of the expression L and itself. The coincidence of the fifth performance index is due to Theorem 8.1 (modified for
R rss(L)): one should just apply its result to the derived step traces {{r}}, {{r}, {r}}, {{r},{m}} of the expression L and
itself, and then sum the left and right parts of the three resulting equalities.

Let us consider what is the effect of quantitative changes of the parameter p upon performance of the quotient
abstract generalized shared memory system in its steady state. Remember that p € (0; 1) is the probability of every
stochastic multiaction in the specification of the system. The closer is p to 0, the less is the probability to execute
some activities at every discrete time tick, hence, the system will most probably stand idle. The closer is p to 1, the
greater is the probability to execute some activities at every discrete time tick, hence, the system will most probably
operate.

Since ¢} = @} = @, = 0, only @, = 252(_1_2,:) AL p2p) @ = §2+”)(' =) depend on p. In Figure 45, the plots

p—p*—p +p—p?—p +p—p?
of ), &, & as functions of p are depicted. Notice that, however, we do not allow p=0o0rp=1.

One can see that ¢}, ¢, tend to 0 and ¢; tends to 1 when p approaches 0. Thus, when p is closer to 0, the
probability that the memory is allocated to a processor and the memory is requested by another processor increases,
hence, we have more unsatisfied memory requests.

Further, @, @; tend to 0 and @, tends to 1 when p approaches 1. Thus, when p is closer to 1, the probability
that the memory is allocated to a processor (and not requested by another processor) increases, hence, we have less
unsatisfied memory requests.

The maximal value 0.0797 of @) is reached when p ~ 0.7433. In this case, the probability that the system is
activated and the memory is not requested is maximal, i.e. the maximal shared memory availability is about 8%.

In Figure 46, the plot of the average system run-through, calculated as %, as a function of p is depicted. One can

see that the run-through tends to co when p approaches 0 or 1. Its minimal value 12.5516 is reached when p ~ 0.7433.
To speed up operation of the system, one should take the parameter p closer to 0.7433.

The first curve in Figure 47 represents the shared memory utilization, calculated as 1 — @, — &} — ¢z, as a function
of p. One can see that the utilization tends to 1 both when p approaches 0 and when p approaches 1. The minimal
value 0.9203 of the utilization is reached when p ~ 0.7433. Thus, the minimal shared memory utilization is about
92%. To increase the utilization, one should take the parameter p closer to O or 1.

The second curve in Figure 47 represents the rate with which the necessity of shared memory emerges, calculated
as %, as a function of p. One can see that the rate tends to 0 both when p approaches 0 and when p approaches 1.

The rznaximal value 0.0751 of the rate is reached when p ~ 0.7743. Thus, the maximal rate with which the necessity of
shared memory emerges is about . To decrease the mentioned rate, one should take the parameter p closer to O or 1.

The third curve in Flgure 47 represents the steady-state probability of the shared memory request from two pro-
cessors, calculated as @ 7”25, where 7);5 = ZlAﬂ(ll{r},lr:}gA, AR PM, (7(2, 7() PM(‘KZ, ‘KS) as function of p. One
can see that the probability tends to O both when p approaches 0 and when p approaches 1. The maximal value 0.0517
of the probability is reached when p ~ 0.8484. To decrease the mentioned probability, one should take the parameter
pclosertoQor 1.
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Figure 45: Steady-state probabilities @), @}, @; as functions of the parameter p.
200
150
1
100 — -
¥2
50
I = p

0.2

1 1 1
0.4 0.6 0.8 1.0

Figure 46: Average system run-through %, as a function of the parameter p.
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Figure 47: Some performance indices as functions of the parameter p.

The fourth curve in Figure 47 represents the steady-state probability of the shared memory request from a proces-
sor, calculated as §,X) + ¢, where X/ = Zm,q?ur]eA, RAR) PM4(K;, K), i € {2,4}, as a function of p. One can see
that the probability tends to 0 when p approaches 0 and it tends to 1 when p approaches 1. To increase the mentioned
probability, one should take the parameter p closer to 1.

10. Related work

In this section, we consider in detail differences and similarities between dtsiPBC and other well-known or similar
SPAs for the purpose of subsequent determining the specific advantages of dtsiPBC.

10.1. Continuous time and interleaving semantics

Let us compare dtsiPBC with classical SPAs: Markovian Timed Processes for Performance Evaluation (MTIPP)
[50], Performance Evaluation Process Algebra (PEPA) [52] and Extended Markovian Process Algebra (EMPA) [14].

In MTIPP, every activity is a pair consisting of the action name (including the symbol 7 for the internal, invisible
action) and the parameter of exponential distribution of the action delay (the rate). The operations are prefix, choice,
parallel composition including synchronization on the specified action set and recursion. It is possible to specify pro-
cesses by recursive equations as well. The interleaving semantics is defined on the basis of Markovian (i.e. extended
with the specification of rates) labeled transition systems. Note that we have the interleaving behaviour here because
the exponential PDF is a continuous one, and a simultaneous execution of any two activities has zero probability
according to the properties of continuous distributions. CTMCs can be derived from the mentioned transition systems
to analyze performance.

In PEPA, activities are the pairs consisting of action types (including the unknown, unimportant type 1) and
activity rates. The rate is either the parameter of exponential distribution of the activity duration or it is unspecified,
denoted by T. An activity with unspecified rate is passive by its action type. The set of operations includes prefix,
choice, cooperation, hiding and constants whose meaning is given by the defining equations including the recursive
ones. The cooperation is accomplished on the set of action types (the cooperation set) on which the components must
synchronize or cooperate. If the cooperation set is empty, the cooperation operator turns into the parallel combinator.
The semantics is interleaving, it is defined via the extension of labeled transition systems with a possibility to specify
activity rates. Based on the transition systems, the continuous time Markov processes (CTMPs) are generated which
are used for performance evaluation with the help of the embedded continuous time Markov chains (ECTMCs).

In EMPA, each action is a pair consisting of its type and rate. Actions can be external or internal (denoted by
7) according to types. There are three kinds of actions according to rates: timed ones with exponentially distributed
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durations (essentially, the actions from MTIPP and PEPA), immediate ones with priorities and weights (the actions
analogous to immediate transitions of GSPNs) and passive ones (similar to passive actions of PEPA). Timed actions
specify activities that are relevant for performance analysis. Immediate actions model logical events and the activities
that are irrelevant from the performance viewpoint or much faster than others. Passive actions model activities waiting
for the synchronization with timed or immediate ones, and express nondeterministic choice. The set of operators
consist of prefix, functional abstraction, functional relabeling, alternative composition and parallel composition ones.
Parallel composition includes synchronization on the set of action types like in TCSP [53]. The syntax also includes
recursive definitions given by means of constants. The semantics is interleaving and based on the labeled transition
systems enriched with the information about action rates. For the exponentially timed kernel of the algebra (the
sublanguage including only exponentially timed and passive actions), it is possible to construct CTMCs from the
transition systems of the process terms to analyze the performance.

In dtsiPBC, every activity is a pair consisting of the multiaction (not just an action, as in the classical SPAs) as
a first element. The second element is either the probability (not the rate, as in the classical SPAs) to execute the
multiaction independently (the activity is called a stochastic multiaction in this case) or the weight expressing how
important is the execution of this multiaction (the activity is called an immediate multiaction in this case). Immediate
multiactions in dtsiPBC are similar to immediate actions in EMPA, but all the immediate multiactions in dtsiPBC
have the same priority 1 (with the purpose to execute them always before stochastic multiactions, all having the same
priority 0), whereas the immediate actions in EMPA can have different priority levels. Associating the same priority
with all immediate multiactions in dtsiPBC results in the simplified specification and analysis, and such a decision
is also appropriate to the calculus. The reason is that, as mentioned in [46], weights (assigned also to immediate
actions in EMPA) are enough to denote preferences among immediate multiactions (designating their advantages or
prescribing sub-priorities to them) and to produce the conformable probabilistic behaviours when one has to make a
choice among several immediate multiactions executable in some state. There are no immediate actions in MTIPP and
PEPA. Immediate actions are available only in iPEPA [49], where they are analogous to immediate multiactions in
dtsiPBC, and in a variant of TIPP [43] discussed while constructing the calculus PM-TIPP in [90], but there immediate
activities are used just to specify probabilistic branching and they cannot be synchronized.

dtsiPBC has the sequence operation, in contrast to the prefix one in the classical SPAs. One can combine arbitrary
expressions with the sequence operator, i.e. it is more flexible than the prefix one, where the first argument should
be a single activity. The choice operation in dtsiPBC is analogous to that in MTIPP and PEPA, as well as to the
alternative composition in EMPA, in the sense that the choice is probabilistic, but a discrete probability function is
used in dtsiPBC, unlike continuous ones in the classical calculi. Concurrency and synchronization in dtsiPBC are
different operations (this feature is inherited from PBC), unlike the situation in the classical SPAs where parallel
composition (combinator) has a synchronization capability. Relabeling in dtsiPBC is analogous to that in EMPA, but
it is additionally extended to conjugated actions. The restriction operation in dtsiPBC differs from hiding in PEPA
and functional abstraction in EMPA, where the hidden actions are labeled with a symbol of “silent” action 7. In
dtsiPBC, restriction by an action means that, for a given expression, any process behaviour containing the action or its
conjugate is not allowed. The synchronization on an elementary action in dtsiPBC collects all the pairs consisting of
this elementary action and its conjugate which are contained in the multiactions from the synchronized activities. The
operation produces new activities such that the first element of every resulting activity is the union of the multiactions
from which all the mentioned pairs of conjugated actions are removed. The second element is either the product of
the probabilities of the synchronized stochastic multiactions or the sum of the weights of the synchronized immediate
multiactions. This differs from the way synchronization is applied in the classical SPAs where it is accomplished over
identical action names, and every resulting activity consists of the same action name and the rate calculated via some
expression (including sums, minimums and products) on the rates of the initial activities, such as the apparent rate in
PEPA. dtsiPBC has no recursion operation or recursive definitions, but it includes the iteration operation to specify
infinite looping behaviour with the explicitly defined start and termination.

dtsiPBC has a discrete time semantics, and residence time in the tangible states is geometrically distributed, unlike
the classical SPAs with continuous time semantics and exponentially distributed activity delays. As a consequence,
the semantics of dtsiPBC is the step one, in contrast to the interleaving semantics of the classical SPAs. The per-
formance is investigated via the underlying SMCs and (reduced) DTMCs extracted from the labeled probabilistic
transition systems associated with expressions of dtsiPBC. In the classical SPAs, CTMCs are usually used for per-
formance evaluation. In [40], a denotational semantics of PEPA has been proposed via PEPA nets that are high-level
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CTSPNs with coloured tokens (coloured CTSPNs), from which the underlying CTMCs can be retrieved. In [13, 9], a
denotational semantics of EMPA based on GSPNs has been defined, from which one can also extract the underlying
SMCs and CTMCs (when both immediate and timed transitions are present) or DTMCs (but when there are only im-
mediate transitions). dtsiPBC has a denotational semantics in terms of LDTSIPNs from which the underlying SMCs
and (reduced) DTMCs can be derived.

10.2. Continuous time and non-interleaving semantics

Only a few non-interleaving SPAs were considered among non-Markovian ones [60, 22]. The semantics of all
Markovian calculi is interleaving and their action delays have exponential distribution, which is the only continuous
probability distribution with memoryless (Markovian) property.

In [24], Generalized Stochastic Process Algebra (GSPA) was introduced. It has a true-concurrent denotational
semantics in terms of generalized stochastic event structures (GSESs) with non-Markovian stochastic delays of events.
In that paper, no operational semantics or performance evaluation methods for GSPA were presented. Later, in [59],
generalized semi-Markov processes (GSMPs) were extracted from GSESs to analyze performance.

In [87, 88], generalized Stochastic m-calculus (Sm) with general continuous distributions of activity delays was
defined. It has a proved operational semantics with transitions labeled by encodings of their deduction trees. No
well-established underlying performance model for this version of Sz was described.

In [21, 20], Generalized Semi-Markovian Process Algebra (GSMPA) was developed with an ST-operational se-
mantics and non-Markovian action delays. The performance analysis in GSMPA is accomplished via GSMPs.

Again, the first fundamental difference between dtsiPBC and the calculi GSPA, St and GSMPA is that dtsiPBC is
based on PBC, whereas GSPA is an extension of simple Process Algebra (PA) from [24], Sm extends wr-calculus [78,
79] and GSMPA is an enrichment of EMPA. Therefore, both GSPA and GSMPA have prefixing, choice (alternative
composition), parallel composition, renaming (relabeling) and hiding (abstraction) operations, but only GSMPA
permits constants. Unlike dtsiPBC, GSPA has neither iteration or recursion, GSMPA allows only recursive definitions,
whereas Sm additionally has operations to specify mobility. Note also that GSPA, St and GSMPA do not specify
instantaneous events or activities while dtsiPBC has immediate multiactions.

The second significant difference is that geometrically distributed or zero delays are associated with process states
in dtsiPBC, unlike generally distributed delays assigned to events in GSPA or to activities in St and GSMPA. As
a consequence, dtsiPBC has a discrete time operational semantics allowing for concurrent execution of activities
in steps. GSPA has no operational semantics while St and GSMPA have continuous time ones. In continuous
time semantics, concurrency is simulated by interleaving, since simultaneous occurrence of any two events has zero
probability according to the properties of continuous probability distributions. Therefore, interleaving transitions are
often annotated with an additional information to keep concurrency data. The transition labels in the operational
semantics of Sm encode the action causality information and allow one to derive the enabling relations and the firing
distributions of concurrent transitions from the transition sequences. At the same time, abstracting from stochastic
delays leads to the classical early interleaving semantics of m-calculus. The ST-operational semantics of GSMPA is
based on decorated transition systems governed by transition rules with rather complex preconditions. There are two
types of transitions: the choice (action beginning) and the termination (action ending) ones. The choice transitions
are labeled by weights of single actions chosen for execution while the termination transitions have no labels. Only
single actions can begin, but several actions can end in parallel. Thus, the choice transitions happen just sequentially
while the termination transitions can happen simultaneously. As a result, the decorated interleaving / step transition
systems are obtained. dtsiPBC has an SPN-based denotational semantics. In comparison with event structures, PNs
are more expressive and visually tractable formalism, capable of finitely specifying an infinite behaviour. Recursion
in GSPA produces infinite GSESs while dtsiPBC has iteration operation with a finite SPN semantics. Identification of
infinite GSESs that can be finitely represented in GSPA was left for a future research.

10.3. Discrete time

In [1], a class of compositional DTSPNs with generally distributed discrete time transition delays was proposed,
called dts-nets. The denotational semantics of a stochastic extension (we call it stochastic ACP or sACP) of a subset
of Algebra of Communicating Processes (ACP) [8] can be constructed via dts-nets. There are two types of transitions
in dts-nets: immediate (timeless) ones, with zero delays, and time ones, whose delays are random variables having
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general discrete distributions. The top-down synthesis of dts-nets consists in the substitution of their transitions by
blocks (dts-subnets) corresponding to the sequence, choice, parallelism and iteration operators. It was explained how
to calculate the throughput time of dts-nets using the service time (defined as holding time or delay) of their transitions.
For this, the notions of service distribution for the transitions and throughput distribution for the building blocks were
defined. Since the throughput time of the parallelism block was calculated as the maximal service time for its two
constituting transitions, the analogue of the step semantics approach was implemented.

In [71, 72], an SPA called Theory of Communicating Processes with discrete stochastic time (7C P95y was intro-
duced, later in [69] called Theory of Communicating Processes with discrete real and stochastic time (TCP*"). It
has discrete real time (deterministic) delays (including zero delays) and discrete stochastic time delays. The algebra
generalizes real time processes to discrete stochastic time ones by applying real time properties to stochastic time and
imposing race condition to real time semantics. 7CP¢* has an interleaving operational semantics in terms of stochas-
tic transition systems. The performance is analyzed via discrete time probabilistic reward graphs which are essentially
the reward transition systems with probabilistic states having finite number of outgoing probabilistic transitions and
timed states having a single outgoing timed transition. The mentioned graphs can be transformed by unfolding or
geometrization into discrete time Markov reward chains (DTMRCs) appropriate for transient or stationary analysis.

The first difference between dtsiPBC and the algebras sACP and TCP?! is that dtsiPBC is based on PBC, but
SACP and TCP?" are the extensions of ACP [8]. sACP has taken from ACP only sequence, choice, parallelism
and iteration operations, whereas dtsiPBC has additionally relabeling, restriction and synchronization ones, inherited
from PBC. In TCP®", besides standard action prefixing, alternative, parallel composition, encapsulation (similar to
restriction) and recursive variables, there are also timed delay prefixing, dependent delays scope and the maximal time
progress operators, which are new both for ACP and dtsiPBC.

The second difference is that dtsiPBC, sACP and TCP?, all have zero delays, however, discrete time delays in
dtsiPBC are zeros or geometrically distributed and associated with process states. The zero delays are possible just
in vanishing states while geometrically distributed delays are possible only in tangible states. For each tangible state,
the parameter of geometric distribution governing the delay in the state is completely determined by the probabilities
of all stochastic multiactions executable from it. In SACP and TCP®", delays are generally distributed, but they are
assigned to transitions in SACP and separated from actions (excepting zero delays) in TCP*'. Moreover, a special
attention is given to zero delays in SACP and deterministic delays in TCP?*'. In sSACP, immediate (timeless) transitions
with zero delays serve as source and sink transitions of the dts-subnets corresponding to the choice, parallelism and
iteration operators. In TCP?, zero delays of actions are specified by undelayable action prefixes while positive
deterministic delays of processes are specified with timed delay prefixes. Neither formal syntax nor operational
semantics for SACP are defined and it is not explained how to derive Markov chains from the algebraic expressions
or the corresponding dts-nets to analyze performance. It is not stated explicitly, which type of semantics (interleaving
or step) is accommodated in sACP. In spite of the discrete time approach, operational semantics of TCP®" is still
interleaving, unlike that of dtsiPBC. In addition, no denotational semantics was defined for TC P,

Let us mention other SPAs with discrete time and interleaving semantics. Those without immediate actions
are: Weighted Synchronous Calculus of Communicating Systems (WSCCS) [100, 101] and discrete-time variant
of stochastic Concurrent Constraint Programming (we call it dsCCP) [18].

That with immediate actions is: Interactive Probabilistic Chains (IPC) [34, 47].

The three SPAs are rather specific: unlike standard approach, weights in WSCCS, rates (weights) in dsCCP and
probabilities in IPC are not associated with actions. In dsCCP, probabilities are calculated using rates (weights) that
are assigned to operations. In IPC, actions are executed instantaneously while probabilistic choices take one unit time.

Table 13 summarizes the SPAs comparison above and that from Section 1 (the calculi sSPBC, gsPBC and dtsPBC),
by classifying the SPAs according to the concept of time, the presence of immediate (multi)actions and the type of
operational semantics. The names of SPAs, whose denotational semantics is based on SPNs, are printed in bold font.
The underlying stochastic process (if defined) is specified in parentheses near the name of the corresponding SPA.

11. Discussion

Let us now discuss which advantages has dtsiPBC in comparison with the SPAs described in Section 10.
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Table 13: Classification of stochastic process algebras.

Time Immediate Interleaving semantics Non-interleaving semantics
(multi)actions
Continuous No MTIPP (CTMC), PEPA (CTMP), GSPA (GSMP), St, GSMPA (GSMP)
sPBC (CTMC)
Yes EMPA (SMC, CTMC), gsPBC (SMC) —
Discrete No WSCCS (DTMC), dsCCP (DTMC) dtsPBC (DTMC)
Yes TCP%" (DTMRC), IPC (DTMC) sACP, dtsiPBC (SMC, DTMC)

11.1. Analytical solution

An important aspect is the analytical tractability of the underlying stochastic process, used for performance eval-
uation in SPAs. The underlying CTMCs in MTIPP and PEPA, as well as SMCs in EMPA, are treated analytically,
but these continuous time SPAs have interleaving semantics. GSPA, S and GSMPA are the continuous time mod-
els, for which a non-interleaving semantics is constructed, but for the underlying GSMPs in GSPA and GSMPA,
only simulation and numerical methods are applied, whereas no performance model for Sr is defined. SACP and
TCP?" are the discrete time models with the associated analytical methods for the throughput calculation in SACP
or for the performance evaluation based on the underlying DTMRCs in TCP?", but both models have interleaving
semantics. dtsiPBC is a discrete time model with a non-interleaving semantics, where analytical methods are applied
to the underlying SMCs. Hence, if an interleaving model is appropriate as a framework for the analytical solution
towards performance evaluation then one has a choice between the continuous time SPAs MTIPP, PEPA, EMPA and
the discrete time ones SACP, TC P4, Otherwise, if one needs a non-interleaving model with the associated analytical
methods for performance evaluation and the discrete time approach is feasible then dtsiPBC is the right choice.

The existence of an analytical solution also permits to interpret quantitative values (rates, probabilities, weights
etc.) from the system specifications as parameters, which can be adjusted to optimize the system performance, like
in dtsPBC and dtsiPBC. The DTMCs whose transition probabilities are parameters were introduced in [35]. The
parameters can also be adjusted in parametric probabilistic transition systems (i.e. DTMCs whose transition proba-
bilities may be real-valued parameters) [63]. Parametric CTMCs with the transition rates treated as parameters were
investigated in [45]. On the other hand, no parameters in formulas of SPAs were considered in the literature so far.
In dtsiPBC we can easily construct examples with more parameters than we did in our case study. The performance
indices will be then interpreted as functions of several variables. The advantage of our approach is that, unlike of the
method from [63], we should not impose to the parameters any special conditions needed to guarantee that the real
values, interpreted as the transition probabilities, always lie in the interval [0; 1]. To be convinced of this fact, just
remember that, as we have demonstrated, the positive probability functions PF, PT, PM, PM*, PM° define proba-
bility distributions, hence, they always return values belonging to (0; 1] for any probability parameters from (0; 1) and
weight parameters from R.¢. In addition, the transition constraints (their probabilities, rates and guards), calculated
using the parameters, in our case should not always be polynomials over variables-parameters, as often required in the
mentioned papers, but they may also be fractions of polynomials, like in our case study.

11.2. Concurrency interpretation

One can see that the stochastic process calculi proposed in the literature are based on interleaving, as a rule, and
parallelism is simulated by synchronous or asynchronous execution. As a semantic domain, the interleaving formal-
ism of transition systems is often used. However, to properly support intuition of the behaviour of concurrent and
distributed systems, their semantics should treat parallelism as a primitive concept that cannot be reduced to nondeter-
minism. Moreover, in interleaving semantics, some important properties of these systems cannot be expressed, such
as simultaneous occurrence of concurrent transitions [36] or local deadlock in the spatially distributed processes [82].
Therefore, investigation of stochastic extensions for more expressive and powerful algebraic calculi is an important
issue. The development of step or “true concurrency” (such that parallelism is considered as a causal independence)
SPAs is an interesting and nontrivial problem, which has attracted special attention last years. Nevertheless, not so
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many formal stochastic models of parallel systems were defined whose underlying stochastic processes are based on
DTMCs. As mentioned in [39], such models are more difficult to analyze, since several events can occur simulta-
neously in discrete time systems (the models have a step semantics) and the probability of a set of events cannot be
easily related to the probability of the single ones. Therefore, parallel executions of actions are often not considered
also in the discrete time SPAs, such as TCP¢*, whose underlying stochastic process is DTMCs with rewards (DTM-
RCs). As observed in [54], even for stochastic models with generally distributed time delays, some restrictions on the
concurrency degree were imposed to simplify their analysis techniques. In particular, the enabling restriction requires
that no two generally distributed transitions are enabled in any reachable marking. Hence, their activity periods do
not intersect and no two such transitions can fire simultaneously, this results in interleaving semantics of the model.

Stochastic models with discrete time and step semantics have the following important advantage over those having
just an interleaving semantics. The underlying Markov chains of parallel stochastically timed processes have the
additional transitions corresponding to the simultaneous execution of concurrent (i.e. non-synchronized) activities.
The transitions of that kind allow one to bypass a lot of intermediate states, which otherwise should be visited when
interleaving semantics is accommodated. When step semantics is used, the intermediate states can also be visited
with some probability (this is an advantage, since some alternative system’s behaviour may start from these states),
but this probability is not greater than the corresponding one in case of interleaving semantics. While in interleaving
semantics, only the empty or singleton (multi)sets of activities can be executed, in step semantics, generally, the
(multi)sets of activities with more than one element can be executed as well. Hence, in step semantics, there are more
variants of execution from each state than in the interleaving case and the executions probabilities, whose sum should
be equal to 1, are distributed among more possibilities. Therefore, the systems with parallel stochastic processes
usually have smaller average run-through. In case the underlying Markov chains of the processes are ergodic, they
will generally take less discrete time units to stabilize the behaviour, since their TPMs will be usually denser because
of additional non-zero elements outside the main diagonal. Hence, both the first passage-time performance indices
based on the transient probabilities and the steady-state performance indices based on the stationary probabilities can
be potentially computed quicker, resulting in mostly faster quantitative analysis of the systems. On the other hand,
step semantics, induced by simultaneous firing several transitions at each step, is natural for Petri nets and allows
one to exploit full power of the model. Therefore, it is important to respect the probabilities of parallel executions of
activities in discrete time SPAs, especially in those with a Petri net denotational semantics.

Example 11.1. In Figure 48, the interleaving transition system of the generalized shared memory system ts(K) from
Section 9 is presented. The transition system ts(K) is constructed from the (step) one TS (K) in Figure 37 as follows.
First, all the transitions due to executing more than one activity are removed. Second, the states that become non-
reachable (from the initial state) in the absence of such “parallel” transitions are deleted, together with all the
transitions from these states. Third, for each of the states left, the remaining outgoing transition probabilities are
normalized. Formally, the probabilities of the remaining transitions are defined as follows. Let G be a dynamic
expression, s € DR(G), T € Exec(s) and|Y| < 1. The probability to execute the multiset of activities (" in s, when only

zero-element steps (i.e. empty loops) or one-element steps are allowed, is pt(Y, s) = #%. As a result, one can

see many serious differences between ts(f) and TS (E), i.e. between the system’s behaviour in the interleaving and

step semantics. One can define interleaving stochastic bisimulation equivalence <, analogously to © _, but using the

interleaving transition systems of expressions instead of the standard (step) ones. Then, from ls(f), the interleaving
quotient (by &, ) transition system of the abstract generalized shared memory system tse, (L) can be constructed,
depicted in Figure 49. Again, there exist substantial differences between tsﬁu(Z) and TS o (L) in Figure 41. Next,
Jromtss (L), the interleaving reduced quotient DTMC of the abstract generalized shared memory system rdimee, (L)
can be obtained, shown in Figure 50. Clearly, there are severe differences between rdtmcﬁh(Z) and RDTMCiw(Z)
in Figure 44. Then the steady-state PMF for rdtmc, (Z) is §'° = m(o,,ﬂ(l +p0),20(1 +p+ pz), 2(1 + p)),
whereas the steady-state PMF for RDTMCﬁ“(Z) is J'° = ﬁ(o,pz(l - 0),p2 —-p), 2+ p)1 —p)). From
tso. (L), the interleaving quotient SMC of the abstract generalized shared memory system smco, (L) can also be
extracted, depicted in Figure 51. There are serious differences between smci”(Z) and SMC:_A_(Z) in Figure 42. Then
the steady-state PMF for smcﬁh(Z) isd = m(o,,ﬂ(l +0),0,20(1 +p +p2), 0,2(1 + p)), whereas the steady-

state PMF for SMCﬁ“(Z) is @ = m(o,pz(l -0),0,02 = p),0,2 + p)(1 = p)). In Figure 52, the plots of
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Figure 48: The interleaving transition system of the generalized shared memory system.

(}'2, (25;, (}% as functions of p are depicted. One cane see substantial differences between plots in Figure 52 and those
in Figure 45. The differences indicate that when p tends to 1, the increase of performance (treated as the time fraction
when the memory is allocated to a processor and not required by another one) is much quicker in step semantics
(the function @) than in the interleaving semantics ((]3:1). Moreover, when p = 1, the memory is allocated and not
requested (§,) with probability 1 in the step case while all the three variants exist with positive probabilities in the
interleaving case: the memory is not allocated and not requested ( &é ) with probability % or the memory is allocated
and not requested ((]32) with probability % or the memory is allocated and requested ((]3’6) with probability % On the
other hand, the dependence of the steady-state PMF on p is more complex and interesting in step semantics than in
interleaving one, since the functions ¢, ¢, @ have local extremes and more inflections than ¢, &, (;5’6

Example 11.2. Let us take p = % and l = 1 in the interleaving transition systems and Markov chains from Example
11.1. Then we obtain the interleaving transition system ts(E), quotient transition system ts., (F) and reduced quotient

DTMC rdtmciu(F) of the concrete and abstract standard shared memory system, specified in Section 9 by the static
expressions E and F, respectively. In Table 14, the transient and the steady-state probabilities ¢°[k] (1 < i < 4) for the
interleaving reduced quotient DTMC of the abstract shared memory system at the time moments k € {0, 5, 10, ...,50}
and k = oo are presented, and in Figure 53, the alteration diagram (evolution in time) for the transient probabil-

ities is depicted. The steady-state PMF for rdtmcﬁu(F) is ¢'° = (O, %, %, %), whereas the steady-state PMF for

RDTMC,, (f) sy’ = (O, %, %, %) One can see that with k growing, A’lo[k] = ¢"°[k](Ks) stabilizes slower (es-
pecially for the small values of k) than y°[k] = y'°[k](Ks) from Table 12 and Figure 36, since rdtmcﬁh(F) has

no transition from K, to K, unlike RDTMCim(f). For instance, the absolute relative differences for k = 5 are

=9, 51| _ 10.5854-0.1379| _ 0.4475 vy w151 10.5882-0.1901| _ 0.3981
A ' = | S 5g51 = osssy ~ 0.7644 (about 76%) and R ' = | 05520 = osem ~ 0.6768 (about

68%, i.e. 8% less).

11.3. Application area

From the application viewpoint, one considers what kind of systems are more appropriate to be modeled and
analyzed within SPAs. MTIPP and PEPA are well-suited for the interleaving continuous time systems such that the
activity rates or the average sojourn time in the states are known in advance and exponential distribution approximates
well the activity delay distributions, whereas EMPA can be used to model the mentioned systems with the activity
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Figure 49: The interleaving quotient transition system of the abstract generalized shared memory system.
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Figure 50: The interleaving reduced quotient DTMC of the abstract generalized shared memory system.
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Table 14: Transient and steady-state probabilities for the interleaving reduced quotient DTMC of the abstract shared memory system

| kK JJo] 5 ] 10 | 15 ] 20 | 25 | 30 | 35 [ 40 | 45 | 50 | o

(°TK J 1]0.5129 ] 0.2631 [ 0.1349 [ 0.0692 | 0.0355 [ 0.0182 [ 0.0093 | 0.0048 [ 0.0025 [ 0.0013] 0

¢,°[k] || 0] 0.1499 [ 0.1155 | 0.0950 | 0.0844 | 0.0789 | 0.0761 | 0.0747 | 0.0739 | 0.0736 | 0.0734 | 0.0732
2Tk [ 010.1992 1 0.2722 [ 0.3061 | 0.3233 | 0.3322 [ 0.3367 | 0.3390 | 0.3402 | 0.3408 | 0.3411 | 0.3415
¢,°[k] [ 0] 0.1379 [ 0.3493 | 0.4640 | 0.5231 [ 0.5534 | 0.5690 | 0.5770 [ 0.5811 | 0.5832 | 0.5842 [ 0.5854
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Figure 53: Transient probabilities alteration diagram for the interleaving reduced quotient DTMC of the abstract shared memory system

delays of different duration order or the extended systems, in which purely probabilistic choices or urgent activities
must be implemented. GSPA and GSMPA fit well for modeling the continuous time systems with a capability to keep
the activity causality information, and with the known activity delay distributions, which cannot be approximated
accurately by exponential distribution, while Sz can additionally model mobility in such systems. TCP%' is a good
choice for interleaving discrete time systems with deterministic (fixed) and generalized stochastic delays, whereas
SACP is capable to model non-interleaving systems as well, but it offers not enough performance analysis methods.
dtsiPBC is consistent for the step discrete time systems such that the independent execution probabilities of activities
are known and geometrical distribution approximates well the state residence time distributions. In addition, dtsiPBC
can model these systems featuring very scattered activity delays or even more complex systems with instantaneous
probabilistic choice or urgency, hence, dtsiPBC can be taken as a non-interleaving discrete time counterpart of EMPA.

11.4. Advantages of our approach

The main advantages of dtsiPBC are the flexible multiaction labels, immediate multiactions, powerful operations,
as well as a step operational and a Petri net denotational semantics allowing for concurrent execution of activities
(transitions), together with an ability for analytical and parametric performance evaluation. The uniqueness of our
approach consists in applying a parallel semantics for the process expressions and preserving the concurrency level
in the extracted performance models (SMC, DTMC and RDTMC) through their state changes corresponding to the
simultaneous executions.

12. Conclusion

In this paper, we have proposed a discrete time stochastic extension dtsiPBC of a finite part of PBC enriched with
iteration and immediate multiactions. In the presented version of dtsiPBC, we have used positive reals as the weights
of immediate multiactions, with a goal to enhance its specification capabilities. The calculus has a concurrent step
operational semantics based on labeled probabilistic transition systems and a denotational semantics in terms of a
subclass of LDTSIPNs. A method of performance evaluation in the framework of the calculus has been presented that
explores the underlying stochastic process, which is a semi-Markov chain (SMC). In such an SMC, the sojourn time
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in every tangible state is geometrically distributed (with the special case of being infinity) while the sojourn time in
every vanishing state is zero. It has been proved that the corresponding discrete time Markov chain (DTMC) or its
reduction (RDTMC) by eliminating vanishing states may alternatively and suitably be studied for that purpose. We
have also established coincidence of the reduced SMC (RSMC) and RDTMC. We have demonstrated that for DTMCs
of the process expressions, an additional embedding (into RSMC) of the reduced embedded DTMC is needed to
coincide with the embedded reduced DTMC. Thus, reduction before embedding (constructing the RDTMC instead of
the RSMC) requires less computations.

Further, step stochastic bisimulation equivalence of process expressions has been defined and its interrelations with
other equivalences of the calculus have been investigated. We have explained how to reduce transition systems and
Markov chains (SMCs, DTMCs and RDTMCs) by building their quotients with respect to the introduced equivalence.
We have studied an effect of the quotienting to extraction, embedding and reduction, in terms of the transition prob-
ability matrices (TPMs) of the quotient DTMCs, EDTMCs and RDTMCs. We have demonstrated that for DTMCs
of the process expressions, the quotienting is permutable (commute) with both extraction and reduction, whereas an
additional embedding of the quotient embedded DTMC is needed to coincide with the embedded quotient DTMC.
Thus, making extraction before the quotienting permits to start reasoning from the Markov chain level. Applying
reduction before the quotienting simplifies quantitative analysis in case of many non-equivalent vanishing states. The
quotienting before embedding requires less computations. We have proved that the mentioned equivalence guarantees
identity of the stationary behaviour and the sojourn time properties, and thus preserves performance measures. A
case study of the shared memory system has been presented as an example of modeling, performance evaluation and
performance preserving reduction within the calculus. Finally, we have determined the advantages of dtsiPBC by
comparing it with other SPAs. In particular, by examining the interleaving transition system of the generalized shared
memory system, we have demonstrated that step semantics is preferable to the interleaving one for the specification
and analysis, as in our context, as within other discrete time SPAs.

The advantage of our framework is twofold. First, one can specify in it concurrent composition and synchroniza-
tion of (multi)actions, whereas this is not possible in classical Markov chains. Second, algebraic formulas represent
processes in a more compact way than Petri nets and allow one to apply syntactic transformations and comparisons.
Process algebras are compositional by definition and their operations naturally correspond to operators of program-
ming languages. Hence, it is much easier to construct a complex model in the algebraic setting than in PNs. The
complexity of PNs generated for practical models in the literature demonstrates that it is not straightforward to con-
struct such PNs directly from the system specifications. dtsiPBC is well suited for the discrete time applications,
whose discrete states change with a global time tick, such as business processes, neural and transportation networks,
computer and communication systems, timed web services [102], as well as for those, in which the distributed archi-
tecture or the concurrency level should be preserved while modeling and analysis (remember that, in step semantics,
we have additional transitions due to concurrent executions).

Future work will consist in constructing a congruence for dtsiPBC, i.e. the equivalence that withstands application
of all operations of the algebra. The first possible candidate is a stronger version of & _defined via transition systems
equipped with two extra transitions skip and redo, like those from [66]. We also plan to extend the calculus with
deterministically timed multiactions having a fixed time delay (including the zero one which is the case of immediate
multiactions) to enhance expressiveness of the calculus and to extend application area of the associated analysis tech-
niques. The resulting SPA will be a concurrent discrete time analogue of SM-PEPA [19], whose underlying stochastic
model is a semi-Markov chain. Moreover, recursion could be added to dtsiPBC to increase further specification power
of the algebra.
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Appendix A. Proofs

Appendix A.1. Proof of Theorem 4.2

At some points, the present proof for dtsiPBC goes along the lines from the respective proofs for PBC [17, 16]
and sPBC [66].

Let N = Boxgg(E). We define a mapping 8 : DR(E) — RS(N) so that 8([G]~) = Mg iff [G]~ € DR(E) and
(N, M) = Boxu,i(G). Then, like in PBC [17, 16], one can see that  is a bijection, since for each dynamic expression
G, its structural equivalence class [G]~ defines a single corresponding marking Mg in the dtsi-box Box;;(G) and vice
versa.

Clearly, [E]~ € DR(E) and Box(E) = Boxasw(E) = N = (N,°N) = (N, Mz). Hence, S([E]l<) = Mz. Thus, 8
binds the initial states of the transition system 7'S (E) and the corresponding reachability graph RG(N).

Let [G]~ € DR(E) and B(Gls) = Mg € RS (ﬁ). We now prove by induction on the structure of dynamic
expressions and corresponding dtsi-boxes that Exec([G]~) and Fire(Mg) are isomorphic. This means that for every
T € Exec([G]~) there exists U € Fire(Mg) such that U consists of the transitions corresponding to the activities from
T and vice versa: (a,k), € T & t, € U, where Ax(t,) = 0. Thus, the corresponding activities and transitions have
the same probabilities (in case of stochastic multiactions and transitions) or weights (in case of immediate multiactions
and transitions), as well as the same multiaction labels and numberings. We can write U = U(Y) and X' = YT(U), to
indicate such a correspondence.

Actually, each Y and the corresponding U are completely defined by the sets of their numberings Num(Y) =
{t | (a,k), € T} ={|1t, € U} = Num(U), since each activity and transition have a unique numbering. Moreover,
Exec([G]~) and Fire(Mg) are completely defined by the sets of their numberings Num(Exec([G]x)) = {Num(() | Y €
Exec([Gly)} = {(Num(U) | U € Fire(Mg)} = Num(Fire(Mg)).

o If final(G) then G ~ E, tang([G]:) and Exec([G]~) = Exec([E]~) = {0}. On the other hand, Boxy(G) =
Boxysi(E) = N = (N,N°) = (N, Mg) and Fire(Mg) = Fire(Mg) = {0} = Exec([G]~).

e If G = (a,p), and p € (0; 1) then tang([G]~) and Exec([G]~) = {0, {(a,p).}}. On the other hand, Box;(G) =
(Niap),» °1.), where An(t) = O(a,p), and Fire(M¢) = Fire(*t,) = {0, {#,}}, which is isomorphic to Exec([G]~).

e If G = (o, h?)L and [ € R, then vanish([G].) and Exec([G]~) = {{(«, h?)t}}. On the other hand, Box;;:i(G) =
(N(a’h?)ﬁ °t,), where Ay(t) = Oak?) and Fire(Mg) = Fire(*t,) = {{t,}}, which is isomorphic to Exec([G]~).

o If G = H; E, where H € OpRegDynExpr, E € RegS tatExpr, then

Exec([H].), —final(H);

Exec([H; E]x) = { Exec((Els)  final(H).

On the other hand, Box5i((G) = Boxyi(H; E) = (Boxgsi(LH]; E), My.E), and for

Boxusi(H) = (Boxusi(LH]), M), Boxasi(E) = Ng = (Ng,°Ng) = (Ng, M), we have

Fire(My), My # N7,

Fire(Mp.e) = { Fire(Mz), My = N3;

which is isomorphic to Exec([H; E]-).
o If G = E; H, where E € RegStatExpr, H € OpRegDynExpr, then

Exec([E; H].) = Exec([H]~).
On the other hand, Box5i((G) = Boxysi(E; H) = (Boxgsi(E; L H]), ME.pr), and for
Boxgsi(H) = (Boxasi(LH 1), Mu), we have
Fire(Mg.p) = Fire(Mpy);
which is isomorphic to Exec([E; H]x).
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o If G = H[]E, where H € OpRegDynExpr, E € RegStatExpr, then

Exec([H]~), =init(H)V
(init(H) A vanish([H]x) A tang([E]z));
Exec([H[IE]~) = { Exec([E]~), (init(H) A tang([H1~) A vanish([E]%));

Exec([H].) U Exec([E]z), (init(H) A tang([H]~) A tang([E]~))V
(init(H) A vanish([H]x) A vanish([E]z)).
On the other hand, Boxyi(G) = Boxusi(H[1E) = (Boxasi(LHI[1E), Mupe), and for

Boxusi(H) = (Boxarsi(LH ), My), Boxasi(E) = Ng = (Ng, °Ng) = (Ng, Mz), we have

Fire(Mpy), My # °NyV
(My = °Ny A vanish(My) A tang(Mz));
Fire(Mupg) = { Fire(Mg), (My = °Ny A tang(My) A vanish(Mg));

Fire(My) U Fire(Mz), (Mpy =°Ny Atang(Mpy) A tang(Mz))V
(My = °Ny A vanish(My) A vanish(Mz));
which is isomorphic to Exec([H[]E]~).
If G = E[]H, where E € RegStatExpr, H € OpRegDynExpr, then the constructions are similar.

o If G = H||Z, where H,Z € OpRegDynExpr, then

Exec([H]~), (vanish([H]x) A tang([Z]~));
Exec([Z]%), (tang([H]~) A vanish([Z]~));
Exec([H|IZ]x) = | Exec([H]~) U Exec([Z]-)U
(Exec([H]~) © Exec([Z]+)), (tang([H]~) A tang([Z]-))V
(vanish([H]x) A vanish([Z])),
where Exec([H]x) © Exec([Z].) = {T + ® | T € Exec([H]), ® € Exec([Z].)}.

On the other hand, Box4;5i(G) = Boxg;5i(H||Z) = (Boxusi(LH | Z), My z), and for Boxgsi(H) = (Boxasi(LH ), My),
Boxy5i(Z) = (Boxasi(LZ]), Mz), we have

Fire(Mpy), (vanish(My) A tang(Mz));

Fire(My), (tang(Mpy) A vanish(Mz));

Fire(My) U Fire(Mz)U

(Fire(My) © Fire(Mz)), (tang(My) A tang(Mz))V (vanish(Myg) A vanish(Mz)),

where Fire(My)® Fire(Mz) ={UUT | U € Fire(My), T € Fire(Mz)}; which is isomorphic to Exec([H||Z]x).

Fl.l’e(Myuz) =

o If G = H[f], where H € OpRegDynExpr, then

Exec([H[f]]~) = {f(T) | T € Exec([H]~)}.

On the other hand, Boxy;5i(G) = Boxsi(H[f1) = (Boxasi(LHI[f1), Muis)), and for
Boxasi(H) = (Boxasi(LH]), Mg), we have

Fire(Myip) = {f(U) | U € Fire(Mp)},
where f(U) = {t, € U | Ag(t)) = 00> Anis1(t) = O(f(a)0}; Which is isomorphic to Exec([H[ f]]~).
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o If G = Hrs a, where H € OpRegDynExpr, then

Exec([Hrsal.) ={T -, | T € Exec([H]~)},
where Y, = {(a, k), € T|(a€ a) V (a € @)}, a € Act.

On the other hand, Box;i(G) = Boxyi(H rs a) = (Boxgi(LH] rs a), My s 4), and for
Boxasi(H) = (Boxaisi(LH]), M), we have

Fire(Mpy s o) ={U\ Uy | U € Fire(Mp)},
where U, = {t, € U | Au(t,) = 0@, (a € @) V (a € a)}, a € Act; which is isomorphic to Exec([H rs a]~).
e If G = H sy a, where H € OpRegDynExpr, then

Exec([H].) U{T + {(@® B, 0 X))} |
T+ {(a,0),} +{(B.X).,} € Exec([H]:), a€ a, a€ B}, tang([H]:);

Exec([H]<) U{T + {(a @ B.1),,)0e) |
T+ {(a, h?)“} +{(B.B2),} € Exec([H].), a € a, a € B}, vanish([H].).

Exec([H sy al-.) =

On the other hand, Box4i(G) = Boxysi(H 8y a) = (Boxgsi(LH] Sy a), My sy 4), and for
Boxysi(H) = (Boxasi(LH]), My), we have

Fire(Mp) U{U U {1} | Ab sy a(ta)w) = Oweuppox»
U U {VLU th} € Fire(MH)’ AH(V“) = Q(Q,p)7 AH(le) = Q(ﬁ,X)’

aca, acpl, tang(Mpy);
Fire(Mp) U{U Ut} | Ar sy altenw) = Qee,pif,,)
UU{v,,w,} € Fire(My), Au(v,) = O(a ) Ar(Wy,) = 0@

Fire(My sy a) =

m

aca, acpl, vanish(My);

which is isomorphic to Exec([H Sy a]-).

o If G=[H=*E «F],where H € OpRegDynExpr, E, F € RegStatExpr, then

Exec([H]~), ~final(H);
Exec([E]~), (final(H) A vanish([E]<) A tang([F1%));
Exec([[H * E + F]l.) = Exec([F]~), (final(H) A tang([E)~) A vanish([F]%));

Exec([E]l~) U Exec([Flz), (final(H) A tang([El~) A tang([F]))V
(final(H) A vanish([E]<) A vanish([F]%)).

On the other hand, Boxd,si(G_) = Bﬂd!si([H * F % F]) = (Boxd,si(LHJ * E_* F)LW[H*E*F]% and for Boxd,si(H) =
(Boxyssi(LH]), My), Boxysi(E) = Ngp = (Ng,°Ng) = (Ng, Mg), Boxyi(F) = N = (Np,°Np) = (Np, M7), we
have

Fire(Mpy), My # Ny,
Fire(Mz), (Mg = N}, Avanish(Mg) A tang(MF));
Fire(Min«gr)) = Fire(Mz), (My = Ny, A tang(Myg) A vanish(M));

Fire(Mg) U Fire(Mg), (My = N}, Atang(Mg) A tang(My))V
(Mg = Ny, Avanish(Mg) A vanish(MF));

which is isomorphic to Exec([[H * E = F]].).
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o If G =[E + H*F], where E, F € RegStatExpr, H € OpRegDynExpr, then

Exec([H].), (—init(H) A = final(H))V
((init(H)Vfinal(H))/\vanish([H]x)/\tang([f]x));
Exec([[E « H % F1].)= Exec([F]z), ((init(H)Vfinal(H))/\tang([H]z)/\vanish([?]z));

Exec([H]%) UExec([f]:), ((nit(H)V final(H)) Ntang([H]~) A tang([f]:))v
((Gnit(H)V final(H)) Avanish([H]<) A vanish([f]x)).

On the other hand, Boxd,S;(G_) = Bﬂcdm([E * H * F1) = (Boxqsi(E * |H| * F), M{g.H+r)), and for Boxgi(H) =
(Boxasi(LH]), Mu), Boxasi(F) = Np = (NF,°Nr) = (Nr, M), we have

Fire(Mpy), (My # °Ny A My # N)v
((My = °Ng vV Mg = Ny;)) A vanish(My) A tang(MF));
Fire(M[E*H*p] )= Fire(Mf), ((Myg =°Nyg VvV My = NI?I) A tang(MH) A vanish(Mf));

Fire(My)UFire(Mz), (Mg =°NypVMy = N}) Atang(My) A tang(My))V
((My = °NgV My = Np) Avanish(Mg) Avanish(MF));

which is isomorphic to Exec([[E * H = F]]:).

o If G=[Ex*F«H], where E,F € RegStatExpr, H € OpRegDynExpr, then

Exec([F1~), (vanish([F1<) A init(H) A tang([H]~));
Exec([H]-), —init(H)V
Exec([[E « F =« H]].) = (tang([F]z) A init(H) A vanish([H]%));

Exec([f]:) U Exec([H]~), (tang([f]:) A init(H) A tang([H]%))V
(vanish([f]:) A init(H) A vanish([H]x)).

% the other hand, Boxd,si(G) = Boxd,si([E * F o« H]) = (Boxdm(E * F % LHJ), M[E*F*H]): and for Boxd,si(f) =
Nr = (Nfr,°Nr) = (N, M7), Boxi(H) = (Boxysi(LH]), My), we have

Fire(Mz), (vanish(Mz) AN My = °Ny A tang(Mpy));
Fire(My), My # °NyV
Fire(Mig«r«m) = (tang(Mz) A My = °Ng A vanish(Mpy));

Fire(Mz) U Fire(Mpy), (tang(M7) A My = °Ny A tang(Mp))V
(vanish(Mz) AN My = °Ny A vanish(My));

which is isomorphic to Exec([[E * F * H]]~).

Thus, we have proved that Exec([G]~) anli Fire(Mg) are isomorphic. It remains to check the homomorphism
property, stating that for all [G]~, [G]~ € DR(E) and for all corresponding V' € Exec([G]~), U € Fire(Mg) it holds

[Gl- 5p [Gl. & Mg = B(G]-) =p BIG) = M.

Note that the probability functions PF(Y, [G]~) and PT(Y,[G]~) depend only on the structure of Exec([G]~),
as well as on the probabilities of stochastic multiactions and weights of immediate multiactions from its elements.
Analogously, PF(U, M) and PT (U, M) depend only on the structure of Fire(Mg), as well as the probabilities of
stochastic transitions and weights of immediate transitions from its elements. Further, PF (Y, [G]~) and PT (Y, [G]~)
are respectively defined in the same way (using the same formulas and cases) as PF(U, M) and PT (U, M), for each
pair of the corresponding (multi)set of activities I’ and transition set U. Obviously, the isomorphism of Exec([G]~)
and Fire(Mg) guarantees coincidence of their structure as well as the mentioned probabilities and weights. Hence, if
U corresponds to Y then PF(Y,[G].) = PF(U, Mg) and PT(Y, [G].) = PT(U, Mg).
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We also have L(T) = L(U), where LIU) = Xjcuias=on.) @ 1 the multiaction part of a set of transitions

U C Ty. Thus, each transition [G]. I)p §inTS (E) has a corresponding one Mg E)p M in RG(N) with £L(7) = L(U)
and vice versa. Observe that the structure of the plain and operator dtsi-boxes in dtsiPBC is similar to that of the
plain and operator boxes in PBC. Hence, like in PBC [17, 16], we can prove that § = [G]. and M = Mg with

(N,Mz) = Boxd,si(g) for the dynamic expression G such that G L G. Therefore, by construction of 5, we get
B(Gl~) = Mg. O

Appendix A.2. Proof of Theorem 5.2

Let P, be the reordered (by moving vanishing states to the first positions) TPM for DTMC(G). Like in Section 5,
we reorder the states from DR(G) so that the first rows and columns of P, will correspond to the states from DRy (G)
and the last ones will correspond to the states from DR7(G). Let |DR(G)| = n and |DR7(G)| = m. Then the reordered
TPM for DTMC(G) can be decomposed as
C D
b 0)

The elements of the (n — m) X (n — m) submatrix C are the probabilities to move from vanishing to vanishing states,
and those of the (n —m) X m submatrix D are the probabilities to move from vanishing to tangible states. The elements
of the m X (n — m) submatrix E are the probabilities to move from tangible to vanishing states, and those of the m X m
submatrix F are the probabilities to move from tangible to tangible states.

The TPM P° for RDTMC(G) is the m X m matrix, calculated as

P° =F + EGD,

where the elements of the matrix G = ;2 C* are the probabilities to move from vanishing to vanishing states in
any number of state changes, without traversal of tangible states, in DTMC(G). We define the matrix H = EGD. For
s, 8§ € DR7(G), let PMp(s, §) and PMy(s, §) be the probabilities to change from s to § for the submatrix F and matrix
H, respectively.

In a similar way, the reordered TPM for EDTMC(G) can be decomposed as

. _[C D

r-(S2)

The elements of the submatrices of P} are described like those of the submatrices of P,.
The TPM (P*)° for REDTMC(G) is the m X m matrix, calculated as

(P*)O — F* + E*G,D*,
where the elements of the matrix G’ = Y5 (C*)* are the probabilities to move from vanishing to vanishing states in
any number of state changes, without traversal of tangible states, in EDTMC(G). We define the matrix H' = E*G’D".
For s, § € DRr(G), let PMy (s, §) be the probability to change from s to § for the matrix H'.

From the proof of Theorem 5.1, we have P; = Diag(SL,)(P, — I) + I, where S L, is the reordered (by moving
vanishing states to the first positions) self-loops abstraction vector of G in DTMC(G). Let S L¢ and S Lr be the self-
loops abstraction subvectors of G for the submatrices C and F, respectively, i.e. the “head” of length n — m and the
“tail” of length m, taken from the vector S L,, with the following elements: Vs € DRy(G) SLc(s) = SL,(s) and
Vs € DRy(G) S Lr(s) = SL,(s). Then we have

pe _ [ Diag(SLo) 0 C-1I D | (I 0)_
r= 0 Diag(S Lr) E F-I 0 1)
Diag(SLe)(C -1 +1 Diag(SLc)D
Diag(SLr)E Diag(SLp)F-T)+1 |

Hence, C* = Diag(S Lc)(C — 1) + I, D* = Diag(S Le)D, E* = Diag(S Lp)E, F* = Diag(SLy)(F - T) + L.
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Then (P*)° = F* + E*G’D* = Diag(S Lr)(F — 1) + I + Diag(S Lr)EG’ Diag(S Lc)D = Diag(S Lr)((F +
EG’Diag(S Lc)D)—-I)+1. Let us explore the matrix G’ Diag(S L¢). The matrix G’ can have two different forms, depen-
ding on whether the loops among vanishing states exist in EDTMC(G), hence, we consider the two following cases.

1. There exist no loops among vanishing states in EDTMC(G). We have 3] € N Vk > [ (C*)* = 0 and G’ =
Tieo(C-.

Then there are no loops among different vanishing states in DTMC(G) (but self-loops may exist in vanishing
states), since no loop among different states is removed and all self-loops (in the non-absorbing states) are
removed in EDTMC(G), with respect to DTMC(G).

Let there are no self-loops in vanishing states in DTMC(G). In such a case, Vs € DTy(G) SLc(s) = SL(s) = 1
and Diag(S L¢) = I. We have C* = Diag(SLc)(C-D+I =L C-D)+I=CandG’ = ¥}_,(C) =3 ,CF =G.
Thus, G’ Diag(S L¢) = GI = G.

Let there are self-loops in vanishing states in DTMC(G). In such a case, G = (I— C)~'. Note that C # I # C*,
since there exist no absorbing vanishing states in DTMC(G). It is easy to prove by induction on [ € N that
GId-C) = (ZQZO(C*)") I-C* =I-(CH*!. Since (C)*' = 0, we get G'A-C) =1-0 = L
In a similar way, we show that (I — C*)G’ = I. We have lim;_,.,(C*)* = 0. Hence, G’ = (I - C*)"! =
(I - Diag(SLc)(C = I) = I)7! = (Diag(SLe)A - €)' = A - C) 'Diag(SLe)™' = GDiag(SLe)™"'. Thus,
G’Diag(S Lc) = GDiag(S Lc)™' Diag(S Le) = G.

2. There exist loops among vanishing states in EDTMC(G). We have lim;_,o,(C*)* =0and G’ = I - C*)~\.
Then there are loops among vanishing states in DTMC(G), since no loop among states is removed and self-loops
are possibly added in DTMC(G), with respect to EDTMC(G). Hence, lim;_,o,(C)* =0and G = (I - C)~".

We have G’ = I - C*)™! = (I - Diag(SLc)(C —1) —=D)7! = (Diag(SLe)A - C))~! =
(I- C)'Diag(SLc)™' = GDiag(S Lc)™'. Thus, G’ Diag(S Lc) = GDiag(S Le) ™' Diag(SLe) = G.

In the both cases above, we get G’ Diag(S L¢) = G. Hence, (P*)° = Diag(S Lg)((F + EG’Diag(SLc)D) - D +1 =
Diag(SLg)(F + EGD) —I) + I = Diag(SLg)(P° - 1) + L

Let s, § € DR7(G). The EDTMC for RDTMC(G) is denoted by ERDTMC(G) and has the probabilities (PM°)*(s, )
to change from s to §. The RDTMC for EDTMC(G) is denoted by REDTMC(G) and has the probabilities (PM*)°(s, §)
to change from s to §. The EDTMC for REDTMC(G) is denoted by EREDTMC(G) and has the probabilities
((PM™)®)*(s, §) to change from s to §.

Further, let SLy and S Ly be the self-loops abstraction vectors of G for the matrices H and H’, respectively.
We have (P*)° = F* + H' = F* + Diag(S Lr)EGD = F* + Diag(S Lr)H. Hence, H' = Diag(SLF)H and Vs, 5 €
DR7(G) PMy:(s,5) = SLr(s)PMg(s, 5). Since there are no self-loops in F*, we conclude that (S L*)® = S Ly is the
self-loops abstraction vector of G in REDTMC(G).

o Let PMp(s, s)+PMpy(s,s) = PM°(s,s) < 1 and PMEg(s, s), PMy(s, s) > 0,1.e. sis non-absorbingin RDTMC(G)
and there exist self-loops associated with s in DTMC(G) and extra self-loops (in addition to those inherited from

DTMC(G)) in RDTMC(G).
5 . PMQ(Yiv)v
In ERDTMC(G), we have (PM°)'(s,5) = SL*()PM°(5,9) = 110y = TPimam miines = s
1-PM(s,5)
%. Then the self-loops abstraction factor in s in RDTMC(G) is SL°(s) = — Sk

1-SLp(s)PMpy(s,s)
S Lr(s)S Ly (s), where S Ly (s) = m is the self-loops abstraction factor in s in REDTMC(G). Thus,

(PM?®)*(s,5) = SLp(s)S Ly (s)PM° (s, ).

In EREDTMC(G), we have ((PM*)°)*(s, 5) = (SL*)°(s)(PM*)°(s, §) = S Ly (s)(PM*)°(s, §) =

S Ly (s)SLp(s)PM°(s, §) = (PM°®) (s, 5).

The other three cases (no self-loops associated with s in DTMC(G), no extra self-loops associated with s

in RDTMC(G), or no any self-loops associated with s in RDTMC(G)) are treated analogously, by replacing
PMp(s, s) or/and PMy(s, s) with zeros.

o Let PMp(s,s) + PMy(s,s) = PM°(s,s) = 1 and PMg(s, s), PMy(s,s) > 0, i.e. s is absorbing in RDTMC(G)
and there exist self-loops associated with s in DTMC(G) and extra self-loops (in addition to those inherited
from DTMC(G)) in RDTMC(G).
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In ERDTMC(G), we have (PM°)*(s, s) = 1 by definition of the EDTMC, since PM°(s, s) = 1.

In REDTMC(G), the probability of a self-loop associated with s is (PM*)°(s, s) = PMy (s, s) =

_ PMy(s,s) _ 1-PMg(s,s) _
SLp(s)PMp(s, s) = I—PAZF(S,S) = l—PMZ(s,s) =1

In EREDTMC(G), we have (PM*)°)*(s, s) = 1 = (PM°)*(s, s) by definition of the EDTMC, since
(PM*)°(s, s) = 1.

The other three cases (no self-loops associated with s in DTMC(G), no extra self-loops associated with s
in RDTMC(G), or no any self-loops associated with s in RDTMC(G)) are treated analogously, by replacing
PMpg(s, s) or/and PMy(s, s) with zeros.

Thus, (P*)°)* = (P°)* and EREDTMC(G) = ERDTMC(G). O

Appendix A.3. Proof of Proposition 6.2

Like it has been done for strong equivalence in Proposition 8.2.1 from [52], we shall prove the following fact about
step stochastic bisimulation. Let us have Vj € J, R; : G G’ for some index set . Then the transitive closure of
the union of all relations R = (UjegR;)* is also an equivalence and R : G G'.

Since ¥Yj € J, R; is an equivalence, by definition of R, we get that R is also an equivalence.

Let j € 7, then, by definition of R, (s1, 52) € R; implies (s1, 52) € R. Hence, VHj € (DR(G)UDR(G"))/x;, dAH €
(DR(G) U DR(G"))/, (]—{jk C H. Moreover, 17, H = Ukej’(]—{jk-

We denote R(n) = (UjegR;)". Let (s1, 52) € R, then, by definition of R, In > 0, (s1, 52) € R(n). We shall prove
that R : G G’ by induction on 7.

It is clear that Vj € J, R; : G, G implies Vj € I, ([Gls,[G']x) € R; and we have ([G]+,[G']x) € R by
definition of R.

It remains to prove that (sy, s2) € R implies VH € (DR(G) U DR(G"))/#, YA € me, PM(s1,H) = PMy(s2, H).

e n=1
In this case, (s1,52) € R implies 3j € J, (s1,52) € R;. Since R; : G, G, we get VH € (DR(G) U
DR(G"))/x, YA € N7, ,

PM(s1,H) = ) PMaCsi, Hi) = > PMa(so, Hi) = PMa(s2, H).
keg’ keg’

en—n+l
Suppose that Ym < n, (s1,s2) € R(m) implies VH € (DR(G) U DR(G"))/x, YA € N}*gn,
PMA(Sz,ﬂ).

Then (51, 52) € R(n+1)implies 3j € I, (s1,52) € RjoR(n),i.e. As3 € (DR(G)UDR(G’)), such that (sy, 53) € R;
and (s3, 52) € R(n).

Then, like for the case n = 1, we get PMa(s;, H) = PMu(s3,H). By the induction hypothesis, we get
PMy(s3,H) = PMs(s2,H). Thus, VH € (DR(G) U DR(G"))/», YA € N~

fin®

PMa(s1, H) =

PMA(S1,(]"() = PMA(S3,(]"() = PMA(SQ,(]"{).
By definition, R,,(G,G’) is at least as large as the largest step stochastic bisimulation between G and G’. It fol-

lows from the proved above that R,(G, G’) is an equivalence and R(G,G’) : G G, hence, it is the largest step
stochastic bisimulation between G and G’. [l
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Appendix A.4. Proof of Proposition 7.2

Let K, K e DR(G)/r,c) and s € K. The EDTMC for the quotient of EDTMC(G) is denoted by EDTMC’(G) and
has the probabilities PM’ (K, K) to change from K to K.

o Let PM(s,s) + PM(s, K \ {s}) = PM(s,K) < 1 and PM(s, s), PM(s, K \ {s}) > 0, i.e. s, K are non-absorbing
and there exist self-loops associated with s in DTMC(G) and ‘K in the quotient of EDTMC(G).

T T _ _PMKK) _ PM(sK) PM(s.K) _

In EDNTMCﬁ”(G), we have PM* (K, K) =SLo (FKOPM(K,K)= T=PMKIO — ToPMs90 — T-PM () —PMGIOGD —
PM(s.K) —

1—PM(s.5) _ SL(s)PM(s,K) _ SL(s) _ _

[CPMGKGD  — ToSL(s)PM(s, K\(s)) " Then SLiﬁ (7() = TSLOPMGERKLD SL(S)SL,(S, 7(), where SL'(S, 7() =

1-PM(s,s)
m is the self-loops abstraction factor in the equivalence class K with respect to the state s € K

for the quotient of EDTMC(G).
LPMY(s%) N ZSLOPM(ss) _ SL(S) Y.z PM(s.3)

4 I — ZEE‘K —_
In EDTMC'(G), we have PM' (K, K) = oSy i P 5) - T=Syegogy SLOPM(s.) — 1=5L(5) Sy e PMGss)
SLOPMGT) _ _ prre (g ).

1-SL(s)PM(s,K\{s})
The other three cases (no self-loops associated with s in DTMC(G), with K in the quotient of EDTMC(G), or
with both) are treated analogously, by replacing PM(s, s) or/and PM(s, K \ {s}) with zeros.

o Let PM(s,s) + PM(s,K \ {s}) = PM(s,K) = 1 and PM(s, s), PM(s,K \ {s}) > 0, i.e. K is absorbing in
DTMC _(G) and there exist self-loops associated with s in DTMC(G) and K in the quotient of EDTMC(G).
In EDTMC, (G), we have PM* (K, K) = 1 by definition of the EDTMC, since PM(K, K) = PM(s,K) = 1.
In the quotient of EDTMC(G), the probability of a self-loop associated with K is 3 vege\) PM*(s,5") =
Svercvs) SLSPM(s, ') = SL(s) Yy egeyis) PM(s, s") = SL(s)PM(s, K \ {s}) = SL(s)(1 = PM(s, 5)) = {jﬁ%g:g =
1. In EDTMC'(G), we have PM’ (K, K) = 1 = PM* (K, K) by definition of the EDTMC, since in the quotient
of EDTMC(G), the probability of a self-loop associated with K is 1.

The other two cases (no self-loops associated with s in DTMC(G) or with K in the quotient of EDTMC(G)) are
treated analogously, by replacing PM(s, s) with zero or taking K = {s} when PM(s, K \ {s}) = 0.

Thus, (P*);, =P!, and EDTMC'(G) = EDTMC., (G). O

Appendix A.5. Proof of Proposition 7.3

Let P, be the reordered (by moving vanishing states to the first positions) TPM for DTMC(G). Like in Section 5,
we reorder the states from DR(G) so that the first rows and columns of P, will correspond to the states from DRy (G)
and the last ones will correspond to the states from DR7(G). Let |DR(G)| = n and |DR7(G)| = m. Then the reordered
TPM for DTMC(G) can be decomposed as
C D
n-(C2)

The elements of the (n — m) X (n — m) submatrix C are the probabilities to move from vanishing to vanishing states,
and those of the (n —m) X m submatrix D are the probabilities to move from vanishing to tangible states. The elements
of the m X (n — m) submatrix E are the probabilities to move from tangible to vanishing states, and those of the m X m
submatrix F are the probabilities to move from tangible to tangible states.

The TPM P° for RDTMC(G) is the m X m matrix, calculated as

P° =F + EGD,

where the elements of the matrix G = 3}, C* are the probabilities to move from vanishing to vanishing states in any
number of state changes, without traversal of tangible states.

By the note after Proposition 6.1, Rs(G) C (DR7(G))> & (DRy(G))?. Hence, YK € DR(G)/g,, ), all states from
K are tangible, when K € DR7(G)/r, ), or all of them are vanishing, when K € DRy(G)/«.
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Let V, be the reordered (by moving vanishing states and their equivalence classes to the first positions) collector
matrix for RSS(F) and W, be the (accordingly) reordered distributor matrix for V,. We reorder the states from DR(G)
and the equivalence classes from DR(G)/,,) as follows. The first rows of V, will correspond to the states from
DRy(G) and the first columns of V, will correspond to the equivalence classes from DRy (G)/r, (), Whereas the last
rows of V,. will correspond to the states from DR7(G) and the last columns of V, will correspond to the equivalence
classes from DR7(G)/ ). The first rows of W, will correspond to the equivalence classes from DRy(G)/x () and
the first columns of W, will correspond to the states from DRy (G), whereas the last rows of W, will correspond to
the equivalence classes from DRy (G)/g,,c) and the last columns of W, will correspond to the states from DR7(G).

Let |IDR(G)/x, )=l and |DRr(G)/x,(c)|=k. Note that tangible (vanishing) states can only belong to the equivalen-
ce classes of tangible (vanishing) states. Then the reordered collector and distributor matrices can be decomposed as

(Ve 0 [ We 0
A R (|

where 0 are the matrices consisting only of zeros, all those matrices of the appropriate sizes. The elements of the
(n—m)x(I-k) submatrix V¢ are the probabilities to move from vanishing states to the equivalence classes of vanishing
states, and those of the m X k submatrix Vy are the probabilities to move from tangible states to the equivalence classes
of tangible states. The elements of the (/—k)x (n—m) submatrix W are the probabilities to move from the equivalence
classes of vanishing states to vanishing states, and those of the k X m submatrix W are the probabilities to move from
the equivalence classes of tangible states to tangible states.

We have

[ WevVe 00 )
WFVI' - 0 WFVF ) - 17

hence, WeVe =Tand Wr Ve = L

Since tangible and vanishing states always belong to the equivalence classes of the same kind, the quotienting (by
© ) and reordering (by moving vanishing states and their equivalence classes to the first positions) are permutable.
The quotiented reordered TPM may only differ from the reordered quotiented TPM up to the order of the equivalence
classes of tangible states and the order of the equivalence classes of vanishing states. To avoid such a difference, we
rearrange the equivalence classes of the same kind in increasing order of the smallest indices of the states from them
while keeping the equivalence classes of vanishing states at the first positions.

Then P, V, = V,P,iﬁ and Przu = W,P,V,. We have

pv (€ D) Ve 0 )_(CVe DV,
YTV E FJl o v T EVe FV, )

VP (Ve 0 Co. Do \_( VcCs VDo
=T 0 VF EH FH - VFEiw VFFiss ’

HCHCC, CVC = VCC:_J, DVF = VCDEM’ EVC = VFEi“, FVF = VFFi“»
Let us show that GV¢ = VcGo_. Since G = 37, CF, it is sufficient to prove (£}, C) Ve = Ve X C, by
induction on / € N and then take a limit [ — oo. h

[ ) l = 0
We have (3f_, C) Ve = €OV =1Ve = Ve = Vel = V€, = Ve 3f, CF,

o[> [+1
Suppose that (25{:0 Ck) Ve=VeXi, Ckzu‘ Then ( Al Ck) Ve = (I +CYh Ck) Ve =Vc+CVe Xi, Ckﬁﬁz
Ve+VeCo, Y€, = Ve (I+Co S, €L )= Ve B, CF,

Next, P°Vy = (F + EGD)V; = FV; + EGDV; = Vi.F, +EGV(D, =V;F, +EVcG, D, =V:F, +
VrEo Go Do = Ve(Fo +Eo Go Do ) = VPl . After left-multiplying by Wy the resulting equality
P°Vi = ViPg, , we finally get B
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P =WrP°Vp = P;

Appendix A.6. Proof of Proposition 8.1

By Proposition 6.1, (DR(G) U DR(G"))/x = (DR7(G) U DR1(G"))/%) & ((DRv(G) U DRy(G"))/). Hence, VH €
(DR(G) VU DR(G"))/, all states from H are tangible, when H € (DR7(G) U DR7(G’))/, or all of them are vanishing,
when H € (DRy(G) U DRy(G"))/x.

By definition of the steady-state PMFs for SMCs, Vs € DRy(G), ¢(s) = 0 and Vs’ € DRy(G’), ¢’(s’) = 0. Thus,
VH € (DRy(G)UDRy(G)/®, X sertnprc) 9(5) = Xsertnpryc) P(8) = 0= X vernpryc) ¢ (8") = Xyertnpra) ¢’ ().

By Proposition 5.2, Vs € DR1(G), ¢(s) = —2_ and Vs’ € DR1(G"), ¢'(s') = —2)___ where ¢ and ¢/

ZsepryG) Y (3) K S eory@) W)’
are the steady-state PMFs for DTMC(G) and DTMC(G’), respectively. Thus, YH, H € (DR7(G) U DR(G"))/x,

_ _ W(s) _ ZsernDRp @ W) DsertnpryG) Y(5)
LseHODR(G) P8) = Lsernprr(G) $(5) = ZseﬂﬂDRﬂG)(kaﬂs)wf)) BTG R vy —

reoy b W'(s") _ Zyveroprp@H V') Eyertnprpch ¥ (s")
Zyernpr@) ¥’ (8") = Lyernprrc) ¥'(8) = Xyernprrc) (Es/smr(a/)w’(f’)) i e I Rl = mm——

It remains to prove that YH € (DR7(G) U DR7(G"))/r, Xsettnpry(G) ¥(S) = Xyerinprych ¥’ (s"). Since (DR(G) U
DR(G")/r = (DRr(G) U DR7(G"))/%) W ((DRy(G) U DRy(G"))/®), the previous equality is a consequence of the
following: YH € (DR(G) U DR(G"))/®, Xsertnnrc) ¥(8) = Zyernprch ¥’ ().

Standard proof continuation.

It is sufficient to prove the previous statement for transient PMFs only, since ¢ = limg_,., [k] and ¢’ = lim_, ¥'[k].
We proceed by induction on k.

e k=0

The only non-zero values of the initial PMFs of DTMC(G) and DTMC(G’) are ¢[0]([G]~) and ¥[0]([G']~).
Let Hj be the equivalence class containing [G]. and [G’]~. Then ZSE,HOﬁDR(G) w[0](s) = ¥[0]([Glx) =1 =
Y I0I(G]s) = Xyeronpra) ¥ [01(s).

As for other equivalence classes, YH € ((DR(G) U DR(G"))/®) \ Ho, we have 3 cqinpr(c) ¥[0](s) = 0 =

2sertnor@) W' [01(s").
o k—k+1
Let H € (DR(G)UDR(G"))/x and s1, 5> € H. We have YH € (DR(G)UDR(G'))/x, YA € NE ., s Lo H o
A —_— —_—
s2 —p H. Therefore, PM(s;, H) = zmajle g1, 5,55y FTCL81) = Zaent B et 5551, zoryeny L1 T 81 =

ZAENﬁ, PMaCs1, H) = ZAENﬁ, PMaCs2, H) = ZAENﬁ, Zmaszeﬂ, 53552, L(1)=A)

’ PT(Y, s2) = PM(s3, (}7 ). Since we have the previous equality for all 51, s, € H, we can denote

PT(Y,s,) =

{TBng(i‘?’,‘Sglfg _ _
PM(H,H) = PM(s;,H) = PM(s2,H). Note that transitions from the states of DR(G) always lead to those
from the same set, hence, Vs € DR(G), PM(s,H) = PM(s,H N DR(G)). The same is true for DR(G").

By induction hypothesis, 3’ cxnpric) YIKI(8) = X v erinprc) ¥'k1(s"). Further,
ZSEﬂmDR(G) Ylk + 11(5) = ZSE‘I?(\DR(G) 2seprG) YIKI($)PM(s, 5) = Y seprc) ZSEﬂmDR(G) Ylkl(s)PM(s, 5) =
2isepr@G) YIKI(S) X seiinpricy PM (8, 3) = Xt Zisertnpr) YIKIS) Zsciinprig) PM(s, 5) =

291 2sernprG) YIKIS) 2icqinpric) stla PT(Y, 5) = X 2sertnnr) YIKI(s) 2 ] PT(Y,s) =

{(T|F5€HNDRG), s-55

2H ZseWnDRg) YLKI(HPM (s, H) = Yy erWnDR(GLlP[k](S)PM((H»(H) =

2t PM(H, H) Eserinnr) Y1KI($) = Ege PMH, H) Eyeqinpra) ¥ IKI(S) =

Y Lernore) Y KIS )YPMH, H) = Yo Ygervnpre) V' KIS )PM(s', H) =

2H Lyernprcn ¥ IKI(s") Z{TBE’e(ﬁﬁDR(G’), o35 PT(Y,s") =

it sertnprc) W IKIS) X cfinpricn Zmﬂﬁ’, v 55 PT(T,s") =

2t yertnpr@c) W' IKIS") 2 cqinpriy PM(S'.8) = Xvepran) W' K1) g cqinpricry PM(s',§') =
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25eDRG) Ly eqinpr@ ¥ KIS IPM(S',3') = 2o ciinprie) 2y epran W' [KI(s)PM(s', §7) =
ZS"E‘I?mDR(G/) 'k + 1](5). .

Alternative proof continuation.
Thus, we should now prove that YH € (DR(G) U DR(G"))/®, Xjis.erinprG) Vi = ZUHFWQDR(G/)] 1//;..
The steady-state PMF ¢ = (4, ..., ¢,) for DTMC(G) is a solution of the linear equation system

yP =y
y1T =1
Then, for all i (1 < i < n), we have
{ Y P = i
23:1 gi=1
By definition of $;; (1 < i, j < n) we have

{ 2o PM(sjy sy = i
Z;:l gj=1

Let H € (DR(G) U DR(G"))/% and sy, s5 € H. We have VH € (DR(G) U DR(G"))/#, YA € Nﬁn, S1 ip H o
A —_— —_—
s —p H. Therefore, PM(sy, H) = Z:‘I’@gueﬁ LT PT(Y,s) = ZAeN#” Zmaf.e'ﬁ 055, 200y PT(Y,s) =

PT(Y, 52) =

ZAeme PMA(SI’ '7-{) = ZAeNﬁn PMA(SZ’ '7-{) = ZAeme Z PT(T’ S2) = Z

(TASEH 5155, L(T)=A) (YE5:6H 51-552)

PM(sz,7~{). Since we have the previous equality for all s1,s, € H, we can denote PM((H,(ﬁ) = PM(sl,(ﬁ) =
PM(s,, H ). Note that transitions from the states of DR(G) always lead to those from the same set, hence,
Vs € DR(G), PM(s,H) = PM(s,H N DR(G)). The same is true for DR(G).

Let H € (DR(G) U DR(G"))/%. We sum the left and right sides of the first equation from the system above for all
i such that s; € H N DR(G). The resulting equation is

En] PM(sj s)wj= > Wi

{ils;€HNDR(G)) j=1 {ilsieHNDR(G)}
Let us denote the aggregate steady-state PMF for DTMC(G) by Ynprc) = Ziiserinpr) Wi- Then, for the left-
hand side of the equation above, we get
ZlilsieHDRG)) 2 =1 PM(sj, s = X W Zis.ernprcy PM(sj, si) = Xy PM(sj, H)y =
Z(ﬁe(DR(G)UDR(G’))/R Z: jlsjil?ﬁDR(G)} PM(s;, H); = Z'ﬁe(DR(G)UDR(G’))/R Z{ j\s/eﬂmDR(G)} PM(H, H)y; =
Z(ﬁe(DR(G)UDR(G’))/R PM(H,H) Z{ Jls;€HNDR(G)) Y= Z(ﬁe(DR(G)UDR(G’))/R PM(H, 7{)‘qumDR(G)'
For the left-hand side of the second equation from the system above, we have

n frd — — .= —~ ~
21 ¥ = ZAHeDRGUDRG )/ le\sje‘?-(ﬂDR(G)} ¥i = LfierGDRG )/x YFADRG)
Thus, the aggregate linear equation system for DTMC(G) is

{ Zﬁe(DR(G)UDR(G’))/R PM(H, W)w‘ﬁﬂDR(G) = YHNDR(G)
1

Z(ﬁe(DR(G)UDR(G’))/R w’i—?ﬁDR(G) =
Let us denote the aggregate steady-state PMFs for DTMC(G’) by %mDR(G,) = Xijwernpr@ Vi Then, in a
; .
similar way, the aggregate linear equation system for DTMC(G’) is

—~ 77 ’ —_ 7
{ Z'HE(DR(G)UDR(G’))/w PM(H, ﬂmﬁmm(@) - w’HﬂDR(G’)

— ’
Z'HE(DR(G)UDR(G’ N/r l/,‘f(ﬁDR(G’)

Let (DR(G) U DR(G"))/® = {Hi, ..., H;}. Then the aggregate steady-state PMFs 4,~pr() and WHWDR(G,) (1<
k < 1) satisfy the same aggregate system of / + 1 linear equations with / independent equations and / unknowns. The
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aggregate linear equation system has a unique solution, when a single aggregate steady-state PMF exists. This is
the case here, since in Section 5 we have demonstrated that DTMC(G) has a single steady state iff SMC(G) has, and
aggregation preserves this property [26]. Hence, Y¢nprG) = zp;{m DRG) (1<k<). O

Appendix A.7. Proof of Theorem 8.1
Let H € (DR(G) U DR(G’))/% and s, 5§ € H. We have VH e (DR(G) U DR(G"))/#, YA € N~

A —_—
i S TP H o
A~ A~
5 —p 7{; The previouﬁ equality is \glid for all s,5 € H, hence, we can rewrite it as H —p H and denote
PMy(H, H) = PMy(s,H) = PMs(5,H). yote that trangtions from the states of DR(G) always lead to those from

the same set, hence, Vs € DR(G), PMs(s, H) = PM4(s,H N DR(G)). The same is true for DR(G").
LetX = A;---A, be a derived step trace of G and G’. Then AH,...,H, € (DR(G) U DR(G"))/r, Hy ﬂpl

H, gpz e ﬂ)pﬂ H,,. We now intend to prove that the sum of probabilities of all the paths starting in every sy € Ho
and going through the states from Hj, ..., H, is equal to the product of Py, ..., P,:

> ]_[ PT(;,s5i1) = ]_[ PMy,(Hi-1, H).
i=1

L Ty . i=1
{1 Tylso— =50, LIT))=A;, sieH; (1<i<n)}

‘We prove this equality by induction on the derived step trace length n.

.n:l

PT(Yy, = PM CJH) = PMy, (Ho, Hyp).
(s £y €3] (1, s0) A, (S0, H1) A, (Ho, H1)

e n—on+l

n+l
T n T i= PT T SA_] =
(L1 L Vit I50 35y 3 st LOTD=Ay, sieH; (1<in+1)) © (L. si-1)

- . L PT(Cy, sic)PT(Yhits Sn) =
Ty T = -1 1
(L1 CalSom3 5, LOTN=Ar, si€H; A<i<n))  (Ttlsn 3 Suets L)) =Anet, 50€Hos sui1 €Mt} ) (T, si-1) n+1> Sn)

[T PT (Y, si-1) Z‘ PT(Cpi1, 80) | =

T Ty R Tpt1
(Y1 CalSo— 50, LOFD=A;, si€H; (1<i<n)} Yoetlsn 5 suets LOCwr1)=Ansts 52€H, Sue1€Hm1)

L PT(Y;, sio1)PMy (s, H, =
Zm ..... Yoot s, L£OC)=As, sieH; (1<i<m)) © =) (T, si-)PMa, . (5w Fwst)

. n o PT(Y;, si-1)PMy . (H,, H, =
(o TS0 B s, LOF=Ay, si€H; (1<i<n)) — =1 (i, si-)PMa,, (Fo, Fos1)

PMa,.,(H,, H ¥ izt PT(Yi 5i1) =
Avr (Pl "”)Z{T. ..... Yolsoss s, L(T)=Ay, sieH; (1<i<n)) - =1 (i, 5i-1)

PMa,,, (Hy, Hyir) TTL ) PMa(Hiy, H) = [T} PMa,(Hizy, Hy).

i=1
Let s, 5o € Hy. We have PT(A; ---A,, so) = D, ’?:1 PT(Y;, si.1) =
Dy H, T i PT(YCi,5i21) = Yy, [1im) PMa(Hi, H;) =

.
(1o Talso oS50, LOD=A si€H; (I<ism) 150 7 77

- T T = ) - TIE, PTG, 5520) =
----- TnlSo——=5,, LOC)=A;, 5ieH; (1<i<n)}

[TL, PT(Yi, 5i-1) = PT(A; -+ - Ap, 50).
Since we have the previous equality for all s¢, 5y € Ho, we can denote PT(A; ---A,, Ho) = PT(Ay---A,, s0) =
PT(Ay-- A, 50).
By Proposition 8.1, 3’ icainpric) ¢(8) = X yerinprc ¢’ (). We now can complete the proof:
2setnpr@G) PPT(Z, 5) = 3 seqrinpric) P(HPT(E, H) = PT(Z, H) Y serinpric) ¢(5) =
PT(E,H) Eyernvra) ¢ (8) = Lyernvre) ¢ (IPTEH) = Eyernpre) ¢ (SIPTE, s). U

Appendix A.8. Proof of Proposition 8.2
Let us present two facts, which will be used in the proof.

1. By Proposition 6.1, (DR(G) U DR(G"))/x = ((DRr(G) U DR7(G"))/») W ((DRy(G) U DRy(G"))/%). Hence,
VYH € (DR(G) U DR(G’))/x, all states from H are tangible, when H € (DR7(G) U DRy(G"))/, or all of them
are vanishing, when H € (DRy(G) U DRy (G"))/x.
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2.

A~
512 H &

PT(Y,s1) =

Let H € (DR(G)U DR(G"))/x and s1, 5, € H. We have VH € (DR(G) U DR(G"))/, VA € N%, .
4~ —
5o —p H. Therefore, PM(s1, H) = ZlTlaélEW . lPT(T s1) = ZAEN_}C;,, D

ZAENL PMa(s1.H) = ZAENL PMa(s2.H) = ZAEN ZITB%E(H 57552, L(1)=A)
PT(Y, s0) = PM(s», ?{ ). Since we have the previous equality for all s1, s, € H, we can denote

(Y351 €H, 51551, L(0)=A)
PT(Y, s7) =

(TEREH, 555)
PM(H, H ) = PM(sy, H ) = PM(s», H ). The transitions from the states of DR(G) always lead to those from the
same set, hence, Vs € DR(G), PM(s, H) = PM(s,H N DR(G)). The same is true for DR(G’). Hence, for all
s € HNDR(G), we obtain PM(H, H) = PM(s, H) = PM(s, HNDR(G)) = PM(HNDR(G), HNDR(G)). The
same is true for DR(G"). Finally, PM(H NDR(G), HNDR(G)) = PM(H,H) = PM(HNDR(G"), HNDR(G")).

Let us now prove the proposition statement for the sojourn time averages.

Let H € (DRy(G) U DRy(G"))/x.

Then we have H N DR(G) = ‘H N DRy(G) € DRy(G)/g and ‘H N DR(G’) = H N DRy(G’) € DRy(G")/x.
By definition of the average sojourn time in an equivalence class of states, we get SJgnprG)2 (H N DR(G)) =
SIrnor@y (H N DRy(G)) = 0 = SIgnprcy2(H N DRy(G")) = SIgnprc 2 (H N DR(G)).

Let H € (DR7(G) U DR(G"))/x.

Then we have H N DR(G) = H N DR (G) € DR7(G)/g and H N DR(G’) = H N DR7(G’) € DRy (G’) /.

By definition of the average sojourn tlme in an equlvalence class of states, we get SJ.RQ(DR(G)) :(H N DR(G)) =
1
SJ. Rﬂ(DR(G))2 ('H N DR7(G)) = 1- PM(HODRT(G) HNDR(G)) — 1-PM(HNDR(G),HNDR(G)) ~— 1- PM(H H) —

’
- PM('HmDR(G’)'HmDR(G’)) - PM('HmDRT(G’)'HmDRT(G’)) - SJRﬁ(DR(G N2 (HNDR7(G")) = SJ‘RO(DR(G )? 2(HNDR(G").

ThuS, YH e (DR(G) U DR(G,))/R we have SJ‘Rﬁ(DR(G))z (7’{ N DR(G)) = SJ‘RO(DR(G’))Z (7’{ N DR(G’))
The proposition statement for the sojourn time variances is proved similarly to that for the averages. O
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