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Introduction to the research area

1. Petri nets became a popular formal model for design of concurrent and distributed systems. Silent transi-
tions are transitions labeled by special silent action τ which represents an internal activity of a system to
be modeled and it is invisible for external observer. It is well-known that Petri nets with silent transitions
are more powerful than usual ones.

The notion of equivalence is central in any theory of systems. It allows to compare systems taking into
account particular aspects of their behavior. Equivalences which abstract of silent actions are called τ -
equivalences (these are labeled by the symbol τ to distinguish them of relations not abstracting of silent
actions). In recent years, a wide range of semantic equivalences was proposed in concurrency theory, see
[12, 14, 23, 26]. Some of them were either directly defined or transferred from other formal models to
Petri nets. The following basic notions of τ -equivalences are known from the literature.

• τ -trace equivalences (they respect only protocols of behavior of systems): interleaving (≡τ
i ), step

(≡τ
s ), partial word (≡τ

pw) and pomset (≡τ
pom).

• Usual τ -bisimulation equivalences (they respect branching structure of behavior of systems):
interleaving (↔τ

i ), step (↔τ
s ), partial word (↔τ

pw) and pomset (↔τ
pom).

• ST-τ -bisimulation equivalences (they respect the duration or maximality of events in behavior of
systems): interleaving (↔τ

iST ), partial word (↔τ
pwST ) and pomset (↔τ

pomST ).

• History preserving τ -bisimulation equivalences (they respect the “past” or “history” of behavior of
systems): pomset (↔τ

pomh).

• History preserving ST-τ -bisimulation equivalences (they respect the “history” and the duration or
maximality of events in behavior of systems): pomset (↔τ

pomhST ).

• Usual branching τ -bisimulation equivalences (they respect branching structure of behavior of systems
taking a special care for silent actions): interleaving (↔τ

ibr).

• History preserving branching τ -bisimulation equivalences (they respect “history” and branching
structure of behavior of systems taking a special care for silent actions): pomset (↔τ

pomhbr).

• Isomorphism (') (i.e. coincidence of systems up to renaming of their components).

Another type of equivalence notions called back-forth bisimulation equivalences are based on the idea that
bisimulation relation do not only require systems to simulate each other behavior in the forward direction
(as usually) but also when going back in history. They are closely connected with equivalences of logics with
past modalities. These equivalence notions were initially introduced in [21]. In the framework of transition
systems without silent actions interleaving back-forth bisimulation equivalence (↔ibif ) was defined and
proved to merge with ↔i. On transition systems with silent actions it was shown that back-forth variant
(↔τ

ibif ) of interleaving τ -bisimulation equivalence coincide with ↔τ
ibr. In [9, 10], the new variants of step,

partial word and pomset back-forth bisimulation equivalences were defined in the framework of prime
event structures without silent actions. In [22], the new idea of differentiating the kinds of back and forth
simulations appeared (following this idea, it is possible, for example, to define step back pomset forth
bisimulation equivalence). All possible back-forth equivalence notions were proposed in interleaving, step,
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partial word and pomset semantics for prime event structures without silent actions. The new notion of τ -
equivalence was proposed for event structures with silent actions: pomset back pomset forth (↔τ

pombpomf )
τ -bisimulation equivalence. It’s coincidence with ↔τ

pomhbr was proved.

To choose most appropriate behavioral viewpoint on systems to be modeled, it is very important to have
a complete set of equivalence notions in all semantics and understand their interrelations. To clarify the
nature of equivalences and evaluate how they respect internal activity and concurrency in systems to be
modeled, it is actual to consider also correlation of these notions on nets without silent transitions and
concurrency-free (sequential) ones. Treating equivalences for preservation by refinements allows one to
decide which of them may be used for top-down design.

2. Stochastic Petri nets (SPNs) are an established model type for the quantitative analysis of Discrete Event
Dynamic Systems (DEDSs). SPNs have been proposed about twenty years ago [13, 19] and are mainly
considered on a continuous time scale which usually means that exponential or phase type distributions
are associated with transitions. In this way, the stochastic process underlying an SPN is a Continuous
Time Markov Chain (CTMC) which can be generated and analyzed with well-known methods [24]. One
particular characterization of this class of SPNs is that only single transitions fire, such that the well-
known interleaving semantics is the basic approach for defining the dynamic behavior of SPNs. This
interleaving behavior is also used for generalized stochastic Petri nets (GSPNs) [1, 7] which include tran-
sitions with exponential firing delay and that with zero firing delay. Even for such immediate transitions
with instantaneous firing interleaving semantics is commonly considered. For SPNs and GSPNs, labeling
of transitions has been introduced recently [5, 6]. After definition of transition labeling it is possible to
define bisimulation equivalence for SPNs and GSPNs such that equivalent nets behave identically from
a stochastic point of view. Details about the approach which introduces bisimulation for CTMCs with
labeled transitions can be found in [4, 5, 15, 16].

Apart from continuous time distributions also discrete time distributions can be assigned to transitions
of Petri nets. Usually geometric distributions or mixtures of geometric distributions are used. First
approaches have been published about 15 years ago [20], but also more recent extensions of the basic class
of nets with discrete time steps have been proposed [27, 28]. To distinguish continuous and discrete time
SPNs, we denote the former as CTSPNs and the latter as DTSPNs. DTSPNs describe an underlying
Discrete Time Markov Chain (DTMC). The major problem with this model class is that transitions fire
concurrently such that steps instead of interleavings have to be considered. This makes the interpretation
and analysis of the model class more complex. For DTSPNs labeling of transitions and an adequate
definition of equivalence has not been introduced yet.

Recently, Prof. Dr. Peter Buchholz introduced a new class of DTSPNs with labeled transitions.
Transitions can be also labeled by silent action, and in this way they can be considered as invisible for
an external observer. The dynamic behavior of this class of nets is characterized by steps instead of
single transitions. The underlying stochastic process is still a DTMC, however, transitions of the DTMC
describe sets of transitions that fire concurrently. Thus, commonly used notions defining bisimulation or
trace equivalence of probabilistic processes [11, 18] are not adequate for this type of model. No algebraic
specification for such a class of stochastic processes was presented so far.

The results obtained

1. Working in the framework of Petri nets with silent transitions, we continued the research of [25] and ex-
tended the set of basic notions of τ -equivalences by interleaving ST-branching τ -bisimulation one (↔τ

iSTbr),
pomset history preserving ST-branching τ -bisimulation one (↔τ

pomhSTbr) and multi event structure one
(≡τ

mes). Let us note that an idea to introduce ↔τ
pomhSTbr appeared initially in [22] on the model of event

structures. We completed back-forth τ -equivalences from [22] by 6 new notions: interleaving back step
forth (↔τ

ibsf ), interleaving back partial word forth (↔τ
ibpwf ), interleaving back pomset forth (↔τ

ibpomf ),
step back step forth (↔τ

sbsf ), step back partial word forth (↔τ
sbpwf ) and step back pomset forth (↔τ

sbpomf )
τ -bisimulation equivalences. We compared all back-forth τ -equivalences with the set of basic behavioral
relations. We also investigated the interrelations of all the considered τ -equivalences with equivalences
which do not abstract of silent actions.

In [3], SM-refinement operator for Petri nets was proposed, which “replaces” their transitions by SM-
nets, a special subclass of state machine nets. We treated all the considered τ -equivalence notions for
preservation by SM-refinements. We showed that ↔τ

iSTbr, ↔τ
pomhSTbr and ≡τ

mes, i.e. all the new basic
equivalences considered in this paper, are preserved by SM-refinements. Thus, we have branching and
conflict preserving equivalences which may be used for multilevel design. In the literature, a stability
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Figure 1: Interrelations of the τ -equivalences and their preservation by SM-refinements for Petri nets with silent
transitions

w.r.t. SM-refinements was proved only for ↔τ
pomhST in [3] and for ↔τ

iST in [12]. The preservation result
for other ST-τ -bisimulation equivalences was proved in [26], but it was done on event structures and an
other refinement operator was used. The preservation of trace τ -equivalences was not established before.
Thus, our results for ↔τ

pwST , ↔τ
pomST , ≡τ

pw and ≡τ
pom are also new.

These results are shown in Figure 1. The interrelations of equivalences are depicted by arrows, and the
relations preserved by refinements are placed in ovals.

In addition, we investigated the interrelations of all the τ -equivalence notions on nets without silent
transitions and sequential nets. We proved that on nets without silent transitions τ -equivalences coincide
with equivalence notions which do not abstract of silent actions. In Figure 2, interrelations of equivalences
on nets without silent transitions are presented.

We demonstrated that on sequential nets interleaving and pomset τ -equivalences are merged, and back-
forth τ -equivalences coincide with forth τ -equivalence relations. In Figure 3, interrelations of equivalences
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Figure 2: Interrelations of the τ -equivalences on Petri nets without silent transitions
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Figure 3: Interrelations of the τ -equivalences on sequential nets
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Figure 4: Interrelations of the equivalences for DTSPN’s

on sequential nets are shown.

2. We proposed several equivalence relations abstracting of silent actions for the presented class of stochastic
nets. The equivalences are defined on the basis of the observable state graph of a DTSPN which is
a standard state graph after eliminating the arcs corresponding to silent transitions or loops due to a
waiting in a state. It was shown that the relations preserve interesting aspects of system behavior. The
equivalences can be used to compare different systems and to compute for a system a minimal equivalent
representation [5]. The latter aspect is especially interesting for bisimulation equivalences, for which
efficient algorithms exist to compute the largest bisimulation for a given net. By representation each
equivalence class of this relation by a single marking we obtain a minimal representation at the state
transition level.

Trace relations we defined are: interleaving (≡i) and step (≡s) equivalences. (Forward) bisimulation
relations include interleaving (↔i) and step (↔s) ones. In addition, notions of backward bisimulation
(which respect the “past” of a behaviour) were proposed: interleaving (↔ib) and step (↔sb). We presented
also back and forth bisimulations (respecting both “past” and “future”): interleaving (↔ibf ) and step
(↔sbf ). As a result of comparing the equivalences in accordance to differentiating power, we obtained
a lattice of implications presented in Figure 4. Thus, we provided the new variant of stochastic Petri
nets with a variety of interleaving and step semantics. The step relations naturally correspond to non-
interleaving character of the model. In addition, we demonstrated an application of the equivalences for
comparing stationary behavior of DTSPNs.

Apart from SPNs, stochastic process algebras (SPAs) became very popular as a modeling framework in
the recent years. Of particular interest is the relationship between SPNs and SPAs. In [8, 17], an Algebra
of Finite nondeterministic Processes AFP0 was proposed. Its formulas specify a special subclass of Petri
nets: Acyclic or A-nets (ANs). There are three basic operations in the algebra: sequential composition,
alternative and concurrency. We proposed a stochastic extension of this calculus: algebra StAFP0

describing Stochastic A-nets (SANs), a subclass of DTSPNs. In StAFP0, we use activities instead of
actions. An activity is a pair consisting of action and its probability. Activities are basic elements to build
formulas of the stochastic calculus.

For the net equivalence =net (an isomorphism of net representations of algebraic formulas) we presented
a sound axiom system Θnet. We prove that any formula of StAFP0 can be transformed (with use of
Θnet) into an equivalent (via =net) totally stratified one. A totally stratified formula has a form of
conjunction (via concurrency) with conjunctive members containing no concurrency operations. Thus,
each such member can contain only operations of sequential composition and alternative, and it describes
a sequential stochastic process. Hence, we can always find components of a formula corresponding to
concurrently composed subnets of a SAN. This makes easier the procedures of analysis and comparison
of stochastic processes specified by formulas of StAFP0.
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• 1st Euro Summer School on Trends in Computer Science – 00 (FMPA’00), Berg en Dal (Nijmegen), The
Netherlands, July 3–7, 1999.

• Workshop on the Graduate Programme of Technical University of Dresden: Specification of Discrete Pro-
cesses and Systems of Processes by Operational Models and Logics (SPOML’01), Reinhardtsdorf
(Schöna), Saxony, Germany, February 5–9, 2001.

• 18th Annual Symposium on Theoretical Aspects of Computer Science (STACS’01), Dresden, Germany,
February 15–17, 2001.

• Delivering lecture course “Equivalence relations for net and algebraic models of concurrency” at the De-
partment of Computer Science of Technical University, Dresden, Germany, April – July 2001.

• 1st International School on Formal Methods for the Design of Computer, Software and Communication
Systems: Process Algebras (SFM-01:PA), Bertinoro, Italy, July 23–28, 2001.

• 13th European Summer School on Logic, Language and Information (ESSLLII’01), Helsinki, Finland,
August 13–24, 2001.

• 6th International Conference on Parallel Computing Technologies - 2001 (PaCT’01), Novosibirsk, Russia,
September 3–7, 2001.

Future research Possible extension of this work can be an attempt to define other bisimulation equivalences
of stochastic Petri nets in interleaving and step semantics. For example, branching bisimulation [23] can be
considered as well as variants of back-forth equivalences defined in [21, 22]. For these equivalences we cannot
use observable state graphs, since we may need lower level information. For example, to define branching
relations, we should respect occurrences of invisible transitions and states where they conflict with other ones.
Thus, we cannot just abstract of invisible transitions from very beginning. To propose notions of back-forth
bisimulations, we need an information about the path of events which came to the present state. Hence, this
is not enough even to consider paths of transitions which led from the initial marking to the present one, since
the same transitions can happen concurrently or sequentially resulting the same marking (in non-safe nets). In
such a case, we should have something like processes for stochastic nets and collect events for out of paths from
such processes. We may also define true concurrent equivalences for stochastic nets such that partial word or
pomset ones [23, 25, 26]. Step semantics we proposed can be the first stage to true concurrent semantics for
stochastic nets.

We could also enrich our algebraic specifications with an ability to describe infinite processes such as recursion
operation. But for this purpose our calculus is too restrictive because of synchronization by names. This means
that an action cannot depend on equally named one which is essential for a recursion. A possible decision is
to use more flexible calculus as a basic one to enrich with stochastic features. We consider Petri Box Calculus
(PBC) [2] as the most appropriate candidate.

References

[1] M. Ajmone-Marsan, G. Balbo, and G. Conte. A class of generalized stochastic Petri nets for perfor-
mance evaluation of multiprocessor systems. ACM Transactions on Computer Systems 2(2), pages 93–122,
1984.

5



[2] E. Best, R. Devillers, J.G. Hall. The box calculus: a new causal algebra with multi-label communica-
tion. Springer LNCS 609, pages 21–69, 1992.

[3] E. Best, R. Devillers, A. Kiehn, and L. Pomello. Concurrent bisimulations in Petri nets. Acta
Informatica 28, pages 231–264, 1991.

[4] P. Buchholz. Markovian process algebra: composition and equivalence. In U. Herzog and M. Rettelbach,
editors, Proc. of the 2nd Work. on Process Algebras and Performance Modelling, Arbeitsberichte des IMMD
27, pages 11–30, University of Erlangen, 1994.

[5] P. Buchholz. A notion of equivalence for stochastic Petri nets. In G. De Michelis and M. Diaz, editors,
Application and Theory of Petri Nets 1995, Springer LNCS 935, pages 161–180, 1995.

[6] P. Buchholz. Iterative decomposition and aggregation of labelled GSPNs. In J. Desel and M. Silva, editors,
Application and Theory of Petri Nets 1998, Springer LNCS 1420, pages 226–245, 1998.

[7] G. Chiola, M. Ajmone-Marsan, G. Balbo, and G. Conte. Generalized stochastic Petri nets: a
definition at the net level and its implications. IEEE Transactions on Software Engineering 19(2), pages
89–107, 1993.

[8] L. A. Cherkasova. Posets with non-actions: a model for concurrent nondeterministic processes. Ar-
beitspapiere der GMD 403, 68 pages, GMD, Sankt Augustin, Germany, July 1989.

[9] F. Cherief. Back and forth bisimulations on prime event structures. Springer LNCS 605, pages 843–858,
1992.

[10] F. Cherief. Investigations of back and forth bisimulations on prime event structures. Computers and
Artificial Intelligence 11(5), pages 481–496, 1992.

[11] I. Christoff. Testing equivalence and fully abstract models of probabilistic processes. In J. C. M. Baeten
and J. W. Klop, editors, Proc. CONCUR’90, Springer LNCS 458, pages 128–140, 1990.

[12] R. Devillers. Maximality preserving bisimulation. Theoretical Computer Science 102, pages 165–184,
1992.

[13] G. Florin and S. Natkin. Les reseaux de Petri stochastiques. Technique et Science Informatique 4(1),
1985.

[14] R.J. van Glabbeek. The linear time – branching time spectrum II: the semantics of sequential systems
with silent moves. Extended abstract. Springer LNCS 715, pages 66–81, 1993.

[15] H. Hermanns and M. Rettelbach. Syntax, semantics, equivalences, and axioms for MTIPP. In U. Her-
zog and M. Rettelbach, editors, Proc. of the 2nd Work. on Process Algebras and Performance Modelling.
Arbeitsberichte des IMMD 27, University of Erlangen, 1994.

[16] J. Hillston. A compositional approach for performance modelling. Ph.D. thesis, University of Edinburgh,
Dep. of Comp. Sc., 1994.

[17] V. E. Kotov, L. A. Cherkasova. On structural properties of generalized processes. Springer LNCS 188,
pages 288–306, 1985.

[18] K. Larsen and A. Skou. Bisimulation through probabilistic testing. Information and Computation 94,
pages 1–28, 1991.

[19] M. Molloy. Performance analysis using stochastic Petri nets. IEEE Transactions on Software Engineering
31(9), pages 913–917, 1982.

[20] M. Molloy. Discrete time stochastic Petri nets. IEEE Transactions on Software Engineering 11(4), pages
417–423, 1985.

[21] R. De Nicola, U. Montanari, and F. W. Vaandrager. Back and forth bisimulations. In CON-
CUR’90, Springer LNCS 458, pages 152–165, 1990.

[22] S. Pinchinat. Bisimulations for the semantics of reactive systems. Ph.D. Thesis, Institut National Po-
litechnique de Grenoble, January 1993 (in French).

6



[23] L. Pomello, G. Rozenberg, and C. Simone. A survey of equivalence relations for net based systems.
In G. Rozenberg, editor, Advances in Petri Nets 1992, Springer LNCS 609, pages 410–472, 1992.

[24] W. J. Stewart. Introduction to the numerical solution of Markov chains. Princeton University Press,
1994.

[25] I. V. Tarasyuk. Place bisimulation equivalences for design of concurrent and sequential systems. Elec-
tronic Notes in Theoretical Computer Science 18, 16 pages, 1998.

[26] W. Vogler. Modular construction and partial order semantics of Petri nets. Springer LNCS 625, 252
pages, 1992.

[27] R. Zijal, G. Ciardo, and G. Hommel. Discrete deterministic and stochastic Petri nets. In K. Irmscher,
Ch. Mittasch, and K. Richter, editors, MMB’97, Aktuelle Probleme der Informatik: Band 1. VDE Verlag,
1997.

[28] R. Zijal and R. German. A new approach to discrete time stochastic Petri nets. In G. Cohen and
J. P. Quadrat, editors, 11th Int. Conference on Analysis and Optimizations of Systems, Springer LNIS
199, pages 198–204, 1994.

7


